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Preface 

This textbook is intended to provide a comprehensive introduc- 

tion to forecasting methods and to present enough information 

about each method for readers to be able to use them sensibly. 

We don’t attempt to give a thorough discussion of the theoreti- 

cal details behind each method, although the references at the 

end of each chapter will fill in many of those details. 

The book is written for three audiences: (1) people finding 

themselves doing forecasting in business when they may not 

have had any formal training in the area; (2) undergraduate stu- 

dents studying business; (3) MBA students doing a forecasting 

elective. We use it ourselves for a third-year subject for students 

undertaking a Bachelor of Commerce or a Bachelor of Business 

degree at Monash University, Australia. 

For most sections, we only assume that readers are familiar with 

introductory statistics, and with high-school algebra. There are 

a couple of sections that also require knowledge of matrices, but 

these are flagged. 

At the end of each chapter we provide a list of “further read- 

ing”. In general, these lists comprise suggested textbooks that 

provide a more advanced or detailed treatment of the subject. 

Where there is no suitable textbook, we suggest journal articles 

that provide more information. 

We use R throughout the book and we intend students to learn 

how to forecast with R. R is free and available on almost ev- 

ery operating system. It is a wonderful tool for all statistical 

analysis, not just for forecasting. See the Using R appendix for 

instructions on installing and using R. 
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All R examples in the book assume you have loaded the fpp2 

package, available on CRAN, using lLibrary(fpp2). This will 

automatically load several other packages including forecast 

and ggplot2, as well as all the data used in the book. We have 

used v2.3 of the fpp2 package and v8.3 of the forecast package 

in preparing this book. These can be installed from CRAN 

in the usual way. Earlier versions of the packages will not 

necessarily give the same results as those shown in this book. 

We will use the ggplot2 package for all graphics. If you want 

to learn how to modify the graphs, or create your own ggplot2 

graphics that are different from the examples shown in this 

book, please either read the ggplot2 book (Wickham 2016), 

or do the ggplot2 course! on the DataCamp online learning 'http://bit.ly/ 

platform. R deogp tore 

There is also a DataCamp course based on this book? which *http://bit.ly/ 

provides an introduction to some of the ideas in Chapters 2,3,7 9¢Torecasting 

and 8, plus a brief glimpse at a few of the topics in Chapters 9 

and 11. 

The book is different from other forecasting textbooks in several 

ways. 

¢ It is free and online, making it accessible to a wide audience. 

* It uses R, which is free, open-source, and extremely powerful 

software. 

¢ The online version is continuously updated. You don’t have 

to wait until the next edition for errors to be removed or new 

methods to be discussed. We will update the book frequently. 

¢ There are dozens of real data examples taken from our own 

consulting practice. We have worked with hundreds of 

businesses and organizations helping them with forecasting 

issues, and this experience has contributed directly to many 

of the examples given here, as well as guiding our general 

philosophy of forecasting. 

* We emphasise graphical methods more than most forecasters. 

We use graphs to explore the data, analyse the validity of the 

models fitted and present the forecasting results. 



PREFACE 

Changes in the second edition 

The most important change in edition 2 of the book is that we 

have restricted our focus to time series forecasting. That is, we 

no longer consider the problem of cross-sectional prediction. 

Instead, all forecasting in this book concerns prediction of data 

at future times using observations collected in the past. 

We have also simplified the chapter on exponential smoothing, 

and added new chapters on dynamic regression forecasting, 

hierarchical forecasting and practical forecasting issues. We 

have added new material on combining forecasts, handling 

complicated seasonality patterns, dealing with hourly, daily 

and weekly data, forecasting count time series, and we have 

many new examples. We have also revised all existing chapters 

to bring them up-to-date with the latest research, and we 

have carefully gone through every chapter to improve the 

explanations where possible, to add newer references, to add 

more exercises, and to make the R code simpler. 

Helpful readers of the earlier versions of the book let us know 

of any typos or errors they had found. These were updated 

immediately online. No doubt we have introduced some new 

mistakes, and we will correct them online as soon as they are 

spotted. Please continue to let us know? about such things. shttp://bit.ly/ 

fpptypo 

Happy forecasting! 

Rob J Hyndman and George Athanasopoulos 

April 2018 
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Chapter 1 

Getting started 

Forecasting has fascinated people for thousands of years, some- 

times being considered a sign of divine inspiration, and some- 

times being seen as a criminal activity. The Jewish prophet 

Isaiah wrote in about 700 BC 

Tell us what the future holds, so we may know that you are gods. 

(Isaiah 41:23) 

One hundred years later, in ancient Babylon, forecasters would 

foretell the future based on the distribution of maggots in a 

rotten sheep’s liver. By 300 BC, people wanting forecasts would 

journey to Delphi in Greece to consult the Oracle, who would 

provide her predictions while intoxicated by ethylene vapours. 

Forecasters had a tougher time under the emperor Constantine, 

who issued a decree in AD357 forbidding anyone “to consult 

a soothsayer, a mathematician, or a forecaster ... May curiosity 

to foretell the future be silenced forever.” A similar ban on 

forecasting occurred in England in 1736 when it became an 

offence to defraud by charging money for predictions. The 

punishment was three months’ imprisonment with hard labour! 

The varying fortunes of forecasters arise because good forecasts 

can seem almost magical, while bad forecasts may be dangerous. 

Consider the following famous predictions about computing. 

¢ I think there is a world market for maybe five computers. (Chair- 

man of IBM, 1943) 

* Computers in the future may weigh no more than 1.5 tons. 

(Popular Mechanics, 1949) 
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¢ There is no reason anyone would want a computer in their home. 

(President, DEC, 1977) 

The last of these was made only three years before IBM pro- 

duced the first personal computer. Not surprisingly, you can no 

longer buy a DEC computer. Forecasting is obviously a difficult 

activity, and businesses that do it well have a big advantage over 

those whose forecasts fail. 

In this book, we will explore the most reliable methods for 

producing forecasts. The emphasis will be on methods that are 

replicable and testable, and have been shown to work. 

1.1 What can be forecast? 

Forecasting is required in many situations: deciding whether 

to build another power generation plant in the next five years 

requires forecasts of future demand; scheduling staff in a call 

centre next week requires forecasts of call volumes; stocking an 

inventory requires forecasts of stock requirements. Forecasts 

can be required several years in advance (for the case of capital 

investments), or only a few minutes beforehand (for telecom- 

munication routing). Whatever the circumstances or time 

horizons involved, forecasting is an important aid to effective 

and efficient planning. 

Some things are easier to forecast than others. The time of the 

sunrise tomorrow morning can be forecast very precisely. On 

the other hand, tomorrow’s lotto numbers cannot be forecast 

with any accuracy. The predictability of an event or a quantity 

depends on several factors including: 

1. how well we understand the factors that contribute to it; 

2. how much data are available; 

3. whether the forecasts can affect the thing we are trying to 

forecast. 

Por example, forecasts of electricity demand can be highly 

accurate because all three conditions are usually satisfied. We 

have a good idea of the contributing factors: electricity demand 

is driven largely by temperatures, with smaller effects for 

calendar variation such as holidays, and economic conditions. 

Provided there is a sufficient history of data on electricity 
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demand and weather conditions, and we have the skills to 

develop a good model linking electricity demand and the key 

driver variables, the forecasts can be remarkably accurate. 

On the other hand, when forecasting currency exchange rates, 

only one of the conditions is satisfied: there is plenty of avail- 

able data. However, we have a very limited understanding 

of the factors that affect exchange rates, and forecasts of the 

exchange rate have a direct effect on the rates themselves. If 

there are well-publicized forecasts that the exchange rate will 

increase, then people will immediately adjust the price they 

are willing to pay and so the forecasts are self-fulfilling. In a 

sense, the exchange rates become their own forecasts. This is - 

an example of the “efficient market hypothesis”. Consequently, 

forecasting whether the exchange rate will rise or fall tomorrow 

is about as predictable as forecasting whether a tossed coin 

will come down as a head or a tail. In both situations, you will 

be correct about 50% of the time, whatever you forecast. In 

situations like this, forecasters need to be aware of their own 

limitations, and not claim more than is possible. 

Often in forecasting, a key step is knowing when something can 

be forecast accurately, and when forecasts will be no better than 

tossing a coin. Good forecasts capture the genuine patterns and 

relationships which exist in the historical data, but do not repli- 

cate past events that will not occur again. In this book, we will 

learn how to tell the difference between a random fluctuation in 

the past data that should be ignored, and a genuine pattern that 

should be modelled and extrapolated. 

Many people wrongly assume that forecasts are not possible 

in a changing environment. Every environment is changing, 

and a good forecasting model captures the way in which things 

are changing. Forecasts rarely assume that the environment 

is unchanging. What is normally assumed is that the way in 

which the environment is changing will continue into the future. 

That is, a highly volatile environment will continue to be highly 

volatile; a business with fluctuating sales will continue to have 

fluctuating sales; and an economy that has gone through booms 

and busts will continue to go through booms and busts. A 

forecasting model is intended to capture the way things move, 

not just where things are. As Abraham Lincoln said, “If we 

13 
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could first know where we are and whither we are tending, we 

could better judge what to do and how to do it”. 

Forecasting situations vary widely in their time horizons, fac- 

tors determining actual outcomes, types of data patterns, and 

many other aspects. Forecasting methods can be very simple, 

such as using the most recent observation as a forecast (which 

is called the naive method), or highly complex, such as neu- 

ral nets and econometric systems of simultaneous equations. 

Sometimes, there will be no data available at all. For example, 

we may wish to forecast the sales of a new product in its first 

year, but there are obviously no data to work with. In situations 

like this, we use judgmental forecasting, discussed in Chapter 4. 

The choice of method depends on what data are available and 

the predictability of the quantity to be forecast. 

1.2 Forecasting, planning and goals 

Forecasting is a common statistical task in business, where it 

helps to inform decisions about the scheduling of production, 

transportation and personnel, and provides a guide to long- 

term strategic planning. However, business forecasting is often 

done poorly, and is frequently confused with planning and 

goals. They are three different things. 

Forecasting is about predicting the future as accurately as 

possible, given all of the information available, including 

historical data and knowledge of any future events that 

might impact the forecasts. 

Goals are what you would like to have happen. Goals should be 

linked to forecasts and plans, but this does not always occur. 

Too often, goals are set without any plan for how to achieve 

them, and no forecasts for whether they are realistic. 

Planning is a response to forecasts and goals. Planning involves 

determining the appropriate actions that are required to 

make your forecasts match your goals. 

Forecasting should be an integral part of the decision-making 

activities of management, as it can play an important role in 

many areas of a company. Modern organizations require short- 

term, medium-term and long-term forecasts, depending on the 

specific application. 
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Short-term forecasts are needed for the scheduling of personnel, 

production and transportation. As part of the scheduling 

process, forecasts of demand are often also required. 

Medium-term forecasts are needed to determine future resource 

requirements, in order to purchase raw materials, hire per- 

sonnel, or buy machinery and equipment. 

Long-term forecasts are used in strategic planning. Such deci- 

sions must take account of market opportunities, environ- 

mental factors and internal resources. 

An organization needs to develop a forecasting system that 

involves several approaches to predicting uncertain events. 

Such forecasting systems require the development of exper-—- 

tise in identifying forecasting problems, applying a range of 

forecasting methods, selecting appropriate methods for each 

problem, and evaluating and refining forecasting methods over 

time. It is also important to have strong organizational support 

for the use of formal forecasting methods if they are to be used 

successfully. 

1.3. Determining what to forecast 

In the early stages of a forecasting project, decisions need to be 

made about what should be forecast. For example, if forecasts 

are required for items in a manufacturing environment, it is 

necessary to ask whether forecasts are needed for: 

1. every product line, or for groups of products? 

2. every sales outlet, or for outlets grouped by region, or only 

for total sales? 

3. weekly data, monthly data or annual data? 

It is also necessary to consider the forecasting horizon. Will 

forecasts be required for one month in advance, for 6 months, 

or for ten years? Different types of models will be necessary, 

depending on what forecast horizon is most important. 

How frequently are forecasts required? Forecasts that need to 

be produced frequently are better done using an automated 

system than with methods that require careful manual work. 

It is worth spending time talking to the people who will use 

the forecasts to ensure that you understand their needs, and 

1S 



16 FORECASTING: PRINCIPLES AND PRACTICE 

how the forecasts are to be used, before embarking on extensive 

work in producing the forecasts. 

Once it has been determined what forecasts are required, it is 

then necessary to find or collect the data on which the forecasts 

will be based. The data required for forecasting may already 

exist. These days, a lot of data are recorded, and the forecaster’s 

task is often to identify where and how the required data are 

stored. The data may include sales records of a company, the 

historical demand for a product, or the unemployment rate for 

a geographical region. A large part of a forecaster’s time can 

be spent in locating and collating the available data prior to 

developing suitable forecasting methods. 

1.4 Forecasting data and methods ‘ 

The appropriate forecasting methods depend largely on what 

data are available. 

If there are no data available, or if the data available are not 

relevant to the forecasts, then qualitative forecasting methods 

must be used. These methods are not purely guesswork—there 

are well-developed structured approaches to obtaining good 

forecasts without using historical data. These methods are 

discussed in Chapter 4. 

Quantitative forecasting can be applied when two conditions 

are Satisfied: 

1. numerical information about the past is available; 

2. it is reasonable to assume that some aspects of the past 

patterns will continue into the future. 

There is a wide range of quantitative forecasting methods, often 

developed within specific disciplines for specific purposes. Each 

method has its own properties, accuracies, and costs that must 

be considered when choosing a specific method. 

Most quantitative prediction problems use either time series 

data (collected at regular intervals over time) or cross-sectional 

data (collected at a single point in time). In this book we are 

concerned with forecasting future data, and we concentrate on 

the time series domain. 
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Time series forecasting 

Examples of time series data include: 

* Daily IBM stock prices 

¢ Monthly rainfall 

* Quarterly sales results for Amazon 

¢ Annual Google profits 

Anything that is observed sequentially over time is a time series. 

In this book, we will only consider time series that are observed 

at regular intervals of time (e.g., hourly, daily, weekly, monthly, 

quarterly, annually). Irregularly spaced time series can also 

occur, but are beyond the scope of this book. 

When forecasting time series data, the aim is to estimate how 

the sequence of observations will continue into the future. 

Figure 1.1 shows the quarterly Australian beer production from 

1992 to the second quarter of 2010. 

Figure 1.1: Australian 

quarterly beer produc- 

tion: 1992Q1-2010Q2, 
with two years of 

forecasts. 

500 - 
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95 
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The blue lines show forecasts for the next two years. Notice 

how the forecasts have captured the seasonal pattern seen in 

the historical data and replicated it for the next two years. The 

dark shaded region shows 80% prediction intervals. That is, 

each future value is expected to lie in the dark shaded region 

with a probability of 80%. The light shaded region shows 95% 

prediction intervals. These prediction intervals are a very useful 

way of displaying the uncertainty in forecasts. In this case 

the forecasts are expected to be very accurate, and hence the 

prediction intervals are quite narrow. 
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The simplest time series forecasting methods use only infor- 

mation on the variable to be forecast, and make no attempt to 

discover the factors that affect its behaviour. Therefore they 

will extrapolate trend and seasonal patterns, but they ignore 

all other information such as marketing initiatives, competitor 

activity, changes in economic conditions, and so on. 

Time series models used for forecasting include decomposition 

models, exponential smoothing models and ARIMA models. 

These models are discussed in Chapters 6, 7 and 8, respectively. 

Predictor variables and time series forecasting 

Predictor variables are often useful in time series forecasting. 

For example, suppose we wish to forecast the hourly electricity 

demand (ED) of a hot region during the summer period. A 

model with predictor variables might be of the form 

ED =f (current temperature, strength of economy, population, 

time of day, day of week, error). 

The relationship is not exact — there will always be changes 

in electricity demand that cannot be accounted for by the 

predictor variables. The “error” term on the right allows for 

random variation and the effects of relevant variables that are 

not included in the model. We call this an explanatory model 

because it helps explain what causes the variation in electricity 

demand. 

Because the electricity demand data form a time series, we 

could also use a time series model for forecasting. In this case, a 

suitable time series forecasting equation is of the form 

BEDE = F(ED,, ED, 1,»ED; >,ED; Sos peLEOr 

where f is the present hour, t + 1 is the next hour, t — 1 is the 

previous hour, f — 2 is two hours ago, and so on. Here, prediction 

of the future is based on past values of a variable, but not on 

external variables which may affect the system. Again, the 

“error” term on the right allows for random variation and the 

effects of relevant variables that are not included in the model. 

There is also a third type of model which combines the features 

of the above two models. For example, it might be given by 

ED;,, = f(ED;, current temperature, time of day, day of week, error). 
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These types of “mixed models” have been given various names 

in different disciplines. They are known as dynamic regression 

models, panel data models, longitudinal models, transfer 

function models, and linear system models (assuming that f is 

linear). These models are discussed in Chapter 9. 

An explanatory model is very useful because it incorporates 

information about other variables, rather than only historical 

values of the variable to be forecast. However, there are several 

reasons a forecaster might select a time series model rather than 

an explanatory or mixed model. First, the system may not be 

understood, and even if it was understood it may be extremely 

difficult to measure the relationships that are assumed to ; 

govern its behaviour. Second, it is necessary to know or forecast 

the future values of the various predictors in order to be able 

to forecast the variable of interest, and this may be too difficult. 

Third, the main concern may be only to predict what will 

happen, not to know why it happens. Finally, the time series 

model may give more accurate forecasts than an explanatory or 

mixed model. 

The model to be used in forecasting depends on the resources 

and data available, the accuracy of the competing models, and 

the way in which the forecasting model is to be used. 

1.5 Some case studies 

The following four cases are from our consulting practice and 

demonstrate different types of forecasting situations and the 

associated problems that often arise. 

Case 1 The client was a large company manufacturing dispos- 

able tableware such as napkins and paper plates. They needed 

forecasts of each of hundreds of items every month. The time 

series data showed a range of patterns, some with trends, some 

seasonal, and some with neither. At the time, they were using 

their own software, written in-house, but it often produced 

forecasts that did not seem sensible. The methods that were 

being used were the following: 

1. average of the last 12 months data; 

2. average of the last 6 months data; 

Le 
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3. prediction from a straight line regression over the last 12 

months; 

4. prediction from a straight line regression over the last 6 

months; 

5. prediction obtained by a straight line through the last ob- 

servation with slope equal to the average slope of the lines 

connecting last year’s and this year’s values; 

6. prediction obtained by a straight line through the last ob- 

servation with slope equal to the average slope of the lines 

connecting last year’s and this year’s values, where the aver- 

age is taken only over the last 6 months. 

They required us to tell them what was going wrong and to 

modify the software to provide more accurate forecasts. The 

software was written in COBOL, making it difficult to do any 

sophisticated numerical computation. ; 

Case 2. In this case, the client was the Australian federal gov- 

ernment, who needed to forecast the annual budget for the 

Pharmaceutical Benefit Scheme (PBS). The PBS provides a sub- 

sidy for many pharmaceutical products sold in Australia, and 

the expenditure depends on what people purchase during the 

year. The total expenditure was around A$7 billion in 2009, 

and had been underestimated by nearly $1 billion in each of the 

two years before we were asked to assist in developing a more 

accurate forecasting approach. 

In order to forecast the total expenditure, it is necessary to 

forecast the sales volumes of hundreds of groups of pharma- 

ceutical products using monthly data. Almost all of the groups 

have trends and seasonal patterns. The sales volumes for many 

groups have sudden jumps up or down due to changes in what 

drugs are subsidised. The expenditures for many groups also 

have sudden changes due to cheaper competitor drugs becom- 

ing available. 

Thus we needed to find a forecasting method that allowed for 

trend and seasonality if they were present, and at the same time 

was robust to sudden changes in the underlying patterns. It also 

needed to be able to be applied automatically to a large number 

of time series. 
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Case 3. A large car fleet company asked us to help them fore- 

cast vehicle re-sale values. They purchase new vehicles, lease 

them out for three years, and then sell them. Better forecasts 

of vehicle sales values would mean better control of profits; 

* understanding what affects resale values may allow leasing and 

sales policies to be developed in order to maximize profits. 

At the time, the resale values were being forecast by a group 

of specialists. Unfortunately, they saw any statistical model 

as a threat to their jobs, and were uncooperative in providing 

information. Nevertheless, the company provided a large 

amount of data on previous vehicles and their eventual resale 

values. 

Case 4 In this project, we needed to develop a model for fore- 

casting weekly air passenger traffic on major domestic routes 

for one of Australia’s leading airlines. The company required 

forecasts of passenger numbers for each major domestic route 

and for each class of passenger (economy class, business class 

and first class). The company provided weekly traffic data from 

the previous six years. 

Air passenger numbers are affected by school holidays, major 

sporting events, advertising campaigns, competition behaviour, 

etc. School holidays often do not coincide in different Aus- 

tralian cities, and sporting events sometimes move from one 

city to another. During the period of the historical data, there 

was a major pilots’ strike during which there was no traffic 

for several months. A new cut-price airline also launched and 

folded. Towards the end of the historical data, the airline had 

trialled a redistribution of some economy class seats to business 

class, and some business class seats to first class. After several 

months, however, the seat classifications reverted to the original 

distribution. 

1.6 The basic steps in a forecasting task 

A forecasting task usually involves five basic steps. 

Step 1: Problem definition. Often this is the most difficult part 

of forecasting. Defining the problem carefully requires an 

understanding of the way the forecasts will be used, who 

yah 
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requires the forecasts, and how the forecasting function fits 

within the organization requiring the forecasts. A forecaster 

needs to spend time talking to everyone who will be involved 

in collecting data, maintaining databases, and using the 

forecasts for future planning. 

Step 2: Gathering information. There are always at least two 

kinds of information required: (a) statistical data, and (b) 

the accumulated expertise of the people who collect the data 

and use the forecasts. Often, it will be difficult to obtain 

enough historical data to be able to fit a good statistical 

model. In that case, the judgmental forecasting methods of 

Chapter 4 can be used. Occasionally, very old data will be 

less useful due to structural changes in the system being 

forecast; then we may choose to use only the most recent 

data. However, remember that good statistical models will 

handle evolutionary changes in the system; don’t throw away 

good data unnecessarily. 

Step 3: Preliminary (exploratory) analysis. Always start by graph- 

ing the data. Are there consistent patterns? Is there a signif- 

icant trend? Is seasonality important? Is there evidence of 

the presence of business cycles? Are there any outliers in the 

data that need to be explained by those with expert knowl- 

edge? How strong are the relationships among the variables 

available for analysis? Various tools have been developed to 

help with this analysis. These are discussed in Chapters 2 

and 6. 

Step 4: Choosing and fitting models. The best model to use de- 

pends on the availability of historical data, the strength of 

relationships between the forecast variable and any explana- 

tory variables, and the way in which the forecasts are to be 

used. It is common to compare two or three potential mod- 

els. Each model is itself an artificial construct that is based 

on a set of assumptions (explicit and implicit) and usually 

involves one or more parameters which must be estimated 

using the known historical data. We will discuss regression 

models (Chapter 5), exponential smoothing methods (Chap- 

ter 7), Box-Jenkins ARIMA models (Chapter 8), Dynamic 

regression models (Chapter 9), Hierarchical forecasting 

(Chapter 10), and several advanced methods including neu- 

ral networks and vector autoregression in Chapter 11. 
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Step 5: Using and evaluating a forecasting model. Once a model 

has been selected and its parameters estimated, the model 

is used to make forecasts. The performance of the model 

can only be properly evaluated after the data for the forecast 

period have become available. A number of methods have 

been developed to help in assessing the accuracy of forecasts. 

There are also organizational issues in using and acting 

on the forecasts. A brief discussion of some of these issues 

is given in Chapter 3. When using a forecasting model in 

practice, numerous practical issues arise such as how to 

handle missing values and outliers, or how to deal with very 

short time series. These are discussed in Chapter 12. 

1.7. The statistical forecasting perspective 

The thing we are trying to forecast is unknown (or we wouldn't 

be forecasting it), and so we can think of it as a random variable. 

For example, the total sales for next month could take a range 

of possible values, and until we add up the actual sales at the 

end of the month, we don’t know what the value will be. So 

until we know the sales for next month, it is a random quantity. 

Because next month is relatively close, we usually have a good 

idea what the likely sales values could be. On the other hand, if 

we are forecasting the sales for the same month next year, the 

possible values it could take are much more variable. In most 

forecasting situations, the variation associated with the thing 

we are forecasting will shrink as the event approaches. In other 

words, the further ahead we forecast, the more uncertain we 

are. 

We can imagine many possible futures, each yielding a different 

value for the thing we wish to forecast. Plotted in black in 

Figure 1.2 are the total international visitors to Australia from 

1980 to 2015. Also shown are ten possible futures from 2016- 

2025: 

When we obtain a forecast, we are estimating the middle of 

the range of possible values the random variable could take. 

Very often, a forecast is accompanied by a prediction interval 

giving a range of values the random variable could take with 

relatively high probability. For example, a 95% prediction 

23 



24 FORECASTING: PRINCIPLES AND PRACTICE 

Total international visitors to Australia 
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interval contains a range of values which should include the 

actual future value with probability 95%. 

Instead of plotting individual possible futures as shown in 

Figure 1.2, we usually show these prediction intervals instead. 

The plot below shows 80% and 95% intervals for the future 

Australian international visitors. The blue line is the average of 

the possible future values, which we call the point forecasts. 

Forecasts of total international visitors to Australia 

10.0 - 

Millions of visitors 

@ oO 

‘ ‘ ' ‘ ' 
1980 1990 2000 2010 2020 

Year 

We will use the subscript t for time. For example, y; will denote 

the observation at time t. Suppose we denote all the informa- 

tion we have observed as Z and we want to forecast y,;. We then 

write y;|Z meaning “the random variable y,; given what we 

know in Z”. The set of values that this random variable could 

Figure 1.2: Total 

international visitors to 

Australia (1980-2015) 

along with ten possible 

futures. 

Figure 1.3: Total 

international visitors to 

Australia (1980-2015) 

along with 10-year 

forecasts and 80% 

and 95% prediction 

intervals. 
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take, along with their relative probabilities, is known as the 

“probability distribution” of y,|Z. In forecasting, we call this the 

forecast distribution. 

When we talk about the “forecast”, we usually mean the average 

value of the forecast distribution, and we put a “hat” over y 

to show this. Thus, we write the forecast of y; as };, meaning 

the average of the possible values that y, could take given 

everything we know. Occasionally, we will use 7; to refer to the 

median (or middle value) of the forecast distribution instead. 

It is often useful to specify exactly what information we have 

used in calculating the forecast. Then we will write, for ex- 

ample, 9,1 to mean the forecast of y, taking account of all : 

previous observations (yj,...,y;-1). Similarly, 7,,)7 means 

the forecast of yr; taking account of y,..., yr (i-e., an h-step 

forecast taking account of all observations up to time T). 

1.8 Exercises 

1. For cases 3 and 4 in Section 1.5, list the possible predictor 

variables that might be useful, assuming that the relevant 

data are available. 

2. For case 3 in Section 1.5, describe the five steps of forecast- 

ing in the context of this project. 

1.9 Further reading 

¢ Armstrong (2001) covers the whole field of forecasting, 

with each chapter written by different experts. It is highly 

opinionated at times (and we don’t agree with everything 

in it), but it is full of excellent general advice on tackling 

forecasting problems. 

¢ Ord, Fildes, and Kourentzes (2017) is a forecasting textbook 

covering some of the same areas as this book, but with a 

different emphasis and not focussed around any particular 

software environment. It is written by three highly respected 

forecasters, with many decades of experience between them. 

25 
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Chapter 2 

Time series graphics 

The first thing to do in any data analysis task is to plot the 

data. Graphs enable many features of the data to be visualized, 

including patterns, unusual observations, changes over time, 

and relationships between variables. The features that are seen 

in plots of the data must then be incorporated, as much as 

possible, into the forecasting methods to be used. Just as the 

type of data determines what forecasting method to use, it also 

determines what graphs are appropriate. 

But before we produce graphs, we need to set up our time series 

in R. 

2.1 ts objects 

A time series can be thought of as a list of numbers, along 

with some information about what times those numbers were 

recorded. This information can be stored as a ts object in R. 

Suppose you have annual observations for the last few years: 

Year Observation 

2012 123 

2013 39 

2014 78 

ZOUS BZ 

2016 110 

We turn this into a ts object using the ts() function: 
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y <- ts(c(123,39,78,52,110), start=2012) 

If you have annual data, with one observation per year, you only 

need to provide the starting year (or the ending year). 

For observations that are more frequent than once per year, 

you simply add a frequency argument. For example, if your 

monthly data is already stored as a numerical vector z, then it 

can be converted to a ts object like this: 

y <- ts(z, start=2003, frequency=12) 

Almost all of the data used in this book is already stored as 

ts objects. But if you want to work with your own data, you 

will need to use the ts() function before proceeding with the 

analysis. , 

Frequency of a time series 

The “frequency” is the number of observations before the 

seasonal pattern repeats.! When using the ts() function in R, ' This is the opposite 
of the definition of 

frequency in physics, 

or in Fourier analysis, 

the following choices should be used. 

Data frequency where this would be 

called the “period”. 
Annual 1 

Quarterly 4 

Monthly 12 

Weekly 52 

Actually, there are not 52 weeks in a year, but 365.25/7 = 52.18 

on average, allowing for a leap year every fourth year. But most 

functions which use ts objects require integer frequency. 

If the frequency of observations is greater than once per week, 

then there is usually more than one way of handling the fre- 

quency. For example, data with daily observations might have 

a weekly seasonality (frequency= 7) or an annual seasonality 

(frequency= 365.25). Similarly, data that are observed every 

minute might have an hourly seasonality (frequency= 60), a 

daily seasonality (frequency= 24 x 60 = 1440), a weekly seasonal- 

ity (frequency= 24 x 60 x 7 = 10080) and an annual seasonality 

(frequency= 24 x 60 x 365.25 = 525960). If you want to use a 

ts object, then you need to decide which of these is the most 

important. 
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In chapter 11 we will look at handling these types of multiple 

seasonality, without having to choose just one of the frequen- 

cles: 

2.2 Time plots 

For time series data, the obvious graph to start with is a time 

plot. That is, the observations are plotted against the time of 

observation, with consecutive observations joined by straight 

lines. Figure 2.1 below shows the weekly economy passenger 

load on Ansett Airlines between Australia’s two largest cities. 

autoplot(melsyd[,"“Economy.Class"]) + 

ggtitle("Economy class passengers: Melbourne-Sydney") + 

xlab("Year") + 

ylab("“Thousands") 

Economy class passengers: Melbourne-Sydney Figure 2.1: Weekly 

economy passenger 

30 - load on Ansett Airlines. 
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We will use the autoplot() command frequently. It automat- 

ically produces an appropriate plot of whatever you pass 

to it in the first argument. In this case, it recognizes mel - 

syd[,"Economy.Class"] as a time series and produces a time 

plot. 

The time plot immediately reveals some interesting features. 

¢ There was a period in 1989 when no passengers were carried 

— this was due to an industrial dispute. 
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¢ There was a period of reduced load in 1992. This was due to 

a trial in which some economy class seats were replaced by 

business class seats. 

¢ A large increase in passenger load occurred in the second 

half of 1991. 

¢ There are some large dips in load around the start of each 

year. These are due to holiday effects. 

¢ There is a long-term fluctuation in the level of the series 

which increases during 1987, decreases in 1989, and in- 

creases again through 1990 and 1991. 

¢ There are some periods of missing observations. 

Any model will need to take all these features into account in 

order to effectively forecast the passenger load into the future. 

A simpler time series is shown in Figure 2.2. s 

autoplot(al0) + 

ggtitle("Antidiabetic drug sales") + 

ylab("$ million") + 

XLlab("Year") 

Antidiabetic drug sales Figure 2.2: Monthly 

30 - sales of antidiabetic 

drugs in Australia. 
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Here, there is a clear and increasing trend. There is also a strong 

seasonal pattern that increases in size as the level of the series 

increases. The sudden drop at the start of each year is caused by 

a government subsidisation scheme that makes it cost-effective 

for patients to stockpile drugs at the end of the calendar year. 

Any forecasts of this series would need to capture the seasonal 

pattern, and the fact that the trend is changing slowly. 
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2.3. Time series patterns 

In describing these time series, we have used words such as 

“trend” and “seasonal” which need to be defined more carefully. 

Trend A trend exists when there is a long-term increase or 

decrease in the data. It does not have to be linear. Sometimes 

we will refer to a trend as “changing direction”, when it 

might go from an increasing trend to a decreasing trend. 

There is a trend in the antidiabetic drug sales data shown in 

Ficures2 2. 

Seasonal A seasonal pattern occurs when a time series is affected 

by seasonal factors such as the time of the year or the day 

of the week. Seasonality is always of a fixed and known 

frequency. The monthly sales of antidiabetic drugs above 

shows seasonality which is induced partly by the change in 

the cost of the drugs at the end of the calendar year. 

Cyclic A cycle occurs when the data exhibit rises and falls that 

due to economic conditions, and are often related to the 

“business cycle”. The duration of these fluctuations is usually 

at least 2 years. 

Many people confuse cyclic behaviour with seasonal behaviour, 

but they are really quite different. If the fluctuations are not 

of a fixed frequency then they are cyclic; if the frequency is 

unchanging and associated with some aspect of the calendar, 

then the pattern is seasonal. In general, the average length 

of cycles is longer than the length of a seasonal pattern, and 

the magnitudes of cycles tend to be more variable than the 

magnitudes of seasonal patterns. 

Many time series include trend, cycles and seasonality. When 

choosing a forecasting method, we will first need to identify the 

time series patterns in the data, and then choose a method that 

is able to capture the patterns properly. 

The examples in Figure 2.3 show different combinations of the 

above components. 

1. The monthly housing sales (top left) show strong seasonality 

within each year, as well as some strong cyclic behaviour 

31 
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Figure 2.3: Four 

examples of time series 

with a period of about 6-10 years. There is no apparent trend showing different 

in the data over this period. Res 

2. The US treasury bill contracts (top right) show results from 

the Chicago market for 100 consecutive trading days in 1981. 

Here there is no seasonality, but an obvious downward trend. 

Possibly, if we had a much longer series, we would see that 

this downward trend is actually part of a long cycle, but 

when viewed over only 100 days it appears to be a trend. 

3. The Australian monthly electricity production (bottom left) 

shows a strong increasing trend, with strong seasonality. 

There is no evidence of any cyclic behaviour here. 

4. The daily change in the Google closing stock price (bottom 

right) has no trend, seasonality or cyclic behaviour. There 

are random fluctuations which do not appear to be very 

predictable, and no strong patterns that would help with 

developing a forecasting model. 

2.4 Seasonal plots 

A seasonal plot is similar to a time plot except that the data are 

plotted against the individual “seasons” in which the data were 
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observed. An example is given below showing the antidiabetic 

drug sales. 

ggseasonplot(al0, year. labels=TRUE, year.labels.left=TRUE) + 

ylab("$ million") + 

ggtitle("Seasonal plot: antidiabetic drug sales") 

Seasonal plot: antidiabetic drug sales 
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These are exactly the same data as were shown earlier, but 

now the data from each season are overlapped. A seasonal plot 

allows the underlying seasonal pattern to be seen more clearly, 

and is especially useful in identifying years in which the pattern 

changes. 

In this case, it is clear that there is a large jump in sales in 

January each year. Actually, these are probably sales in late 

December as customers stockpile before the end of the calendar 

year, but the sales are not registered with the government 

until a week or two later. The graph also shows that there 

was an unusually small number of sales in March 2008 (most 

other years show an increase between February and March). 

The small number of sales in June 2008 is probably due to 

incomplete counting of sales at the time the data were collected. 

A useful variation on the seasonal plot uses polar coordinates. 

Setting polar=TRUE makes the time series axis circular rather 

than horizontal, as shown below. 

ggseasonplot(al0, polar=TRUE) + 

ylab("$ million") + 

ggtitle("Polar seasonal plot: antidiabetic drug sales") 

Figure 2.4: Seasonal 

plot of monthly antidi- 

abetic drug sales in 
Australia. 
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Polar seasonal plot: antidiabetic drug sales Figure 2.5: Polar sea- 

year sonal plot of monthly 

Jan antidiabetic drug sales 
in Australia. 
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2.5 Seasonal subseries plots 

An alternative plot that emphasises the seasonal patterns is 

where the data for each season are collected together in separate 

mini time plots. 

ggsubseriesplot(al0) + 

ylab("$ million") + 

ggtitle("Seasonal subseries plot: antidiabetic drug sales") 

Seasonal subseries plot: antidiabetic drug sales Figure 2.6: Seasonal 

30 - subseries plot of 

monthly antidiabetic 

drug sales in Australia. 
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The horizontal lines indicate the means for each month. This 

form of plot enables the underlying seasonal pattern to be seen 

clearly, and also shows the changes in seasonality over time. It 

is especially useful in identifying changes within particular sea- 

sons. In this example, the plot is not particularly revealing; but 

in some cases, this is the most useful way of viewing seasonal 

changes over time. 

2.6 Scatterplots 

The graphs discussed so far are useful for visualizing individual 

time series. It is also useful to explore relationships between 

time series. 

Figure 2.7 shows two time series: half-hourly electricity de- 

mand (in GigaWatts) and temperature (in degrees Celsius), 

for 2014 in Victoria, Australia. The temperatures are for Mel- 

bourne, the largest city in Victoria, while the demand values are 

for the entire state. 

es) 

Half-hourly electricity demand: Victoria, Australia Figure 2.7: Half hourly 

electricity demand 

2014. 

pueweq 

ainyeiadway 

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan 

Year: 2014 

We can study the relationship between demand and tempera- 

ture by plotting one series against the other. 

gplot(Temperature, Demand, data=as.data.frame(elecdemand)) + 

ylab("Demand (GW)") + xlab("Temperature (Celsius)") 

This scatterplot helps us to visualize the relationship between 

the variables. It is clear that high demand occurs when temper- 

atures are high due to the effect of air-conditioning. But there 

and temperatures in 

Victoria, Australia, for 
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Demand (GW) 

Temperature (Celsius) 

is also a heating effect, where demand increases for very low 

temperatures. 

Correlation 

It is common to compute correlation coefficients to measure 

the strength of the relationship between two variables. The 

correlation between variables x and y is given by 

2 dv (x1 -X)(y: - 9) 

VY (4 -%)?- VE: - 9) 

The value of r always lies between —1 and 1 with negative 

r 

values indicating a negative relationship and positive values 

indicating a postive relationship. The graphs in Figure 2.9 show 

examples of data sets with varying levels of correlation. 

Correlation = -0.99 Correlation = -0.75 Correlation = -0.50 

Correlation = 0.99 Correlation = 0.75 

oo” z cose pH oe 

- Ay ee 
hi ome ¢ = 
oe wa? 

Correlation = -0.25 

Figure 2.8: Half- 

hourly electricity 

demand plotted against 
temperature for 2014 in 

Victoria, Australia. 

Figure 2.9: Examples of 

data sets with different 

levels of correlation. 
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The correlation coefficient only measures the strength of the 

linear relationship, and can sometimes be misleading. For exam- 

ple, the correlation for the electricity demand and temperature 

data shown in Figure 2.8 is 0.28, but the non-linear relationship 

is stronger than that. 

The plots in Figure 2.10 all have correlation coefficients of 0.82, 

but they have very different relationships. This shows how 

important it is look at the plots of the data and not simply rely 

on correlation values. 

. aahatt ape Figure 2.10: Each 

os 0 of these plots has a 

‘ . correlation coefficient 

SM a) > 62 . of 0.82. Data from 

FJ Anscombe (1973) 

° al Graphs in statistical 

analysis. American 

Statistician, 27, 17-21. 

Scatterplot matrices 

When there are several potential predictor variables, it is useful 

to plot each variable against each other variable. Consider the 

five time series shown in Figure 2.11, showing quarterly visitor 

numbers for five regions of New South Wales, Australia. 

autoplot(visnights[,1:5], facets=TRUE) + 

ylab("Number of visitor nights each quarter (millions)") 

To see the relationships between these five time series, we can 

plot each time series against the others. These plots can be 

arranged in a scatterplot matrix, as shown in Figure 2.12. 

visnights[,1:5] %>% as.data.frame() %>% GGally::ggpairs() 

For each panel, the variable on the vertical axis is given by the 

variable name in that row, and the variable on the horizontal 

axis is given by the variable name in that column. There are 

many options available to produce different plots within each 
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Figure 2.11: Quarterly 

visitor nights for 
various regions of NSW, 

Australia. 

Figure 2.12: A scat- 

terplot matrix of the 

quarterly visitor nights 

in five regions of NSW, 

Australia. 
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panel. In the default version, the correlations are shown in the 

upper right half of the plot, while the scatterplots are shown in 

the lower half. On the diagonal are shown density plots. 

The value of the scatterplot matrix is that it enables a quick 

view of the relationships between all pairs of variables. In 

this example, the second column of plots shows there is a 

strong positive relationship between visitors to the NSW north 

coast and visitors to the NSW south coast, but no detectable 

relationship between visitors to the NSW north coast and 

visitors to the NSW south inland. Outliers can also be seen. 

There is one unusually high quarter for the NSW Metropolitan 

region, corresponding to the 2000 Sydney Olympics. This is 

most easily seen in the first two plots in the left column of 

Figure 2.12, where the largest value for NSW Metro is separate 

from the main cloud of observations. 

2.7 Lag plots 

Figure 2.13 displays scatterplots of quarterly Australian beer 

production, where the horizontal axis shows lagged values of 

the time series. Each graph shows y, plotted against y;_, for 

different values of k. 

beer2 <- window(ausbeer, start=1992) 

gglagplot(beer2) 

Here the colours indicate the quarter of the variable on the 

vertical axis. The lines connect points in chronological order. 

The relationship is strongly positive at lags 4 and 8, reflecting 

the strong quarterly seasonality in the data. The negative 

relationship seen for lags 2 and 6 occurs because peaks (in 

Q4) are plotted against troughs (in Q2) 

The window() function used here is very useful when extracting 

a portion of a time series. In this case, we have extracted the 

data from ausbeer, beginning in 1992. 
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2.8 Autocorrelation 

Just as correlation measures the extent of a linear relationship 

between two variables, autocorrelation measures the linear 

relationship between lagged values of a time series. 

There are several autocorrelation coefficients, corresponding 

to each panel in the lag plot. For example, r; measures the 

relationship between y; and y;_;, r2 measures the relationship 

between y; and y;_7, and so on. 

The value of r, can be written as 

where T is the length of the time series. 

The first nine autocorrelation coefficients for the beer produc- 

tion data are given in the following table. 
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ry r9 r3 14 15 6 '7 rg rg 

-0.102 -0.657 -0.060 0.869 -0.089 -0.635 -0.054 0.832 -0.108 

These correspond to the nine scatterplots in Figure 2.13. The au- 

tocorrelation coefficients are plotted to show the autocorrelation 

function or ACF. The plot is also known as a correlogram. 

ggAcf (beer2) 

Series: beer2 Figure 2.14: Autocor- 

relation function of 

quarterly beer produc- 

tion. 

Lag 

In this graph: 

¢ rq is higher than for the other lags. This is due to the seasonal 

pattern in the data: the peaks tend to be four quarters apart 

and the troughs tend to be two quarters apart. 

* ry is more negative than for the other lags because troughs 

tend to be two quarters behind peaks. 

¢ The dashed blue lines indicate whether the correlations are 

significantly different from zero. These are explained in 

Section 2.9. 

Trend and seasonality in ACF plots 

When data have a trend, the autocorrelations for small lags tend 

to be large and positive because observations nearby in time are 

also nearby in size. So the ACF of trended time series tend to 

have positive values that slowly decrease as the lags increase. 

When data are seasonal, the autocorrelations will be larger for 

the seasonal lags (at multiples of the seasonal frequency) than 

for other lags. 

When data are both trended and seasonal, you see a combina- 

tion of these effects. The monthly Australian electricity demand 

series plotted in Figure 2.15 shows both trend and seasonality. 

Its ACF is shown in Figure 2.16. 
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aelec <- window(elec, start=1980) 

autoplot(aelec) + xlab("Year") + ylab("“GWh") 

Figure 2.15: Monthly 

Australian electricity 

demand from 1980- 
14000 - 

19953 
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ggAcf(aelec, lag=48) 

Series: aelec Figure 2.16: ACF of 

monthly Australian 
0.75 electricity demand. 
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The slow decrease in the ACF as the lags increase is due to the 

trend, while the “scalloped” shape is due the seasonality. 

2.9 White noise 

Time series that show no autocorrelation are called white noise. 

Figure 2.17 gives an example of a white noise series. 

set.seed(30) 

y <- ts(rnorm(50) ) 

autoplot(y) + ggtitle("White noise") 

ggAcf(y) 

For white noise series, we expect each autocorrelation to be 

close to zero. Of course, they will not be exactly equal to zero 
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White noise Figure 2.17: A white 

é noise time series. 
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as there is some random variation. For a white noise series, 

we expect 95% of the spikes in the ACF to lie within +2/VT 

where T is the length of the time series. It is common to plot 

these bounds on a graph of the ACF (the blue dashed lines 

above). If one or more large spikes are outside these bounds, 

or if substantially more than 5% of spikes are outside these 

bounds, then the series is probably not white noise. 

In this example, T = 50 and so the bounds are at +2/V50 = 

+0.28. All of the autocorrelation coefficients lie within these 

limits, confirming that the data are white noise. 

2.10 Exercises 

1. Use the help function to explore what the series gold, 

woolyrngq and gas represent. 

a. Use autoplot() to plot each of these in separate plots. 

b. What is the frequency of each series? Hint: apply the 

f requency() function. 
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c. Use which.max() to spot the outlier in the gold series. 

Which observation was it? 

2. Download the file tute1. csv from the book website*, open ? http://0Texts.org/ 
fpp2/extrafiles/ it in Excel (or some other spreadsheet application), and 

: tutel.csv 
review its contents. You should find four columns of informa- 

tion. Columns B through D each contain a quarterly series, 

labelled Sales, AdBudget and GDP. Sales contains the quar- 

terly sales for a small company over the period 1981-2005. 

AdBudget is the advertising budget and GDP is the gross 

domestic product. All series have been adjusted for inflation. 

a. You can read the data into R with the following script: 

tutel <- read.csv("tutel.csv", header=TRUE) 

View(tutel) 

b. Convert the data to time series 

mytimeseries <- ts(tutel[,-1], start=1981, frequency=4) 

(The [,-1] removes the first column which contains the 

quarters as we don’t need them now.) 

c. Construct time series plots of each of the three series 

autoplot(mytimeseries, facets=TRUE) 

Check what happens when you don’t include 

facets=TRUE. 

3. Download some monthly Australian retail data from the 

book website?. These represent retail sales in various cat- *https://0Texts. 
org/fpp2/extrafiles/ egories for different Australian states, and are stored ina 
retail.xlsx 

MS-Excel file. 

a. You can read the data into R with the following script: 

retaildata <- readxl::read_excel("retail.xlsx", skip=1) 

The second argument (skip=1) is required because the 

Excel sheet has two header rows. 

b. Select one of the time series as follows (but replace the 

column name with your own chosen column): 

myts <- ts(retaildata[,"A3349873A"], 

frequency=12, start=c(1982,4) ) 
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c. Explore your chosen retail time series using the following 

functions: 

autoplot(), ggseasonplot(), ggsubseriesplot(), gglag- 

plot(), ggAcf() 

Can you spot any seasonality, cyclicity and trend? What 

do you learn about the series? 

. Create time plots of the following time series: bicoal, 

chicken, dole, usdeaths, lynx, goog, writing, fancy, al0, 

ho2. 

¢ Use help() to find out about the data in each series. 

* For the goog plot, modify the axis labels and title. 

. Use the ggseasonplot() and ggsubseriesplot() functions 

to explore the seasonal patterns in the following time series: 

writing, fancy, al0, h02. 

¢ What can you say about the seasonal patterns? 

¢ Can you identify any unusual years? 

. Use the following graphics functions: autoplot(), ggsea- 

sonplot(), ggsubseriesplot(), gglagplot(), ggAcf() and 

explore features from the following time series: hsales, 

usdeaths, bricksq, sunspotarea, gasoline. 

* Can you spot any seasonality, cyclicity and trend? 

¢ What do you learn about the series? 

. The arrivals data set comprises quarterly international 

arrivals (in thousands) to Australia from Japan, New Zealand, 

UK and the US. 

¢ Use autoplot(), ggseasonplot() and ggsubseriesplot() 

to compare the differences between the arrivals from these 

four countries. 

¢ Can you identify any unusual observations? 

. The following time plots and ACF plots correspond to four 

different time series. Your task is to match each time plot in 

the first row with one of the ACF plots in the second row. 

45 
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1. Daily temperature of cow 2. Monthly accidental deaths 3. Monthly air passengers 4. Annual mink trappings 
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9. The pigs data shows the monthly total number of pigs 

slaughtered in Victoria, Australia, from Jan 1980 to Aug 

1995. Use mypigs <- window(pigs, start=1990) to select 

the data starting from 1990. Use autoplot and ggAcf for 

mypigs series and compare these to white noise plots from 

Figures 2.17 and 2.18. 

10. dj contains 292 consecutive trading days of the Dow Jones 

Index. Use ddj <- diff(dj) to compute the daily changes in 

the index. Plot ddj and its ACF. Do the changes in the Dow 

Jones Index look like white noise? 

2.11 Further reading 

* Cleveland (1993) is a classic book on the principles of visual- 

ization for data analysis. While it is more than 20 years old, 

the ideas are timeless. 

¢ Unwin (2015) is a modern introduction to graphical data 

analysis using R. It does not have much information on time 

series graphics, but plenty of excellent general advice on 

using graphics for data analysis. 



Chapter 3 

The forecaster’s toolbox 

In this chapter, we discuss some general tools that are useful 

for many different forecasting situations. We will describe 

some benchmark forecasting methods, ways of making the 

forecasting task simpler using transformations and adjustments, 

methods for checking whether a forecasting method has ade- 

quately utilized the available information, and techniques for 

computing prediction intervals. 

Each of the tools discussed in this chapter will be used repeat- 

edly in subsequent chapters as we develop and explore a range 

of forecasting methods. 

3.1 Some simple forecasting methods 

Some forecasting methods are very simple and surprisingly 

effective. We will use the following four forecasting methods as 

benchmarks throughout this book. 

Average method 

Here, the forecasts of all future values are equal to the average 

(or “mean”) of the historical data. If we let the historical data be 

denoted by y,..., yr, then we can write the forecasts as 

Prear =P = (Vit + yr //T. 

The notation #7 ,,\7 is a short-hand for the estimate of yr.) 

based on the data y,..., yr. 
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meanf(y, h) 

# y contains the time series 

#h is the forecast horizon 

Naive method. 

For naive forecasts, we simply set all forecasts to be the value of 

the last observation. That is, 

VT+HIT = YT- 

This method works remarkably well for many economic and 

financial time series. 

naive(y, h) 

rwf(y, h) # Equivalent alternative 

Because a naive forecast is optimal when data follow a ran- 

dom walk (see Section 8.1), these are also called random walk 

forecasts. 

Seasonal naive method 

A similar method is useful for highly seasonal data. In this 

case, we set each forecast to be equal to the last observed value 

from the same season of the year (e.g., the same month of the 

previous year). Formally, the forecast for time T + h is written as 

YT+hAT = YT+h-m(k+1) 

where m = the seasonal period, and k is the integer part of 

(h — 1)/m (i.e., the number of complete years in the forecast 

period prior to time T +h). This looks more complicated than 

it really is. For example, with monthly data, the forecast for all 

future February values is equal to the last observed February 

value. With quarterly data, the forecast of all future Q2 values 

is equal to the last observed Q2 value (where Q2 means the 

second quarter). Similar rules apply for other months and 

quarters, and for other seasonal periods. 

snaive(y, h) 

Drift method 

A variation on the naive method is to allow the forecasts to 

increase or decrease over time, where the amount of change 
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over time (called the drift) is set to be the average change seen 

in the historical data. Thus the forecast for time T +h is given by 

ip 
: h = 
VEE HUT rg > e-ye-1) = yr +h( |, 

2 

This is equivalent to drawing a line between the first and last 

observations, and extrapolating it into the future. 

rwf(y, h, drift=TRUE) 

Examples 

Figure 3.1 shows the first three methods applied to the quar- : 

terly beer production data. 

# Set training data from 1992-2007 

beer2 <- window(ausbeer, start=1992,end=c(2007,4)) 

# Plot some forecasts 

autoplot(beer2) + 

autolayer(meanf(beer2, h=11), 

series="Mean", PI=FALSE) + 

autolayer(naive(beer2, h=11), 

series="Naive", PI=FALSE) + 

autolayer(snaive(beer2, h=11), 

series="Seasonal naive", PI=FALSE) + 

ggtitle("Forecasts for quarterly beer production") + 

Xlab("Year") + ylab("Megalitres") + 

guides (colour=guide_legend(titte="Forecast")) 

Forecasts for quarterly beer production Figure 3.1: Forecasts 

of Australian quarterly 

beer production. 
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In Figure 3.2, the non-seasonal methods are applied to a series 

of 200 days of the Google daily closing stock price. 
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autoplot(goog200) + 

autolayer (meanf(goog200, h=40), 

series="Mean", PI=FALSE) + 

autolayer(rwf(goog200, h=40), 

series="Naive", PI=FALSE) + 

autolayer(rwf(goog200, drift=TRUE, h=40), 

series="Drift", PI=FALSE) + 

ggtitle("Google stock (daily ending 6 Dec 2013)") + 

Xlab("Day") + ylab("Closing Price (US$)") + 

guides (colour=guide lLegend(title="Forecast")) 

Google stock (daily ending 6 Dec 2013) 

ad 
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> 500 - Forecast 
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Sometimes one of these simple methods will be the best fore- 

casting method available; but in many cases, these methods will 

serve as benchmarks rather than the method of choice. That is, 

any forecasting methods we develop will be compared to these 

simple methods to ensure that the new method is better than 

these simple alternatives. If not, the new method is not worth 

considering. 

3.2. Transformations and adjustments 

Adjusting the historical data can often lead to a simpler forecast- 

ing task. Here, we deal with four kinds of adjustments: calendar 

adjustments, population adjustments, inflation adjustments 

and mathematical transformations. The purpose of these ad- 

justments and transf ions is to simplify the patterns in the 

historical data by removing known sources of variation or by 

Making the pattern more consistent across the whole data set. 

Simpler patterns usually lead to more accurate forecasts. 

Figure 3.2: Forecasts 

based on 200 days of 

the Google daily closing 

stock price. 
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Calendar adjustments 

Some of the variation seen in seasonal data may be due to 

simple calendar effects. In such cases, it is usually much easier 

to remove the variation before fitting a forecasting model. The 

monthdays() function will compute the number of days in each 

month or quarter. 

For example, if you are studying the monthly milk production 

on a farm, there will be variation between the months simply 

because of the different numbers of days in each month, in 

addition to the seasonal variation across the year. 

dframe <- cbind(Monthly = milk, 

DailyAverage = milk/monthdays (milk) ) 

autoplot(dframe, facet=TRUE) + 

xlab("Years") + ylab("Pounds") + 

ggtitle("Milk production per cow") 

Milk production per cow Figure 3.3: Monthly 

milk production per 
900 - cow. 
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Notice how much simpler the seasonal pattern is in the average 

daily production plot compared to the average monthly produc- 

tion plot. By looking at the average daily production instead 

of the average monthly production, we effectively remove the 

variation due to the different month lengths. Simpler patterns 

are usually easier to model and lead to more accurate forecasts. 

A similar adjustment can be done for sales data when the 

number of trading days in each month varies. In this case, the 

sales per trading day can be modelled instead of the total sales 

for each month. 

eh 
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Population adjustments 

Any data that are affected by population changes can be ad- 

justed to give per-capita data. That is, consider the data per 

person (or per thousand people, or per million people) rather 

than the total. For example, if you are studying the number of 

hospital beds in a particular region over time, the results are 

much easier to interpret if you remove the effects of population 

changes by considering the number of beds per thousand peo- 

ple. Then you can see whether there have been real increases in 

the number of beds, or whether the increases are due entirely 

to population increases. It is possible for the total number of 

beds to increase, but the number of beds per thousand people 

to decrease. This occurs when the population is increasing 

faster than the number of ei aval) beds. For most sata thatar are 

affected by populati nge best to use ta 

Inflation adjustments 

Data which are affected by the value of money are best adjusted 

before modelling. For example, the average cost of a new house 

will have increased over the last few decades due to inflation. 

A $200,000 house this year is not the same as a $200,000 house 

twenty years ago. For this reason, financial time series are 

usually adjusted so that all values are stated in dollar values 

from a particular year. For example, the house price data may 

be stated in year 2000 dollars. 

To make these adjustments, a price index is used. If z; denotes 

the price index and y; denotes the original house price in year 

t, then x; = y;/Z; * Z2000 gives the adjusted house price at year 

2000 dollar values. Price indexes are often constructed by 

government agencies. For consumer goods, a common price 

index is the Consumer Price Index (or CPI). 

Mathematical transformations 

If the data show variation that increases or decreases with the 

level of the series, then a transformation can be useful. For 

example, a logarithmic transformation is often useful. If we de- 

note the original observations as y),...,yr and the transformed 

observations as w},...,w7, then w; = log(y,). Logarithms are 
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useful because they are interpretable: changes in a log value 

are relative (or percentage) changes on the original scale. So if 
ea 

log base 10 is used, the i Oite- 

See eee rane 
useful feature of log transformations is that they constrain the 

forecasts to stay positive on the original scale. 

Sometimes other transformations are also used (although they 

are not so interpretable). For example, square roots and cube 

roots can be used. These are called power transformations 

because they can be written in the form w; = y?. 

A useful family of transformations, that includes both loga- 

rithms and power transformations, is the family of Box-Cox 

transformations, which depend on the parameter \ and are 

defined as follows: 

_ flog) if A=0; 

ese otherwise. 

The logarithm in a Box-Cox transformation is always a natural 

logarithm (i.e., to base e). So if A = 0, natural logarithms are 

used, but if A + 0, a power transformation is used, followed by 

some simple scaling. 

If A = 1, then w; = y; — 1, so the transformed data is shifted 

downwards but there is no change in the shape of the time 

series. But for all other values of A, the time series will change 

shape. 

A good value of A is one which makes the size of the seasonal 

variation about the same across the whole series, as that makes 

the forecasting model simpler. In this case, A = 0.30 works quite 

well, although any value of A between 0 and 0.5 would give 

similar results. 

The BoxCox. Lambda() function will choose a value of lambda 

for you. 

(Lambda <- BoxCox.lambda(elec) ) 

#> [1] 0.2654 

autopLlot(BoxCox(elec, Lambda) ) 

a3 



54 FORECASTING: PRINCIPLES AND PRACTICE 
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Having chosen a transformation, we need to forecast the trans- 

formed data. Then, we need to reverse the transformation (or 

back-transform) to obtain forecasts on the original scale. The 

reverse Box-Cox transformation is given by 

exp(w;) it A= 10; 
es WA ; (ea) 

(Aw; +1) otherwise. 

Features of power transformations 

¢ If some y; < 0, no power transformation is possible unless all 

observations are adjusted by adding a constant to all values. 

* Choose a simple value of A. It makes explanations easier. 

* The forecasting results are relatively insensitive to the value 

of A. 

¢ Often no transformation is needed. 

* Transformations sometimes make little difference to the 

forecasts but have a large effect on prediction intervals. 

Bias adjustments 

One issue with using mathematical transformations such as 

Box-Cox transformations is that the back-transformed forecast 

will not be the mean of the forecast distribution. In fact, it will 

usually be the median of the forecast distribution (assuming 

that the distribution on the transformed space is symmetric). 

For many purposes, this is acceptable, but occasionally the 

mean forecast is required. For example, you may wish to add 

up sales forecasts from various regions to form a forecast for the 

whole country. But medians do not add up, whereas means do. 



3. THE FORECASTER’S TOOLBOX 

For a Box-Cox transformation, the back-transformed mean is 

given by 

2 

exp(w;) [1+ | iieAse 0: 

i (a2) 
2 —_ 

(Aw; + Ha + te 4) otherwise; 
(Aw;+1)? 

where Oo; is the h-step forecast variance. The larger the forecast 

variance, the bigger the difference between the mean and the 

median. 

The difference between the simple back-transformed forecast 
rer eT 

given by (3.1) and the mean given by (3.2) is called the bias. 

When we use the mean, rather than the median, we say the 

point forecasts have been bias-adjusted. 

To see how much difference this bias-adjustment makes, con- 

sider the following example, where we forecast average annual 

price of eggs using the drift method with a log transformation 

(A = 0). The log transformation is useful in this case to ensure 

the forecasts and the prediction intervals stay positive. 

fc <- rwf(eggs, drift= TRUE, Lambda=0, h=50, level=80) 

fc2 <- rwf(eggs, drift=fRUE, lLambda=0, h=50, level=80, 

biasadj=TRUE) 

autoplot(eggs) + 

autolayer(fc, series="Simple back transformation") + 

autolayer(fc2, series="Bias adjusted", PI=FALSE) + 

guides (colour=guide legend(title="Forecast")) 

Figure 3.4: Forecasts 

of egg prices using a 
random walk with drift 

applied to the logged 
data. 

Forecast 

Y Bias adjusted 

Nw Simple back transformation 
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The blue line in Figure 3.4 shows the forecast medians while 

the red line shows the forecast means. Notice how the skewed 

forecast distribution pulls up the point forecast when we use 

the bias adjustment. 

Bias adjustment is not done by default in the forecast package. 

If you want your forecasts to be means rather than medians, 

use the argument biasadj=TRUE when you select your Box-Cox 

transformation parameter. 

3.3 Residual diagnostics 

Fitted values 

Each observation in a time series can be forecast using all pre- 

vious observations. We call these fitted values and they are 

denoted by y,;_;, meaning the forecast of y, based on observa- 

tions yj,...,Y+_] . We use these so often, we sometimes drop part 

of the subscript and just write 7, instead of 9). Fitted values 

always involve one-step forecasts. 

Actually, fitted values are often not true forecasts because any 

parameters involved in the forecasting method are estimated 

using all available observations in the time-series,including 

future observations. For example, if we use the average method, 

the fitted values are given by 

Via 

where ¢ is the average computed over all available observations, 

including those at times after t. Similarly, for the drift method, 

the drift parameter is estimated using all available observations. 

In this case, the fitted values are given by 

Vr=M-ité 

where ¢ = (yr — y,)/(T — 1). In both cases, there is a parameter 

to be estimated from the data. The “hat” above the c reminds 

us that this is an estimate. When the estimate of c involves 

observations after time t, the fitted values are not true forecasts. 

On the other hand, naive or seasonal naive forecasts do not. 

involve any parameters, and so fitted values are true forecasts in 
such cases. 
ee ee ey 
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Residuals 

The “residuals” in a time series model are what is left over after 

fitting a model. For many (but not all) time series models, the 

residuals are equal to the difference between the observations 

and the corresponding fitted values: 

€&y = Vi -—Vt- 

Residuals are useful in checking whether a model has ade- 

quately captured the information in the data. A good forecast- 

ing method will yield residuals with the following properties: 

1. The residuals are uncorrelated. If there are correlations 

between residuals, then there is information left in the 

residuals which should be used in computing forecasts. 

2. The residuals have zero mean. If the residuals have a mean 

other than zero, then the forecasts are biased. 

Any forecasting method that does not satisfy these properties 

can be improved. However, that does not mean that forecasting 

methods that satisfy these properties cannot be improved. It is 

possible to have several different forecasting methods for the 

same data set, all of which satisfy these properties. Checking 

these properties is important in order to see whether a method 

is using all of the available information, but it is not a good way 

to select a forecasting method. 

If either of these properties is not satisfied, then the forecasting 

method can be modified to give better forecasts. Adjusting 

for bias is easy: if the residuals have mean m, then simply add 

m to all forecasts and the bias problem is solved. Fixing the 

correlation problem is harder, and we will not address it until 

Chapter 9. 

In addition to these essential properties, it is useful (but not 
gre RR SE Cee ED 

necessary) for the residuals to also have the following two 
eee reread 

properties. 

3. The resi ls have constant variance. 

4. The residuals are normally distributed. 
cg ee ee cee een ean emmnnnEe 

These two properties make the calculation of prediction in- 

tervals easier (see Section 3.5 for an example). However, a 

forecasting method that does not satisfy these properties cannot 

Syl 
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necessarily be improved. Sometimes applying a Box-Cox trans- 

formation may assist with these properties, but otherwise there 

is usually little that you can do to ensure that your residuals 

have constant variance and a normal distribution. Instead, an al- 

ternative approach to obtaining prediction intervals is necessary. 

Again, we will not address how to do this until later in the book. 

Example: Forecasting the Google daily closing stock price 

For stock market prices and indexes, the best forecasting 

method is often the naive method. That is, each forecast is 

simply equal to the last observed value, or 9; = y;_;. Hence, the 

residuals are simply equal to the difference between consecutive 

observations: 

Cr = Vr —Vt = Ve — Ve-1- : 

The following graph shows the Google daily closing stock price 

(GOOG). The large jump at day 166 corresponds to 18 October 

2013 when the price jumped 12% due to unexpectedly strong 

third quarter results. 

autoplot(goog200) + 

xlab("Day") + ylab("Closing Price (US$)") + 

ggtitle("Google Stock (daily ending 6 December 2013)") 

Google Stock (daily ending 6 December 2013) Figure 3.5: The daily 

Google stock price to 6 
Dee20i3: 

500 - 

Closing Price (US$) 

' 
200 a= 0 50 100 

Day 

The residuals obtained from forecasting this series using the 

naive method are shown in Figure 3.6. The large positive resid- 

ual is a result of the unexpected price jump at day 166. 
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res <- residuals (naive(goog200) ) 

autoplot(res) + xlab("Day") + ylab("") + 

ggtitle("Residuals from naive method") 

Residuals from naive method 

60 - 

20- 

0 50 100 180 200 
Day 

gghistogram(res) + ggtitle("Histogram of residuals") 

Histogram of residuals 

40 - 

30 - 

Ll | a ee i | 
0 

' 
20 40 60 

res 

ggAcf(res) + ggtitle("ACF of residuals") 

ACF of residuals 

ACF 
oS S S 

Figure 3.6: Residuals 

from forecasting the 
Google stock price 

using the naive method. 

Figure 3.7: Histogram 

of the residuals from 

the naive method 

applied to the Google 

stock price. The right 
tail seems a little too 

long for a normal 
distribution. 

Figure 3.8: ACF of 

the residuals from the 

naive method applied 

to the Google stock 

price. The lack of 

correlation suggesting 

the forecasts are good. 
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These graphs show that the naive method produces forecasts 

that appear to account for all available information. The mean 

of the residuals is very close to zero and there is no significant 

correlation in the residuals series. The time plot of the residuals 

shows that the variation of the residuals stays much the same 

across the historical data, apart from the one outlier, and there- 

fore the residual variance can be treated as constant. This can 

also be seen on the histogram of the residuals. The histogram 

suggests that the residuals may not be normal — the right tail 

seems a little too long, even when we ignore the outlier. Conse- 

quently, forecasts from this method will probably be quite good, 

but prediction intervals that are computed assuming a normal 

distribution may be inaccurate. 

Portmanteau tests for autocorrelation ; 

In addition to looking at the ACF plot, we can also do a more 

formal test for autocorrelation by considering a whole set of rz 

values as a group, rather than treating each one separately. 

Recall that r, is the autocorrelation for lag k. When we look at 

the ACF plot to see whether each spike is within the required 

limits, we are implicitly carrying out multiple hypothesis tests, 

each one with a small probability of giving a false positive. 

When enough of these tests are done, it is likely that at least 

one will give a false positive, and so we may conclude that the 

residuals have some remaining autocorrelation, when in fact 

they do not. 

In order to overcome this problem, we test whether the first h 

autocorrelations are significantly different from what would 

be expected from a white noise process. A test for a group of 

autocorrelations is called a portmanteau test, from a French 

word describing a suitcase containing a number of items. 

One such test is the Box-Pierce test, based on the following 

OT ee 
k=1 

where h is the maximum lag being considered and T is the 

statistic 

number of observations. If each r; is close to zero, then Q will 

be small. If some r; values are large (positive or negative), then 

Q will be large. We suggest using h = 10 for non-seasonal 
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data and h = 2m for seasonal data, where m is the period of 

seasonality. However, the test is not good when h is large, so if 

these values are larger than T/5, then use h = T/5 

A related (and more accurate) test is the Ljung-Box test, based 

on 
h 

Q’=T(T+2)) (T-k) 1. 
k=1 

Again, large values of Q* suggest that the autocorrelations do 

not come from a white noise series. 

How large is too large? If the autocorrelations did come from a 

white noise series, then both Q and Q* would have a x? distribu- 

tion with (h— K) degrees of freedom, where K is the number of 

parameters in the model. If they are calculated from raw data 

(rather than the residuals from a model), then set K = 0. 

For the Google stock price example, the naive model has no 

parameters, so K = 0 in that case also. 

# lag=h and fitdf=K 

Box.test(res, lag=10, fitdf=0) 

#> Box-Pierce test 

#> data: res 

#> X-squared = 11, df = 10, p-value = 0.4 

Box.test(res,lag=10, fitdf=0, type="Lj") 

#> Box-Ljung test 

#> data: res 

#> X-squared = 11, df = 10, p-value = 0.4 

For both Q and Q, the results are not significant (i.e., the p- 

values are relatively large). Thus, we can conclude that the 

residuals are not distinguishable from a white noise series. 

All of these methods for checking residuals are conveniently 

packaged into one R function checkresiduals(), which will 

produce a time plot, ACF plot and histogram of the residuals 

(with an overlayed normal distribution for comparison), and do 

a Ljung-Box test with the correct degrees of freedom. 

61 
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checkresiduals (naive(goog200) ) 

Residuals from Naive method 

60- 

40 - 

20 - 

‘ ' ' t ' 
0 50 100 150 200 

0.05 30 

HS 9.0 5 ( = 
x 9 20 - 

0.05 

10 

0.10 - 

05) ‘eee a ee Oar ——~amiii |6|6!U™U™~C~S™”™”™”™”™Ctw 
0 5 10 15 20 -20 0 20 40 60 

Lag residuals 

#> 

#> Ljung-Box test 

#> 

#> data: Residuals from Naive method 

#> Q* = 11, df = 10, p-value = 0.4 

#> Model df: 0. Total lags used: 10 

3.4 Evaluating forecast accuracy 

Training and test sets 

It is important to evaluate forecast accuracy using genuine 

forecasts. Consequently, the size of the residuals is not a reliable 

indication of how large true forecast errors are likely to be. The 

accuracy of forecasts can only be determined by considering 

how well a model performs on new data that were not used 

when fitting the model. 

When choosing models, it is common practice to separate 

the available data into two portions, training and test data, 

where the training data is used to estimate any parameters of 

a forecasting method and the test data is used to evaluate its 

accuracy. Because the test data is not used in determining the 

forecasts, it should provide a reliable indication of how well the 

model is likely to forecast on new data. 
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Training data Test data : 
time 

The size of the test set is typically about 20% of the total sam- 

ple, although this value depends on how long the sample is and 

how far ahead you want to forecast. The test set should ideally 

be at least as large as the maximum forecast horizon required. 

The following points should be noted. 

¢ A model which fits the training data well will not necessarily 

forecast well. 

* A perfect fit can always be obtained by using a model with 

enough parameters. 

* Over-fitting a model to data is just as bad as failing to iden- 

tify a systematic pattern in the data. 

Some references describe the test set as the “hold-out set” be- 

cause these data are “held out” of the data used for fitting. 

Other references call the training set the “in-sample data” and 

the test set the “out-of-sample data”. We prefer to use “training 

data” and “test data” in this book. 

Functions to subset a time series 

The window() function introduced in Chapter 2 is very useful 

when extracting a portion of a time series, such as we need 

when creating training and test sets. In the window() function, 

we specify the start and/or end of the portion of time series 

required using time values. For example, 

window(ausbeer, start=1995) 

extracts all data from 1995 onwards. 

Another useful function is subset () which allows for more 

types of subsetting. A great advantage of this function is that it 

allows the use of indices to choose a subset. For example, 

subset(ausbeer, start=lLength(ausbeer) -4*5) 

extracts the last 5 years of observations from ausbeer. It also 

allows extracting all values for a specific season. For example, 

subset(ausbeer, quarter = 1) 

extracts the first quarters for all years. 

63 
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Finally, head and tail are useful for extracting the first few or 

last few observations. For example, the last 5 years of ausbeer 

can also be obtained using 

tail(ausbeer, 4*5) 

Forecast errors 

A forecast “error” is the difference between an observed value 

and its forecast. Here “error” does not mean a mistake, it means 

the unpredictable part of an observation. It can be written as 

CT +h = VT+h — YT+hIT> 

where the training data is given by {y,,...,yr} and the test data 

is given by {yr41,¥r+2,---}- 

Note that forecast errors are different from residuals in two 

ways. First, residuals are calculated on the training set while 

forecast errors are calculated on the test set. Second, residuals 

are based on one-step forecasts while forecast errors can involve 

multi-step forecasts. 

We can measure forecast accuracy by summarising the forecast 

errors in different ways. 

Scale-dependent errors 

The forecast errors are on the same scale as the data. Accu- 

racy measures that are based only on e; are therefore scale- 

dependent and cannot be used to make comparisons between 

series that involve different units. 

The two most commonly used scale-dependent measures are 

based on the absolute errors or squared errors: 

Mean absolute error: MAE = mean(|e;|), 

Root mean squared error: RMSE = mean(e?). 

When comparing forecast methods applied to a single time 

series, or to several time series with the same units, the MAE 

is popular as it is easy to both understand and compute. A 

forecast method that minimizes the MAE will lead to forecasts 

of the median, while minimizing the RMSE will lead to fore- 

casts of the mean. Consequently, the RMSE is also widely used, 

despite being more difficult to interpret. 
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Percentage errors 

The percentage error is given by p; = 100e;/y;. Percentage errors 

have the advantage of being unit-free, and so are frequently 

used to compare forecast performances between data sets. The 

most commonly used measure is: 

Mean absolute percentage error: MAPE = mean((p;)|). 

Measures based on percentage errors have the disadvantage of 

being infinite or undefined if y, = 0 for any tin the period of 

interest, and having extreme values if any y,; is close to zero. An- 

other problem with percentage errors that is often overlooked 

is that they assume the unit of measurement has a meaningful 

zero.! For example, a percentage error makes no sense when ' That is, a percentage 
is valid on a ratio 

? : scale, but not on an 
the Fahrenheit or Celsius scales, because temperature has an interval scale. Only 

measuring the accuracy of temperature forecasts on either 

arbitrary zero point. ratio scale variables 
have meaningful zeros. 

They also have the disadvantage that they put a heavier penalty 

on negative errors than on positive errors. This observation 

led to the use of the so-called “symmetric” MAPE (sMAPE) 

proposed by Armstrong (1985, p.348), which was used in the 

M3 forecasting competition. It is defined by 

sMAPE = mean (200|y; — 9;\/(y; + 9:)).- 

However, if y; is close to zero, 7; is also likely to be close to zero. 

Thus, the measure still involves division by a number close 

to zero, making the calculation unstable. Also, the value of 

sMAPE can be negative, so it is not really a measure of “absolute 

percentage errors” at all. 

Hyndman and Koehler (2006) recommend that the sMAPE 

not be used. It is included here only because it is widely used, 

although we will not use it in this book. 

Scaled errors 

Scaled errors were proposed by Hyndman and Koehler (2006) 

as an alternative to using percentage errors when comparing 

forecast accuracy across series with different units. They pro- 

posed scaling the errors based on the training MAE from a 

simple forecast method. 
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For a non-seasonal time series, a useful way to define a scaled 

error uses naive forecasts: 

ice 

qj = 2 ewes ese 
J 1 it : 

To1 Dibra 

Because the numerator and denominator both involve values 

on the scale of the original data, q; is independent of the scale 

of the data. A scaled error is less than one if it arises from a 

better forecast than the average naive forecast computed on the 

training data. Conversely, it is greater than one if the forecast is 

worse than the average naive forecast computed on the training 

data. 

For seasonal time series, a scaled error can be defined using 

seasonal naive forecasts: 

i) SS 

1 
Tn 2b rere 

t=m+1 

YG Fae 

The mean absolute scaled error is simply 

MASE = mean(|q;\). 

Examples 

beer2 <- window(ausbeer,start=1992,end=c(2007,4)) 

beerfitl <- meanf(beer2,h=10) 

beerfit2 <- rwf(beer2,h=10) 

beerfit3 <- snaive(beer2,h=10) 

autoplot(window(ausbeer, start=1992)) + 

autolayer(beerfitl, series="Mean", PI=FALSE) + 

autolayer(beerfit2, series="Naive", PI=FALSE) + 

autolayer(beerfit3, series="Seasonal naive", PI=FALSE) + 

xlab("Year") + ylab("Megalitres") + 

ggtitle("Forecasts for quarterly beer production") + 

guides(colour=guide Legend(title="Forecast")) 

Pigure 3.9 shows three forecast methods applied to the quar- 

terly Australian beer production using data only to the end 

of 2007. The actual values for the period 2008-2010 are also 

shown. We compute the forecast accuracy measures for this 

period. 
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Forecasts for quarterly beer production Figure 3.9: Forecasts 

of Australian quarterly 

beer production using 

500 - data up to the end of 

2007. 
Forecast 

/Y Mean 

f ~~ 
NM 

1995 2000 2005 2010 
Year 

Megalitres 
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beer3 <- window(ausbeer, start=2008) 

accuracy(beerfitl, beer3) 

accuracy(beerfit2, beer3) 

accuracy(beerfit3, beer3) 

RMSE MAE MAPE MASE 

Mean method 38.45 34.83 8.28 2.44 

Naive method O26 S7AQ Wabi 4.01 

Seasona! naive method 14.31 13.40 Bale 0.94 

It is obvious from the graph that the seasonal naive method is 

best for these data, although it can still be improved, as we will 

discover later. Sometimes, different accuracy measures will lead 

to different results as to which forecast method is best. However, 

in this case, all of the results point to the seasonal naive method 

as the best of these three methods for this data set. 

To take a non-seasonal example, consider the Google stock price. 

The following graph shows the 200 observations ending on 6 

Dec 2013, along with forecasts of the next 40 days obtained 

from three different methods. 

googfcl <- meanf(goog200, h=40) 

googfc2 <- rwf(goog206, h=40) 

googfc3 <- rwf(goog200, drift=TRUE, h=40) 

autoplot(subset(goog, end = 240)) + 

autolayer(googfcl, PI=FALSE, series="Mean") + 

autolayer(googfc2, PI=FALSE, series="Naive") + 

autolayer(googfc3, PI=FALSE, series="Drift”) + 

Xlab("Day") + ylab("Closing Price (US$)") + 

ggtitle("Google stock price (daily ending 6 Dec 13)") + 

guides (colour=guide _legend(title="Forecast")) 
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Google stock price (daily ending 6 Dec 13) Figure 3.10: Forecasts 

of the Google stock 

price from 7 Dec 2013. 

550- 

B 
=) q Forecast 

500 - . 
one ZA Drift 

a Mean 
oO 

£ YY. Naive 
® 450- 

Ss) 

400 - 

0 50 100 150 200 250 
Day 

googtest <- window(goog, start=201, end=240) 

accuracy(googfcl, googtest) * 

accuracy(googfc2, googtest) 

accuracy(googfc3, googtest) 

RMSE MAE MAPE MASE 

Meantmnethodmlal 4221 eal Se07aee nS ee ORS 

Naive method 28.43 24.59 4.36 6.57 

Drift method ARO Se laleGy, DAI Bale 

Here, the best method is the drift method (regardless of which 

accuracy measure is used). 

Time series cross-validation 

A more sophisticated version of training/test sets is time series 

cross-validation. In this procedure, there are a series of test 

sets, each consisting of a single observation. The corresponding 

training set consists only of observations that occurred prior 

to the observation that forms the test set. Thus, no future 

observations can be used in constructing the forecast. Since it is 

not possible to obtain a reliable forecast based on a very small 

training set, the earliest observations are not considered as test 

sets. 
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The following diagram illustrates the series of training and test 

sets, where the blue observations form the training sets, and the 

red observations form the test sets. 
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The forecast accuracy is computed by averaging over the test 

sets. This procedure is sometimes known as “evaluation on a 

rolling forecasting origin” because the “origin” at which the 

forecast is based rolls forward in time. 

With time series forecasting, one-step forecasts may not be 

as relevant as multi-step forecasts. In this case, the cross- 

validation procedure based on a rolling forecasting origin can 

be modified to allow multi-step errors to be used. Suppose that 

we are interested in models that produce good 4-step-ahead 

forecasts. Then the corresponding diagram is shown below. 
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Time series cross-validation is implemented with the tsCV() 

function. In the following example, we compare the RMSE 

obtained via time series cross-validation with the residual 

RMSE. 
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e <- tsCV(goog200, rwf, drift=TRUE, h=1) 

sqrt(mean(e*2, na. rm=TRUE) ) 

t= elimbe2o3 

sqrt(mean(residuals(rwf(goog200, drift=TRUE))*2, na.rm=TRUE) ) 

#> [1] 6.169 

As expected, the RMSE from the residuals is smaller, as the 

corresponding “forecasts” are based on a model fitted to the 

entire data set, rather than being true forecasts. 

A good way to choose the best forecasting model is to find the 

model with the smallest RMSE computed using time series 

cross-validation. 

Pipe operator 

The ugliness of the above R code makes this a good opportunity 

to introduce some alternative ways of stringing R functions 

together. In the above code, we are nesting functions within 

functions within functions, so you have to read the code from 

the inside out, making it difficult to understand what is being 

computed. Instead, we can use the pipe operator %>% as follows. 

goog200 %>% tsCV(forecastfunction=rwf, drift=TRUE, h=1) -> e 

e*2 %>% mean(na.rm=TRUE) %>% sqrt() 

#> [1] 6.233 

goog200 %>% rwf(drift=TRUE) %>% residuals() -> res 

res*2 %>% mean(na.rm=TRUE) %>% sqrt() 

#> [1] 6.169 

The left hand side of each pipe is passed as the first argument to 

the function on the right hand side. This is consistent with the 

way we read from left to right in English. When using pipes, all 

other arguments must be named, which also helps readability. 

When using pipes, it is natural to use the right arrow assign- 

ment -> rather than the left arrow. For example, the third line 

above can be read as “Take the goog200 series, pass it to rwf() 

with drift=TRUE, compute the resulting residuals, and store 

them as res; 

We will use the pipe operator whenever it makes the code 

easier to read. In order to be consistent, we will always follow a 

function with parentheses to differentiate it from other objects, 

even if it has no arguments. See, for example, the use of sqrt () 

and residuals() in the code above. 
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Example: using tsCV() 

The goog200 data, plotted in Figure 3.5, includes daily closing 

stock price of Google Inc from the NASDAQ exchange for 200 

consecutive trading days starting on 25 February 2013. 

The code below evaluates the forecasting performance of 1- to 

8-step-ahead naive forecasts with tsCV(), using MSE as the 

forecast error measure. The plot shows that the forecast error 

increases as the forecast horizon increases, as we would expect. 

e <- tsCV(goog200, forecastfunction=naive, h=8) 

# Compute the MSE values and remove missing values 

mse <- colMeans(e*2, na.rm = T) 

# Plot the MSE values against the forecast horizon 

data.frame(h = 1:8, MSE = mse) %>% 

ggplot(aes(x = h, y = MSE)) + geom_point() 

300 - 

MSE 
200 - 

100 - 

3.5 Prediction intervals 

As discussed in Section 1.7, a prediction interval gives an inter- 

val within which we expect y; to lie with a specified probability. 

For example, assuming that the forecast errors are normally 

distributed, a 95% prediction interval for the h-step forecast is 

VT+hT ae 1.9664, 

where Gj, is an estimate of the standard deviation of the h-step 

forecast distribution. 

fall 
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Percentage Multiplier 

50 0.67 

oe 0.76 

60 0.84 

65 O93 

70 1.04 

rhs) LeLs 

80 26 

85 1.44 

90 1.64 

95 1-96 

96 2.05 

97 2-17 

98 Pagers) . 

99 2.58 

More generally, a prediction interval can be written as 

VT+HIT = CO, 

where the multiplier c depends on the coverage probability. In 

this book we usually calculate 80% intervals and 95% intervals, 

although any percentage may be used. The following table gives 

the value of c for a range of coverage probabilities assuming 

normally distributed forecast errors. 

The value of prediction intervals is that they express the un- 

certainty in the forecasts. If we only produce point forecasts, 

there is no way of telling how accurate the forecasts are. How- 

ever, if we also produce prediction intervals, then it is clear 

how much uncertainty is associated with each forecast. For this 

reason, point forecasts can be of almost no value without the 

accompanying prediction intervals. 

One-step prediction intervals 

When forecasting one step ahead, the standard deviation of 

the forecast distribution is almost the same as the standard 

deviation of the residuals. (In fact, the two standard deviations 

are identical if there are no parameters to be estimated, as 

is the case with the naive method. For forecasting methods 

involving parameters to be estimated, the standard deviation 

Table 3.1: Multipliers to 

be used for prediction 

intervals. 
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of the forecast distribution is slightly larger than the residual 

standard deviation, although this difference is often ignored.) 

For example, consider a naive forecast for the Google stock 

price data goog200 (shown in Figure 3.5). The last value of the 

observed series is 531.48, so the forecast of the next value of the 

GSP is 531.48. The standard deviation of the residuals from the 

naive method is 6.21. Hence, a 95% prediction intervai for the 

next value of the GSP is 

531.48 + 1.96(6.21) = [519.3, 543.6]. 

Similarly, an 80% prediction interval is given by 

531.48 + 1.28(6.21) = [523.5, 539.4]. 

The value of the multiplier (1.96 or 1.28) is taken from Table 

Sil 

Multi-step prediction intervals 

A common feature of prediction intervals is that they increase 

in length as the forecast horizon increases. The further ahead 

we forecast, the more uncertainty is associated with the forecast, 

and thus the wider the prediction intervals. That is, o;, usually 

increases with h (although there are some non-linear forecasting 

methods that do not have this property). 

To produce a prediction interval, it is necessary to have an 

estimate of o,. As already noted, for one-step forecasts (h = 1), 

the residual standard deviation provides a good estimate of 

the forecast standard deviation o,. For multi-step forecasts, 

a more complicated method of calculation is required. These 

calculations assume that the residuals are uncorrelated. 

Benchmark methods 

For the four benchmark methods, it is possible to mathemati- 

cally derive the forecast standard deviation under the assump- 

tion of uncorrelated residuals. If 6), denotes the standard devi- 

ation of the h-step forecast distribution, and G is the residual 

standard deviation, then we can use the following expressions. 

Hs) 
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Mean forecasts: 6, = 6V¥1+1/T 

Naive forecasts: 6, = 6Vh 

Seasonal naive forecasts 6), = 6 Vk +1, where k is the integer 

part of (h—1)/m. 

Drift forecasts: 6, = dVh(1+h/T). 

Note that when h = 1 and T is large, these all give the same 

approximate value 6. 

Prediction intervals will be computed for you when using any 

of the benchmark forecasting methods. For example, here is the 

output when using the naive method for the Google stock price. 

naive(goog200) 

#> Point Forecast Lo 80st 80 Lo 95 hi 955 

#> 201 531.5 523.5 539.4 519.3 543.6 — 

#> 202 DS1i io) 0202 S42 14S OAC 7, 

#> 203 SILO UL dono DLO 4 Do 2.0 

#> 204 SST OL Lay Oa AdGA OO Ye GOOG 

#> 205 DST ewe o 197 71549 13) 0473 o583 

#> 206 Syeyihars) Wolpe) ysl OP (OH 70 Byeyll es! 

#> 207 OSL SOLO Tawa aD A993 SOs 7, 

#> 208 DSI RON DI4 OF I/ al DOOR 

#> 209 OSD DOL nO! DOD ss 495, ON SOOny 

#> 210 BSH hn se) BAU Nn sh MNOS) PHEIE (O).Srde 10) 

When plotted, the prediction intervals are shown as shaded 

region, with the strength of colour indicating the probability 

associated with the interval. 

autoplot (naive(goog200) ) 

Forecasts from Naive method 

550= 

500 - 

goog200 

foe) o 

400 - 

0 50 100 150 200 
Time 
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Prediction intervals from bootstrapped residuals 

When a normal distribution for the forecast errors is an unrea- 

sonable assumption, one alternative is to use bootstrapping, 

which only assumes that the forecast errors are uncorrelated. 

A forecast error is defined as e; = y; — Py). We can re-write this 

as 

Ve = Veje-1 + et. 

So we can simulate the next observation of a time series using 

VT+1 = Vrsir + eT+1 

where 77 ,1)7 is the one-step forecast and er,, is the unknown 

future error. Assuming future errors will be similar to past 

errors, we can replace er,; by sampling from the collection of 

errors we have seen in the past (i.e., the residuals). Adding the 

new simulated observation to our data set, we can repeat the 

process to obtain 

VT+2 = Vrs2IT+1 + €T+2 

where e7 2 is another draw from the collection of residuals. 

Continuing in this way, we can simulate an entire set of future 

values for our time series. 

Doing this repeatedly, we obtain many possible futures. Then 

we can compute prediction intervals by calculating percentiles 

for each forecast horizon. The result is called a bootstrapped 

prediction interval. The name “bootstrap” is a reference to 

pulling ourselves up by our bootstraps, because the process 

allows us to measure future uncertainty by only using the 

historical data. 

To generate such intervals, we can simply add the bootstrap 

argument to our forecasting functions. For example: 

naive(goog200, bootstrap=TRUE) 

#> Point Forecast Lo 80 Hi 80 Lo 95 Hi 95 

#> 201 SSS 1525, Os SAAC Oe ot Leek 

#> 202 SSE D250) S99. 4aoL 9, De SAO 2 

#> 203 Se pihven Spall OMasy GN ons button Xoumoyo resend! 

#> 204 SS LD) Olga D454 Oba! DOOns, 

#> 205 SoU INO L/S O O44 Ono ere Solas 

#> 206 531, 547016,2 546.8 509.8 58374 

#> 207 Sal OO La OMS HOOD O 7 eo De4nS 

75 
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#> 208 Solio Susie DAI no JUOMO. Ore 

#> 209 Sola my Wi, A VGA BiOSi I ekeke 

#> 210 BieHlney /SyMON er! Seals TE YOR Sal SVC HI SS) 

In this case, they are very similar (but not identical) to the 

prediction intervals based on the normal distribution. 

Prediction intervals with transformations 

If a transformation has been used, then the prediction interval 

should be computed on the transformed scale, and the end 

points back-transformed to give a prediction interval on the 

original scale. This approach preserves the probability cov- 

erage of the prediction interval, although it will no longer be 

symmetric around the point forecast. 

The back-transformation of prediction intervals is done au- 

tomatically using the functions in the forecast package in R, 

provided you have used the Lambda argument when computing 

the forecasts. 

3.6 The forecast package in R 

This book uses the facilities in the forecast package in R (which 

is loaded automatically whenever you load the fpp2 package). 

This appendix briefly summarises some of the features of the 

package. Please refer to the help files for individual functions to 

learn more, and to see some examples of their use. 

Functions that output a forecast object: 

Many functions, including meanf(), naive(), snaive() and 

rwf(), produce output in the form of a forecast object (i.e., an 

object of class forecast). This allows other functions (such as 

autoplot()) to work consistently across a range of forecasting 

models. 

Objects of class forecast contain information about the fore- 

casting method, the data used, the point forecasts obtained, 

prediction intervals, residuals and fitted values. There are sev- 

eral functions designed to work with these objects including 

autoplot(), summary() and print(). 
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The following list shows all the functions that produce fore- 

cast objects. 

¢ meanf() 

* naive(), snaive() 

° rwf() 

* croston() 

omeSitalatu(@) 

¢ ses() 

¢ holt(), hw() 

¢ splinef() 

° thetaf() 

¢ forecast() 

forecast() function 

So far we have used functions which produce a forecast object 

directly. But a more common approach, which we will focus 

on in the rest of the book, will be to fit a model to the data, and 

then use the forecast() function to produce forecasts from 

that model. 

The forecast() function works with many different types of 

inputs. It generally takes a time series or time series model as 

its main argument, and produces forecasts appropriately. It 

always returns objects of class forecast. 

If the first argument is of class ts, it returns forecasts from the 

automatic ETS algorithm discussed in Chapter 7. 

Here is a simple example, applying forecast() to the ausbeer 

data: 

forecast(ausbeer, h=4) 

#> Point Forecast Lo 80 Hi 80 Lo 95 Hi 95 

#> 2010 Q3 404.6 385.9 423.3 376.0 433.3 

#> 2010 Q4 ASUS 4°40) sOUDUS Seda 4 os 

#> 2011 Q1 417.0 396.5 437.6 385.6 448.4 

#> 2011 Q2 BOS OSTEO ie SOE a nL 

That works quite well if you have no idea what sort of model 

to use. But by the end of this book, you should not need to use 

forecast() in this “blind” fashion. Instead, you will fit a model 

appropriate to the data, and then use forecast() to produce 

forecasts from that model. 
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3.7. Exercises 

jd . For the following series, find an appropriate Box-Cox trans- 

formation in order to stabilize the variance. 

e usnetelec 

e usgdp 

* mcopper 

¢ enplanements 

2. Why is a Box-Cox transformation unhelpful for the cangas 

data? 

3. What Box-Cox transformation would you select for your 

retail data (from Exercise 3 in Section 2.10)? 

4. For each of the following series, make a graph of the data. 

If transforming seems appropriate, do so and describe the 

effect. dole, usdeaths, bricksq. 

5. Calculate the residuals from a seasonal naive forecast ap- 

plied to the quarterly Australian beer production data from 

1992. The following code will help. 

beer <- window(ausbeer, start=1992) 

fc <- snaive(beer) 

autoplot(fc) 

res <- residuals(fc) 

autoplot(res) 

Test if the residuals are white noise and normally distributed. 

checkresiduals (fc) 

What do you conclude? 

6. Repeat the exercise for the WWusage and bricksq data. Use 

whichever of naive() or snaive() is more appropriate in 

each case. 

7. Are the following statements true or false? Explain your 

answer. 

a. Good forecast methods should have normally distributed 

residuals. 

b. A model with small residuals will give good forecasts. 

c. The best measure of forecast accuracy is MAPE. 



3. THE FORECASTER’S TOOLBOX 

d. If your model doesn’t forecast well, you should make it 

(Se 

more complicated. 

Always choose the model with the best forecast accuracy 

as measured on the test set. 

8. For your retail time series (from Exercise 3 in Section 2.10): 

a. Split the data into two parts using 

myts.train <- window(myts, end=c(2010,12) ) 

myts.test <- window(myts, start=2011) 

. Check that your data have been split appropriately by 

producing the following plot. 

autoplot(myts) + 

autolayer(myts.train, series="Training") + 

autolayer(myts.test, series="Test") 

. Calculate forecasts using snaive applied to myts.train. 

fc <- snaive(myts.train) 

. Compare the accuracy of your forecasts against the actual 

values stored in myts.test. 

accuracy(fc,myts.test) 

. Check the residuals. 

checkresiduals (fc) 

Do the residuals appear to be uncorrelated and normally 

distributed? 

How sensitive are the accuracy measures to the train- 

ing/test split? 

9. visnights contains quarterly visitor nights (in millions) 

from 1998-2016 for twenty regions of Australia. 

a. Use window() to create three training sets for vis- 

nights[,"QLDMetro"], omitting the last 1, 2 and 3 years; 

call these train1, train2, and train3, respectively. For exam- 

ple trainl <- window(visnights[, "QLDMetro"], end = 

G(Z0154))e 

1, 
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b. Compute one year of forecasts for each training set us- 

ing the snaive() method. Call these fc1, fc2 and fc3, 

respectively. 

c. Use accuracy() to compare the MAPE over the three test 

sets. Comment on these. 

10. Use the Dow Jones index (data set dowjones) to do the 

following: 

a. Produce a time plot of the series. 

b. Produce forecasts using the drift method and plot them. 

c. Show that the forecasts are identical to extending the line 

drawn between the first and last observations. 

d. Try using some of the other benchmark functions to 

forecast the same data set. Which do you think is best? 

Why? 

11. Consider the daily closing IBM stock prices (data set ibm- 

close). 

a. Produce some plots of the data in order to become famil- 

iar with it. 

b. Split the data into a training set of 300 observations and a 

test set of 69 observations. 

c. Try using various benchmark methods to forecast the 

training set and compare the results on the test set. Which 

method did best? 

d. Check the residuals of your preferred method. Do they 

resemble white noise? 

12. Consider the sales of new one-family houses in the USA, 

Jan 1973 — Nov 1995 (data set hsales). 

a. Produce some plots of the data in order to become famil- 

iar with it. 

b. Split the hsales data set into a training set and a test set, 

where the test set is the last two years of data. 

c. Try using various benchmark methods to forecast the 

training set and compare the results on the test set. Which 

method did best? 

d. Check the residuals of your preferred method. Do they 

resemble white noise? 
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3.8 Further reading 

¢ Ord, Fildes, and Kourentzes (2017) provides further discus- 

sion of simple benchmark forecasting methods. 

¢ A review of forecast evaluation methods is given in Hyn- 

dman and Koehler (2006), looking at the strengths and 

weaknesses of different approaches. This is the paper that 

introduced the MASE as a general-purpose forecast accuracy 

measure. 
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Chapter 4 

Judgmental forecasts 

Forecasting using judgement is very common in practice. In 

many cases, judgmental forecasting is the only option, such 

as when there is a complete lack of historical data, or when 

a new product is being launched, or when a new competitor 

enters the market, or during completely new and unique market 

conditions. For example, in December 2012, the Australian 

government was the first in the world to pass legislation that 

banned the use of company logos on cigarette packets, and 

required all cigarette packets to be a dark green colour. Judge- 

ment must be applied in order to forecast the effect of such a 

policy, as there are no historical precedents. 

There are also situations where the data are incomplete, or 

only become available after some delay. For example, central 

banks include judgement when forecasting the current level of 

economic activity, a procedure known as nowcasting, as GDP is 

only available on a quarterly basis. 

Research in this area! has shown that the accuracy of judgmen- 

tal forecasting improves when the forecaster has (i) important 

domain knowledge, and (ii) more timely, up-to-date informa- 

tion. A judgmental approach can be quick to adjust to such 

changes, information or events. 

Over the years, the acceptance of judgmental forecasting as a 

science has increased, as has the recognition of its need. More 

importantly, the quality of judgmental forecasts has also im- 

proved, as a direct result of recognising that improvements 

in judgmental forecasting can be achieved by implementing 

' Lawrence et al. (2006) 
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well-structured and systematic approaches. It is important 

to recognise that judgmental forecasting is subjective and 

comes with limitations. However, implementing systematic and 

well-structured approaches can confine these limitations and 

markedly improve forecast accuracy. 

There are three general settings in which judgmental forecast- 

ing is used: (i) there are no available data, so that statistical 

methods are not applicable and judgmental forecasting is 

the only feasible approach; (ii) data are available, statistical 

forecasts are generated, and these are then adjusted using judge- 

ment; and (iii) data are available and statistical and judgmental 

forecasts are generated independently and then combined. We 

should clarify that when data are available, applying statistical 

methods (such as those discussed in other chapters of this book), 

is preferable and should, at the very least, be used as a starting 

point. Statistical forecasts are generally superior to generating 

forecasts using only judgement. For the majority of the chap- 

ter, we focus on the first setting where no data are available, 

and in the very last section we discuss judgmentally adjusting 

statistical forecasts. We discuss combining forecasts in Section 

12.4: 

4.1 Beware of limitations 

Judgmental forecasts are subjective, and therefore do not come 

free of bias or limitations. 

Judgmental forecasts can be inconsistent. Unlike statistical 

forecasts, which can be generated by the same mathematical 

formulas every time, judgmental forecasts depend heavily on 

human cognition, and are vulnerable to its limitations. For 

example, a limited memory may render recent events more 

important than they actually are and may ignore momentous 

events from the more distant past; or a limited attention span 

may result in important information being missed; or a mis- 

understanding of causal relationships may lead to erroneous 

inferences. Furthermore, human judgement can vary due to 

the effect of psychological factors. One can imagine a manager 

who is in a positive frame of mind one day, generating forecasts 

that may tend to be somewhat optimistic, and in a negative 
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frame of mind another day, generating somewhat less optimistic 

forecasts. 

Judgement can be clouded by personal or political agendas, 

where targets and forecasts (as defined in Chapter 1) are not 

segregated. For example, if a sales manager knows that the 

forecasts she generates will be used to set sales expectations 

(targets), she may tend to set these low in order to show a good 

performance (i.e., exceed the expected targets). Even in cases 

where targets and forecasts are well segregated, judgement may 

be plagued by optimism or wishful thinking. For example, it 

would be highly unlikely that a team working towards launch- 

ing a new product would forecast its failure. As we will discuss 

later, this optimism can be accentuated in a group meeting 

setting. “Beware of the enthusiasm of your marketing and sales 

colleagues”?. 

Another undesirable property which is commonly seen in 

judgmental forecasting is the effect of anchoring. In this case, 

the subsequent forecasts tend to converge or be very close to an 

initial familiar reference point. For example, it is common to 

take the last observed value as a reference point. The forecaster 

is influenced unduly by prior information, and therefore gives 

this more weight in the forecasting process. Anchoring may 

lead to conservatism and undervaluing new and more current 

information, and thereby create a systematic bias. 

4.2 Key principles 

Using a systematic and well structured approach in judgmental 

forecasting helps to reduce the adverse effects of the limitations 

of judgmental forecasting, some of which we listed in the previ- 

ous section. Whether this approach involves one individual or 

many, the following principles should be followed. 

Set the forecasting task clearly and concisely 

Care is needed when setting the forecasting challenges and 

expressing the forecasting tasks. It is important that everyone 

be clear about what the task is. All definitions should be clear 

and comprehensive, avoiding ambiguous and vague expres- 

sions. Also, it is important to avoid incorporating emotive terms 

? Fildes and Goodwin 

(2007b) 
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and irrelevant information that may distract the forecaster. In 

the Delphi method that follows (see Section 4.3), it may some- 

times be useful to conduct a preliminary round of information 

gathering before setting the forecasting task. 

Implement a systematic approach 

Forecast accuracy and consistency can be improved by using 

a systematic approach to judgmental forecasting involving 

checklists of categories of information which are relevant to 

the forecasting task. For example, it is helpful to identify what 

information is important and how this information is to be 

weighted. When forecasting the demand for a new product, 

what factors should we account for and how should we account 

for them? Should it be the price, the quality and/or quantity 

of the competition, the economic environment at the time, the 

target population of the product? It is worthwhile to devote 

significant effort and resources to put together decision rules 

that will lead to the best possible systematic approach. 

Document and justify 

Pormalising and documenting the decision rules and assump- 

tions implemented in the systematic approach can promote 

consistency, as the same rules can be implemented repeatedly. 

Also, requesting a forecaster to document and justify their fore- 

casts leads to accountability, which can lead to reduced bias. 

Furthermore, formal documentation aids significantly in the 

systematic evaluation process that is suggested next. 

Systematically evaluate forecasts 

Systematically monitoring the forecasting process can iden- 

tify unforeseen irregularities. In particular, keep records of 

forecasts and use them to obtain feedback when the corre- 

sponding observations become available. Although you may 

do your best as a forecaster, the environment you operate in 

is dynamic. Changes occur, and you need to monitor these in 

order to evaluate the decision rules and assumptions. Feedback 

and evaluation help forecasters learn and improve their forecast 

accuracy. 
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Segregate forecasters and users 

Forecast accuracy may be impeded if the forecasting task is 

carried out by users of the forecasts, such as those responsible 

for implementing plans of action about which the forecast is 

concerned. We should clarify again here (as in Section 1.2), that 

forecasting is about predicting the future as accurately as possi- 

ble, given all of the information available, including historical 

data and knowledge of any future events that may impact the 

forecasts. Forecasters and users should be clearly segregated. 

A classic case is that of a new product being launched. The 

forecast should be a reasonable estimate of the sales volume 

of a new product, which may differ considerably from what 

management expects or hopes the sales will be in order to meet 

company financial objectives. In this case, a forecaster may be 

delivering a reality check to the user. 

It is important that forecasters communicate forecasts to poten- 

tial users thoroughly. As we will see in Section 4.7, users may 

feel distant and disconnected from forecasts, and may not have 

full confidence in them. Explaining and clarifying the process 

and justifying the basic assumptions that led to the forecasts 

will provide some assurance to users. 

The way in which forecasts may then be used and implemented 

will clearly depend on managerial decision making. For ex- 

ample, management may decide to adjust a forecast upwards 

(be over-optimistic), as the forecast may be used to guide pur- 

chasing and stock keeping levels. Such a decision may be taken 

after a cost-benefit analysis reveals that the cost of holding 

excess stock is much lower than that of lost sales. This type of 

adjustment should be part of setting goals or planning supply, 

rather than part of the forecasting process. In contrast, if fore- 

casts are used as targets, they may be set low so that they can 

be exceeded more easily. Again, setting targets is different from 

producing forecasts, and the two should not be confused. 

The example that follows comes from our experience in in- 

dustry. It exemplifies two contrasting styles of judgmental 

forecasting — one that adheres to the principles we have just 

presented and one that does not. 

87 
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Example: Pharmaceutical Benefits Scheme (PBS) 

The Australian government subsidises the cost of a wide range 

of prescription medicines as part of the PBS. Each subsidised 

medicine falls into one of four categories: concession copay- 

ments, concession safety net, general copayments, and general 

safety net. Each person with a concession card makes a conces- 

sion copayment per PBS medicine ($5.80)%, until they reach a > These are Australian 
dollar amounts pub- 

: : : oe lished by the Australian 
For the rest of the financial year, all PBS-listed medicines are government for 2012. 

set threshold amount labelled the concession safety net ($348). 

free. Each general patient makes a general copayment per PBS 

medicine ($35.40) until the general safety net amount is reached 

($1,363.30). For the rest of the financial year, they contribute 

a small amount per PBS-listed medicine ($5.80). The PBS fore- 

casting process uses 84 groups of PBS-listed medicines, and 

produces forecasts of the medicine volume and the total expen- 

diture for each group and for each of the four PBS categories, 

a total of 672 series. This forecasting process aids in setting 

the government budget allocated to the PBS, which is over $7 

billion per year, or approximately 1% of GDP. 

Pigure 4.1 summarises the forecasting process. Judgmental 

forecasts are generated for new listings of medicines and for 

estimating the impact of new policies. These are shown by the 

green items. The pink items indicate the data used which were 

obtained from various government departments and associated 

authorities. The blue items show things that are calculated 

from the data provided. There were judgmental adjustments 

to the data to take account of new listings and new policies, 

and there were also judgmental adjustments to the forecasts. 

Because of the changing size of both the concession population 

and the total population, forecasts are produced on a per-capita 

basis, and then multiplied by the forecast population to obtain 

forecasts of total volume and expenditure per month. 

One of us (Hyndman) was asked to evaluate the forecasting 

process a few years ago. We found that using judgement for 

new listings and new policy impacts gave better forecasts than 

using a statistical model alone. However, we also found that 

the forecasting accuracy and consistency could be improved 

through a more structured and systematic process, especially 

for policy impacts. 
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Figure 4.1: Process 

for producing PBS 
Forecasting new listings: Companies who apply for their forecasts. 

medicine to be added to the PBS are asked to submit detailed 

forecasts for various aspects of the medicine, such as pro- 

jected patient numbers, market share of the new medicine, 

substitution effects, etc. The Pharmaceutical Benefits Advisory 

Committee provides guidelines describing a highly structured 

and systematic approach for generating these forecasts, and 

requires careful documentation for each step of the process. 

This structured process helps to reduce the likelihood and 

effects of deliberate self-serving biases. Two detailed evaluation 

rounds of the company forecasts are implemented by a 

sub-committee, one before the medicine is added to the PBS 

and one after it is added. Finally, comparisons of observations 
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versus forecasts for some selected new listings are performed, 

12 months and 24 months after the listings, and the results are 

sent back to the companies for comment. 

Policy impact forecasts: In contrast to the highly structured pro- 

cess used for new listings, there were no systematic procedures 

for policy impact forecasts. On many occasions, forecasts of 

policy impacts were calculated by a small team, and were often 

heavily reliant on the work of one person. The forecasts were 

not usually subject to a formal review process. There were no 

guidelines for how to construct judgmental forecasts for policy 

impacts, and there was often a lack of adequate documenta- 

tion about how these forecasts were obtained, the assumptions 

underlying them, etc. 

Consequently, we recommended several changes: 

¢ that guidelines for forecasting new policy impacts be de- 

veloped, to encourage a more systematic and structured 

forecasting approach; 

¢ that the forecast methodology be documented in each case, 

including all assumptions made in forming the forecasts; 

* that new policy forecasts be made by at least two people 

from different areas of the organisation; 

¢ that a review of forecasts be conducted one year after the 

implementation of each new policy by a review committee, 

especially for new policies that have a significant annual 

projected cost or saving. The review committee should 

include those involved in generating the forecasts, but also 

others. 

These recommendations reflect the principles outlined in this 

section. 

4.3. The Delphi method 

The Delphi method was invented by Olaf Helmer and Norman 

Dalkey of the Rand Corporation in the 1950s for the purpose of 

addressing a specific military problem. The method relies on 

the key assumption that forecasts from a group are generally 

more accurate than those from individuals. The aim of the 

Delphi method is to construct consensus forecasts from a group 
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of experts in a structured iterative manner. A facilitator is 

appointed in order to implement and manage the process. The 

Delphi method generally involves the following stages: 

1. A panel of experts is assembled. 

2. Forecasting tasks/challenges are set and distributed to the 

experts. 

3. Experts return initial forecasts and justifications. These are 

compiled and summarised in order to provide feedback. 

4. Feedback is provided to the experts, who now review their 

forecasts in light of the feedback. This step may be iterated 

until a satisfactory level of consensus is reached. 

5. Final forecasts are constructed by aggregating the experts’ 

forecasts. 

Each stage of the Delphi method comes with its own challenges. 

In what follows, we provide some suggestions and discussions 

about each one of these.4 

Experts and anonymity 

The first challenge of the facilitator is to identify a group of 

experts who can contribute to the forecasting task. The usual 

suggestion is somewhere between 5 and 20 experts with diverse 

expertise. Experts submit forecasts and also provide detailed 

qualitative justifications for these. 

A key feature of the Delphi method is that the participating 

experts remain anonymous at all times. This means that the 

experts cannot be influenced by political and social pressures 

in their forecasts. Furthermore, all experts are given an equal 

say and all are held accountable for their forecasts. This avoids 

the situation where a group meeting is held and some members 

do not contribute, while others dominate. It also prevents mem- 

bers exerting undue influence based on seniority or personality. 

There have been suggestions that even something as simple as 

the seating arrangements in a group setting can influence the 

group dynamics. Furthermore, there is ample evidence that a 

group meeting setting promotes enthusiasm and influences in- 

dividual judgement, leading to optimism and overconfidence.° 

A by-product of anonymity is that the experts do not need to 

meet as a group in a physical location. An important advantage 

“For further reading, 

refer to: Rowe (2007); 

Rowe and Wright 
(1999) 

> Buehler, Messervey, 

and Griffin (2005) 
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of this is that it increases the likelihood of gathering experts 

with diverse skills and expertise from varying locations. Fur- 

thermore, it makes the process cost-effective by eliminating the 

expense and inconvenience of travel, and it makes it flexible, 

as the experts only have to meet a common deadline for sub- 

mitting forecasts, rather than having to set a common meeting 

time. 

Setting the forecasting task in a Delphi 

In a Delphi setting, it may be useful to conduct a preliminary 

round of information gathering from the experts before set- 

ting the forecasting tasks. Alternatively, as experts submit 

their initial forecasts and justifications, valuable information 

which is not shared between all experts can be identified by the 

facilitator when compiling the feedback. 

Feedback 

Feedback to the experts should include summary statistics of 

the forecasts and outlines of qualitative justifications. Numeri- 

cal data summaries and graphical representations can be used 

to summarise the experts’ forecasts. 

As the feedback is controlled by the facilitator, there may be 

scope to direct attention and information from the experts to 

areas where it is most required. For example, the facilitator may 

direct the experts’ attention to responses that fall outside the 

interquartile range, and the qualitative justification for such 

forecasts. 

Iteration 

The process of the experts submitting forecasts, receiving feed- 

back, and reviewing their forecasts in light of the feedback, is 

repeated until a satisfactory level of consensus between the 

experts is reached. Satisfactory consensus does not mean com- 

plete convergence in the forecast value; it simply means that the 

variability of the responses has decreased to a satisfactory level. 

Usually two or three rounds are sufficient. Experts are more 

likely to drop out as the number of iterations increases, so too 

many rounds should be avoided. 
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Final forecasts 

The final forecasts are usually constructed by giving equal 

weight to all of the experts’ forecasts. However, the facilitator 

should keep in mind the possibility of extreme values which 

can distort the final forecast. 

Limitations and variations 

Applying the Delphi method can be time consuming. In a group 

meeting, final forecasts can possibly be reached in hours or even 

minutes — something which is almost impossible to do ina 

Delphi setting. If it is taking a long time to reach a consensus in 

a Delphi setting, the panel may lose interest and cohesiveness. 

In a group setting, personal interactions can lead to quicker 

and better clarifications of qualitative justifications. A variation 

of the Delphi method which is often applied is the “estimate- 

talk-estimate” method, where the experts can interact between 

iterations, although the forecast submissions can still remain 

anonymous. A disadvantage of this variation is the possibility of 

the loudest person exerting undue influence. 

The facilitator 

The role of the facilitator is of the utmost importance. The facil- 

itator is largely responsible for the design and administration 

of the Delphi process. The facilitator is also responsible for pro- 

viding feedback to the experts and generating the final forecasts. 

In this role, the facilitator needs to be experienced enough to 

recognise areas that may need more attention, and to direct 

the experts’ attention to these. Also, as there is no face-to-face 

interaction between the experts, the facilitator is responsible 

for disseminating important information. The efficiency and 

effectiveness of the facilitator can dramatically increase the 

probability of a successful Delphi method in a judgmental 

forecasting setting. 

4.4 Forecasting by analogy 

A useful judgmental approach which is often implemented in 

practice is forecasting by analogy. Acommon example is the 

pricing of a house through an appraisal process. An appraiser 

oS 
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estimates the market value of a house by comparing it to similar 

properties that have sold in the area. The degree of similarity 

depends on the attributes considered. With house appraisals, 

attributes such as land size, dwelling size, numbers of bedrooms 

and bathrooms, and garage space are usually considered. 

Even thinking and discussing analogous products or situations 

can generate useful (and sometimes crucial) information. We 

illustrate this point with the following example.°® 

Example: Designing a high school curriculum 

A small group of academics and teachers were assigned the 

task of developing a curriculum for teaching judgement and 

decision making under uncertainty for high schools in Israel. 

Each group member was asked to forecast how long it would 

take for the curriculum to be completed. Responses ranged 

between 18 and 30 months. One of the group members who was 

an expert in curriculum design was asked to consider analogous 

curricula developments around the world. He concluded that 

40% of analogous groups he considered never completed the 

task. The rest took between 7 to 10 years. The Israel project was 

completed in 8 years. 

Obviously, forecasting by analogy comes with challenges. We 

should aspire to base forecasts on multiple analogies rather 

than a single analogy, which may create biases. However, these 

may be challenging to identify. Similarly, we should aspire to 

consider multiple attributes. Identifying or even comparing 

these may not always be straightforward. As always, we suggest 

performing these comparisons and the forecasting process 

using a systematic approach. Developing a detailed scoring 

mechanism to rank attributes and record the process of ranking 

will always be useful. 

A structured analogy 

Alternatively, a structured approach comprising a panel of 

experts can be implemented, as was proposed by Green and 

Armstrong (2007). The concept is similar to that of a Delphi; 

however, the forecasting task is completed by considering 

analogies. First, a facilitator is appointed. Then the structured 

approach involves the following steps. 

° This example is ex- 

tracted from Kahneman 

and Lovallo (1993) 
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1. A panel of experts who are likely to have experience with 

analogous situations is assembled. 

2. Tasks/challenges are set and distributed to the experts. 

3. Experts identify and describe as many analogies as they can, 

and generate forecasts based on each analogy. 

4. Experts list similarities and differences of each analogy to 

the target situation, then rate the similarity of each analogy 

to the target situation on a scale. 

5. Forecasts are derived by the facilitator using a set rule. This 

can be a weighted average, where the weights can be guided 

by the ranking scores of each analogy by the experts. 

As with the Delphi approach, anonymity of the experts may be 

an advantage in not suppressing creativity, but could hinder 

collaboration. Green and Armstrong found no gain in collabo- 

ration between the experts in their results. A key finding was 

that experts with multiple analogies (more than two), and who 

had direct experience with the analogies, generated the most 

accurate forecasts. 

4.5 Scenario forecasting 

A fundamentally different approach to judgmental forecasting 

is scenario-based forecasting. The aim of this approach is to gen- 

erate forecasts based on plausible scenarios. In contrast to the 

two previous approaches (Delphi and forecasting by analogy) 

where the resulting forecast is intended to be a likely outcome, 

each scenario-based forecast may have a low probability of 

occurrence. The scenarios are generated by considering all pos- 

sible factors or drivers, their relative impacts, the interactions 

between them, and the targets to be forecasted. 

Building forecasts based on scenarios allows a wide range of 

possible forecasts to be generated and some extremes to be iden- 

tified. For example it is usual for “best”, “middle” and “worst” 

case scenarios to be presented, although many other scenar- 

ios will be generated. Thinking about and documenting these 

contrasting extremes can lead to early contingency planning. 

With scenario forecasting, decision makers often participate in 

the generation of scenarios. While this may lead to some biases, 

95 
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it can ease the communication of the scenario-based forecasts, 

and lead to a better understanding of the results. 

4.6 New product forecasting 

The definition of a new product can vary. It may be an entirely 

new product which has been launched, a variation of an ex- 

isting product (“new and improved”), a change in the pricing 

scheme of an existing product, or even an existing product 

entering a new market. 

Judgmental forecasting is usually the only available method 

for new product forecasting, as historical data are unavailable. 

The approaches we have already outlined (Delphi, forecasting 

by analogy and scenario forecasting) are all applicable when 

forecasting the demand for a new product. 

Other methods which are more specific to the situation are 

also available. We briefly describe three such methods which 

are commonly applied in practice. These methods are less 

structured than those already discussed, and are likely to lead 

to more biased forecasts as a result. 

Sales force composite 

In this approach, forecasts for each outlet/branch/store of a 

company are generated by salespeople, and are then aggregated. 

This usually involves sales managers forecasting the demand for 

the outlet they manage. Salespeople are usually closest to the 

interaction between customers and products, and often develop 

an intuition about customer purchasing intentions. They bring 

this valuable experience and expertise to the forecast. 

However, having salespeople generate forecasts violates the 

key principle of segregating forecasters and users, which can 

create biases in many directions. It is very common for the 

performance of a salesperson to be evaluated against the sales 

forecasts or expectations set beforehand. In this case, the sales- 

person acting as a forecaster may introduce some self-serving 

bias by generating low forecasts. On the other hand, one can 

imagine a very enthusiastic salesperson, full of optimism, gener- 

ating high forecasts. 
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Moreover a successful salesperson is not necessarily a successful 

nor well-informed forecaster. A large proportion of salespeople 

will have no or very limited formal training in forecasting. 

Finally, salespeople will feel customer displeasure at first hand 

if, for example, the product runs out or is not introduced in 

their store. Such interactions will cloud their judgement. 

Executive opinion 

In contrast to the sales force composite, this approach involves 

staff at the top of the managerial structure generating aggregate 

forecasts. Such forecasts are usually generated in a group 

meeting, where executives contribute information from their 

own area of the company. Having executives from different 

functional areas of the company promotes great skill and 

knowledge diversity in the group. 

This process carries all of the advantages and disadvantages 

of a group meeting setting which we discussed earlier. In this 

setting, it is important to justify and document the forecasting 

process. That is, executives need to be held accountable in 

order to reduce the biases generated by the group meeting 

setting. There may also be scope to apply variations to a Delphi 

approach in this setting; for example, the estimate-talk-estimate 

process described earlier. 

Customer intentions 

Customer intentions can be used to forecast the demand for a 

new product or for a variation on an existing product. Ques- 

tionnaires are filled in by customers on their intentions to buy 

the product. A structured questionnaire is used, asking cus- 

tomers to rate the likelihood of them purchasing the product 

ona scale; for example, highly likely, likely, possible, unlikely, 

highly unlikely. 

Survey design challenges, such as collecting a representative 

sample, applying a time- and cost-effective method, and dealing 

with non-responses, need to be addressed.’ 7 Groves et al. (2009) 

Furthermore, in this survey setting we must keep in mind 

the relationship between purchase intention and purchase 

behaviour. Customers do not always do what they say they 

will. Many studies have found a positive correlation between 

oF 
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purchase intentions and purchase behaviour; however, the 

strength of these correlations varies substantially. The factors 

driving this variation include the timings of data collection and 

product launch, the definition of “new” for the product, and 

the type of industry. Behavioural theory tells us that intentions 

predict behaviour if the intentions are measured just before 

the behaviour.® The time between intention and behaviour will — * Randall and Wolff 

vary depending on whether it is a completely new product or a ee) 

variation on an existing product. Also, the correlation between 

intention and behaviour is found to be stronger for variations 

on existing and familiar products than for completely new 

products. 

Whichever method of new product forecasting is used, it is 

important to thoroughly document the forecasts made, and the 

reasoning behind them, in order to be able to evaluate them 

when data become available. 

4.7. Judgmental adjustments 

In this final section, we consider the situation where historical 

data are available and are used to generate statistical forecasts. 

It is common for practitioners to then apply judgmental ad- 

justments to these forecasts. These adjustments can potentially 

provide all of the advantages of judgmental forecasting which 

have been discussed earlier in this chapter. For example, they 

provide an avenue for incorporating factors that may not be 

accounted for in the statistical model, such as promotions, 

large sporting events, holidays, or recent events that are not 

yet reflected in the data. However, these advantages come to 

fruition only when the right conditions are present. Judgmental 

adjustments, like judgmental forecasts, come with biases and 

limitations, and we must implement methodical strategies in 

order to minimise them. 

Use adjustments sparingly 

Practitioners adjust much more often than they should, and 

many times for the wrong reasons. By adjusting statistical 

forecasts, users of forecasts create a feeling of ownership and 

credibility. Users often do not understand or appreciate the 
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mechanisms that generate the statistical forecasts (as they 

will usually have no training in this area). By implementing 

judgmental adjustments, users feel that they have contributed 

to and completed the forecasts, and they can now relate their 

own intuition and interpretations to these. The forecasts have 

become their own. 

Judgmental adjustments should not aim to correct for a system- 

atic pattern in the data that is thought to have been missed by 

the statistical model. This has been proven to be ineffective, as 

forecasters tend to read non-existent patterns in noisy series. 

Statistical models are much better at taking account of data 

patterns, and judgmental adjustments only hinder accuracy. 

Judgmental adjustments are most effective when there is signif- 

icant additional information at hand or strong evidence of the 

need for an adjustment. We should only adjust when we have 

important extra information which is not incorporated in the 

statistical model. Hence, adjustments seem to be most accurate 

when they are large in size. Small adjustments (especially in 

the positive direction promoting the illusion of optimism) have 

been found to hinder accuracy, and should be avoided. 

Apply a structured approach 

Using a structured and systematic approach will improve the 

accuracy of judgmental adjustments. Following the key prin- 

ciples outlined in Section 4.2 is vital. In particular, having to 

document and justify adjustments will make it more challeng- 

ing to override the statistical forecasts, and wili guard against 

unnecessary adjustments. 

It is common for adjustments to be implemented by a panel 

(see the example that follows). Using a Delphi setting carries 

great advantages. However, if adjustments are implemented 

in a group meeting, it is wise to consider the forecasts of key 

markets or products first, as panel members will get tired 

during this process. Fewer adjustments tend to be made as the 

meeting goes on through the day. 

99 
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Example: Tourism Forecasting Committee (TFC) 

Tourism Australia publishes forecasts for all aspects of Aus- 

tralian tourism twice a year. The published forecasts are gen- 

erated by the TFC, an independent body which comprises 

experts from various government and private industry sectors; 

for example, the Australian Commonwealth Treasury, airline 

companies, consulting firms, banking sector companies, and 

tourism bodies. 

The forecasting methodology applied is an iterative process. 

First, model-based statistical forecasts are generated by the 

forecasting unit within Tourism Australia, then judgmental 

adjustments are made to these in two rounds. In the first round, 

the TFC Technical Committee’ (comprising senior researchers, 

economists and independent advisers) adjusts the model-based 

forecasts. In the second and final round, the TFC (comprising 

industry and government experts) makes final adjustments. In 

both rounds, adjustments are made by consensus. 

300 - 

290 - 

— Observed data 

—— TFC forecasts 

— Regression model forecasts 

—— ETS model forecasts 

Total visitor nights (thousands) 

2 60 10 2 00 4 2008 

Year 

In 2008, we!® analysed forecasts for Australian domestic 

tourism. We concluded that the published TFC forecasts were 

optimistic, especially for the long-run, and we proposed alter- 

native model-based forecasts. We now have access to observed 

data up to and including 2011. In Figure 4.2, we plot the pub- 

lished forecasts against the actual data. We can see that the 

published TFC forecasts have continued to be optimistic. 

What can we learn from this example? Although the TFC clearly 

states in its methodology that it produces ‘forecasts’ rather than 

‘targets’, could this be a case where these have been confused? 

Are the forecasters and users sufficiently well-segregated in this 

° GA was an observer 

on this technical 

committee for a few 

years. 

Figure 4.2: Long run 

annual forecasts for 

domestic visitor nights 

for Australia. We study 

regression models 
in Chapter 5, and 
ETS (ExponenTial 

Smoothing) models in 

Chapter 7. 

'° Athanasopoulos and 
Hyndman (2008) 
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process? Could the iterative process itself be improved? Could 

the adjustment process in the meetings be improved? Could it 

be that the group meetings have promoted optimism? Could it 

be that domestic tourism should have been considered earlier in 

the day? 

4.8 Further reading 

Many forecasting textbooks ignore judgmental forecasting 

altogether. Here are three which do cover it in some detail. 

¢ Chapter 11 of Ord, Fildes, and Kourentzes (2017) provides 

an excellent review of some of the same topics as this chapter, 

but also includes assessing forecast uncertainty judgmentally, 

and forecasting using prediction markets. 

* Goodwin and Wright (2009) is a book-length treatment of the 

use of judgement in decision marking by two of the leading 

researchers in the field. 

¢ Kahn (2006) covers techniques for new product forecasting, 

where judgmental methods play an important role. 

There have been some very helpful survey papers on judgemen- 

tal forecasting published in the last 20 years. We have found 

these three particularly helpful. 

¢ Fildes and Goodwin (2007b) 

¢ Fildes and Goodwin (2007a) 

¢ Harvey (2001) 

Some helpful papers on individual judgmental forecasting 

methods are listed in the table below. 

Forecasting Method Recommended papers 

Delphi Rowe and Wright (1999) 

Rowe (2007) 

Adjustments Sanders et al. (2005) 

Eroglu and Croxton (2010) 

Franses and Legerstee (2013) 

Analogy Green and Armstrong (2007) 

Scenarios Onkal, Sayim, and Goniil (2012) 

Customer intentions Morwitz, Steckel, and Gupta (2007) 
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Chapter 5 

Time series regression models 

In this chapter we discuss regression models. The basic concept 

is that we forecast the time series of interest y assuming that it 

has a linear relationship with other time series x. 

For example, we might wish to forecast monthly sales y using 

total advertising spend x as a predictor. Or we might forecast 

daily electricity demand y using temperature x, and the day of 

week x as predictors. 

The forecast variable y is sometimes also called the regressand, 

dependent or explained variable. The predictor variables 

x are sometimes also called the regressors, independent or 

explanatory variables. In this book we will always refer to them 

as the “forecast” variable and “predictor” variables. 

5.1 The linear model 

Simple linear regression 

In the simplest case, the regression model allows for a linear re- 

lationship between the forecast variable y and a single predictor 

variable x: 

Yt = Bo + Pixt + €t- 

An artificial example of data from such a model is shown in 

Figure 5.1. The coefficients By and f, denote the intercept and 

the slope of the line respectively. The intercept 69 represents 

the predicted value of y when x = 0. The slope f, represents the 
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e Figure 5.1: An example 

[i= Po* Bon +a] ‘ of data from a simple 
a linear regression 

model. 

average predicted change in y resulting from a one unit increase 

ia) 3 

Notice that the observations do not lie on the straight line but 

are scattered around it. We can think of each observation y; 

as consisting of the systematic or explained part of the model, 

Bo + Bi xz, and the random “error”, ¢;. The “error” term does not 

imply a mistake, but a deviation from the underlying straight 

line model. It captures anything that may affect y, other than x;. 

Example: US consumption expenditure Figure 5.2 shows time 

series of quarterly percentage changes (growth rates) of real per- 

sonal consumption expenditure, y, and real personal disposable 

income, x, for the US from 1970 Q1 to 2016 Q3. 

autoplot(uschange[,c("“Consumption","Income")]) + 

ylab("% change") + xlab("Year") 

Figure 5.2: Percentage 

changes in personal 

consumption expen- 

| A\ALA A hag ditur d personal 

me Y i Hyon Miliwllgee 2, inometorio os 
i" 

25- 

% change 
—— Income 

1970 1980 1990 2000 2010 
Year 
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A scatter plot of consumption changes against income changes 

is shown in Figure 5.3 along with the estimated regression line 

Vt = 0.55 Gig 0.28x;. 

(We put a “hat” above y to indicate that this is the value of y 

predicted by the model.) 

uschange %>% 

as.data.frame() %>% 

ggplot(aes(x=Income, y=Consumption)) + 

ylab("Consumption (quarterly % change)") + 

Xlab("Income (quarterly % change)") + 

geom_point() + 

geom_smooth(method="\m", se=FALSE) - 

e Figure 5.3: Scatterplot 

of quarterly changes in 

consumption expendi- 

ture versus quarterly 
changes in personal 

income and the fitted 

regression line. 

Consumption (quarterly % change) 

25 0.0 25 
Income (quarterly % change) 

The equation is estimated in R using the tslm() function: 

tstm(Consumption ~ Income, data=uschange) 

#> 

#> Call: 

#> tslm(formula = Consumption ~ Income, data = uschange) 

#> 

#> Coefficients: 

#> (Intercept) Income 

#> 0,545 0.281 

We will discuss how tslm() computes the coefficients in Section 

Die: 

The fitted line has a positive slope, reflecting the positive re- 

lationship between income and consumption. The slope co- 

efficient shows that a one unit increase in x (a 1% increase in 
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personal disposable income) results on average in 0.28 units 

increase in y (an average increase of 0.28% in personal con- 

sumption expenditure). Alternatively the estimated equation 

shows that a value of 1 for x (the percentage increase in per- 

sonal disposable income) will résult in a forecast value of 

0.55 + 0.28 x 1 = 0.83 for y (the percentage increase in personal 

consumption expenditure). 

The interpretation of the intercept requires that a value of x = 0 

makes sense. In this case when x = 0 (i.e., when there is no 

change in personal disposable income since the last quarter) the 

predicted value of y is 0.55 (i.e., an average increase in personal 

consumption expenditure of 0.55%). Even when x = 0 does not 

make sense, the intercept is an important part of the model. 

Without it, the slope coefficient can be distorted unnecessarily. 

The intercept should always be included unless the requirement 

is to force the regression line “through the origin”. In what 

follows we assume that an intercept is always included in the 

model. 

Multiple linear regression 

When there are two or more predictor variables, the model 

is called a multiple regression model. The general form of a 

multiple regression model is 

Vp= pot Pixie Pox7 pet Sexe ee oe (9:1) 

where y is the variable to be forecast and x),..., x; are the k 

predictor variables. Each of the predictor variables must be 

numerical. The coefficients f;,...,8, measure the effect of each 

predictor after taking into account the effects of all the other 

predictors in the model. Thus, the coefficients measure the 

marginal effects of the predictor variables. 

Example: US consumption expenditure Figure 5.4 shows ad- 

ditional predictors that may be useful for forecasting US 

consumption expenditure. These are quarterly percentage 

changes in industrial production and personal savings, and 

quarterly changes in the unemployment rate (as this is already 

a percentage). Building a multiple linear regression model can 
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potentially generate more accurate forecasts as we expect con- 

sumption expenditure to not only depend on personal income 

but on other predictors as well. 

Figure 5.4: Quarterly 

percentage changes in 
industrial production 

and personal savings 

and quarterly changes 

50- in the unemployment 

25 - rate for the US over 

0- i the period 1970Q1- 

25 - 2016Q3. 
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Figure 5.5 is a scatterplot matrix of five variables. The first 

column shows the relationships between the forecast variable 

(consumption) and each of the predictors. The scatterplots show 

positive relationships with income and industrial production, 

and negative relationships with savings and unemployment. 

The strength of these relationships are shown by the correlation 

coefficients across the first row. The remaining scatterplots 

and correlation coefficients show the relationships between the 

predictors. 

uschange “s>% 

as.data.frame() %>% 

GGally: :ggpairs() 

Assumptions 

When we use a linear regression model, we are implicitly mak- 

ing some assumptions about the variables in Equation (5.1). 

First, we assume that the model is a reasonable approximation 

to reality; that is, the relationship between the forecast variable 

and the predictor variables satisfies this linear equation. 

Second, we make the following assumptions about the errors 

(Ep cere): 
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they have mean zero; otherwise the forecasts will be systemat- 

ically biased. 

they are not autocorrelated; otherwise the forecasts will be 

inefficient, as there is more information in the data that can 

be exploited. 

they are unrelated to the predictor variables; otherwise there 

would be more information that should be included in the 

systematic part of the model. 

It is also useful to have the errors being normally distributed 

with a constant variance o * in order to easily produce predic- 

tion intervals. 

Another important assumption in the linear regression model 

is that each predictor x is not a random variable. If we were 

performing a controlled experiment in a laboratory, we could 

control the values of each x (so they would not be random) 

and observe the resulting values of y. With observational data 

(including most data in business and economics), it is not 

Figure 5.5: A scat- 

terplot matrix of US 
consumption expen- 

diture and the four 

predictors. 



5. TIME SERIES REGRESSION MODELS 

possible to control the value of x, we simply observe it. Hence 

we make this an assumption. 

5.2 Least squares estimation 

In practice, of course, we have a collection of observations but 

we do not know the values of the coefficients Bo, Bi,..., Bx. These 

need to be estimated from the data. 

The least squares principle provides a way of choosing the coef- 

ficients effectively by minimizing the sum of the squared errors. 

That is, we choose the values of fo, fj,..., 8, that minimize 

if 4 

Ye? =) (ve — Bo ~ Bit — BoX2,4- 7° — Bee)”. 
f=1 i=l 

This is called least squares estimation because it gives the least 

value for the sum of squared errors. Finding the best estimates 

of the coefficients is often called “fitting” the model to the data, 

or sometimes “learning” or “training” the model. The line 

shown in Figure 5.3 was obtained in this way. 

When we refer to the estimated coefficients, we will use the 

notation fo,...,B,. The equations for these will be given in 

Section 5.7. 

The tstm() function fits a linear regression model to time series 

data. It is very similar to the lm() function which is widely used 

for linear models, but tstm() provides additional facilities for 

handling time series. 

Example: US consumption expenditure A multiple linear regres- 

sion model for US consumption is 

Vt = Bo + B1X1,2 + Box2,2 + B3x3,2 + Barat + Ep, 

where y is the percentage change in real personal consump- 

tion expenditure, x, is the percentage change in real personal 

disposable income, x2 is the percentage change in industrial 

production, x3 is the percentage change in personal savings and 

x4 is the change in the unemployment rate. 

The following output provides information about the fitted 

model. The first column of Coefficients gives an estimate of 

109 
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each £ coefficient and the second column gives its standard 

error (i.e., the standard deviation which would be obtained 

from repeatedly estimating the f coefficients on similar data 

sets). The standard error gives a measure of the uncertainty in 

the estimated f coefficient. 

fit.consMR <- tslm( 

Consumption ~ Income + Production + Unemployment + Savings, 

data=uschange) 

summary (fit.consMR) 

#> 

#> Call: 

#> tslm(formula = Consumption ~ Income + Production + 

#> Unemployment + Savings, data = uschange) 

#> 

#> Residuals: 

#> Min 1Q Median 3Q Max ; 

#> -0.8830 -0.1764 -0.0368 0.1525 1.2055 i 

#> 

#> Coefficients: 

#> Estimate Std. Error t value Pr(>|t]|) 

#> (Intercept) 0.26729 0.03721 Heredltch: SIERI Cad Ik te cates 

#> Income 0.71448 0.04219 LO, 93 7 28-16 FF 

#> Production 0,04589 0.02588 thes OnO7Es, 

#> Unemployment -0.20477 0.10550 ~1.94 0.054 . 

#> Savings -0.04527 0.00278 -16.29 < 2e-16 *** 

#> --- 

#> Signif. codes: 

cpa lO Mets Bi OI SOTO NE etter (ah eee (Ol) fotos aT BIGhs Wil) at] 

#> 

#> Residual standard error: 0.329 on 182 degrees of freedom 

#> Multiple R-squared: 0.754, Adjusted R-squared: 0.749 

#> F-statistic: 139 on 4 and 182 DF, p-value: <2e-16 

For forecasting purposes, the final two columns are of limited 

interest. The “t value” is the ratio of an estimated f coefficient 

to its standard error and the last column gives the p-value: the 

probability of the estimated f coefficient being as large as it is 

if there was no real relationship between consumption and the 

corresponding predictor. This is useful when studying the effect 

of each predictor, but is not particularly useful for forecasting. 

Fitted values 

Predictions of y can be obtained by using the estimated coeffi- 

cients in the regression equation and setting the error term to 
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zero. In general we write, 

Dt = Bot Birae + Box2,1 +--+ + Bkxk,t- 

Plugging in the values of x ,0-.5%,, for i = 1,...4/7 returns 

predictions of y, within the training-sample, referred to as 

fitted values. Note that these are predictions of the data used to 

estimate the model, not genuine forecasts of future values of y. 

The following plots show the actual values compared to the 

fitted values for the percentage change in the US consumption 

expenditure series. The time plot in Figure 5.6 shows that the 

fitted values follow the actual data fairly closely. This is verified 

by the strong positive relationship shown by the scatterplot in 

Figure 5.7. 

autoplot(uschange[,'Consumption'], series="Data") + 

autolayer(fitted(fit.consMR), series="Fitted") + 

xlab("Year") + ylab("") + 

ggtitle("Percent change in US consumption expenditure") + 

guides (colour=guide_legend(title=" ")) 

Percent change in US consumption expenditure Figure 5.6: Time plot of 

actual US consumption 

expenditure and pre- 

dicted US consumption 

expenditure. 

— Fitted 

Mae 
| 

1970 1980 1990 2000 2010 
Year 

cbind(Data = uschange[,"Consumption"], 

Fitted = fitted(fit.consMR)) %>% 

as.data.frame() %>% 

ggplot(aes(x=Data, y=Fitted)) + 

geom_point() + 

xlab("Fitted (predicted values)") + 

ylab("Data (actual values)") + 

ggtitle("Percent change in US consumption expenditure") + 

geom_abline(intercept=0, slope=1) 
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Percent change in US consumption expenditure Figure 5.7: Actual 

US consumption 

expenditure plotted 

against predicted 

US consumption 

expenditure. 

Data (actual values) 

Fitted (predicted values) 

Goodness-of-fit 

A common way to summarise how well a linear regression 

model fits the data is via the coefficient of determination, or R?. 

This can be calculated as the square of the correlation between 

the observed y values and the predicted 9 values. Alternatively, 

it can also be calculated as, 

where the summations are over all observations. Thus, it re- 

flects the proportion of variation in the forecast variable that is 

accounted for (or explained) by the regression model. 

In simple linear regression, the value of R? is also equal to 

the square of the correlation between y and x (provided an 

intercept has been included). 

If the predictions are close to the actual values, we would expect 

R? to be close to 1. On the other hand, if the predictions are 

unrelated to the actual values, then R* = 0 (again, assuming 

there is an intercept). In all cases, R? lies between 0 and 1. 

The R* value is used frequently, though often incorrectly, in 

forecasting. The value of R* will never decrease when adding 

an extra predictor to the model and this can lead to over-fitting. 

There are no set rules for what is a good R? value, and typical 

values of R? depend on the type of data used. Validating a 
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model’s forecasting performance on the test data is much better 

than measuring the R? value on the training data. 

Example: US consumption expenditure Figure 5.7 plots the 

actual consumption expenditure values versus the fitted values. 

The correlation between these variables is r = 0.868 hence 

R? = 0.754 (shown in the output above). In this case model 

does an excellent job as it explains 75.4% of the variation in 

the consumption data. Compare that to the R* value of 0.16 

obtained from the simple regression with the same data set in 

Section 5.1. Adding the three extra predictors has allowed a lot 

more of the variation in the consumption data to be explained. 

Standard error of the regression 

Another measure of how well the mode! has fitted the data is 

the standard deviation of the residuals, which is often known as 

the “residual standard error”. This is shown in the above output 

with the value 0.329. 

It is calculated using 

where k is the number of predictors in the model. Notice that 

we divide by T —k—1 because we have estimated k +1 parameters 

(the intercept and a coefficient for each predictor variable) in 

computing the residuals. 

The standard error is related to the size of the average error that 

the model produces. We can compare this error to the sample 

mean of y or with the standard deviation of y to gain some 

perspective on the accuracy of the model. 

The standard error will be used when generating prediction 

intervals, discussed in Section 5.6. 

EES 
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5.3 Evaluating the regression model 

The differences between the observed y values and the corre- 

sponding fitted 7 values are the training-set errors or “residu- 

als” defined as, 

C= W-Vt 

= 91 — Bo — BiX1,e — B2oX2,2 — +++ — BeXkt 

for t=1,...,T. Each residual is the unpredictable component of 

the associated observation. 

The residuals have some useful properties including the follow- 

ing two: 

if if ; 

Le =) stand ae =1() for all k. 

l t=1 t= 

As a result of these properties, it is clear that the average of the 

residuals is zero, and that the correlation between the residuals 

and the observations for the predictor variable is also zero. 

(This is not necessarily true when the intercept is omitted from 

the model.) 

After selecting the regression variables and fitting a regression 

model, it is necessary to plot the residuals to check that the 

assumptions of the model have been satisfied. There are a series 

of plots that should be produced in order to check different 

aspects of the fitted model and the underlying assumptions. We 

will now discuss each of them in turn. 

ACF plot of residuals 

With time series data, it is highly likely that the value of a 

variable observed in the current time period will be similar 

to its value in the previous period, or even the period before 

that, and so on. Therefore when fitting a regression model 

to time series data, it is very common to find autocorrelation 

in the residuals. In this case, the estimated model violates 

the assumption of no autocorrelation in the errors, and our 

forecasts may be inefficient — there is some information left 

over which should be accounted for in the model in order 

to obtain better forecasts. The forecasts from a model with 

autocorrelated errors are still unbiased, and so are not “wrong”, 
Se a “CE a na i RITE ETS 
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but they will usually have larger prediction intervals than they 

need to.. Therefore we should always look at an ACF plot of the 

residuals. 

Another useful test of autocorrelation in the residuals de- 

signed to take account for the regression model is the Breusch- 

Godfrey test, also referred to as the LM (Lagrange Multiplier) 

test for serial correlation. It is used to test the joint hypothesis 

that there is no autocorrelation in the residuals up to a certain 

specified order. A small p-value indicates there is significant 

autocorrelation remaining in the residuals. 

The Breusch-Godfrey test is similar to the Ljung-Box test, but it 

is specifically designed for use with regression models. 

Histogram of residuals 

It is always a good idea to check whether the residuals are nor- 

mally distributed. As we explained earlier, this is not essential 

for forecasting, but it does make the calculation of prediction 

intervals much easier. 

Example Using the checkresiduals() function introduced in 

Section 3.3, we can obtain all the useful residual diagnostics 

mentioned above. 

checkresiduals(fit.consMR) 

Residuals from Linear regression model 

1 ' 1 
1 970 1 980 1990 2000 2010 

ACF count 

8 

- TT CO oe — 
-1.0 -0.5 0.0 0.5 1.0 

residuals 

Figure 5.8: Analysing 

the residuals from a 

regression model for US 

quarterly consumption. 
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#> Breusch-Godfrey test for serial correlation of 

#> order up to 8 

#> data: Residuals from Linear regression model 

#> LM test = 15, df = 8, p-value = 0.06 

Figure 5.8 shows a time plot, the ACF and the histogram of the 

residuals from the multiple regression model fitted to the US 

quarterly consumption data, as well as the Breusch-Godfrey 

test for jointly testing up to 8th order autocorrelation. (The 

checkresiduals() function will use the Breusch-Godfrey test 

for regression models, but the Ljung-Box test otherwise.) 

The time plot shows some changing variation over time, but is 

otherwise relatively unremarkable. This heteroscedasticity will 

potentially make the prediction interval coverage inaccurate. 

The histogram shows that the residuals seem to be slightly 

skewed, which may also affect the coverage probability of the 

prediction intervals. 

The autocorrelation plot shows a significant spike at lag 7, but it 

is not quite enough for the Breusch-Godfrey to be significant at 

the 5% level. In any case, the autocorrelation is not particularly 

large, and at lag 7 it is unlikely to have any noticeable impact 

on the forecasts or the prediction intervals. In Chapter 9 we 

discuss dynamic regression models used for better capturing 

information left in the residuals. 

Residual plots against predictors 

We would expect the residuals to be randomly scattered without 

showing any systematic patterns. A simple and quick way to 

check this is to examine scatterplots of the residuals against 

each of the predictor variables. If these scatterplots show a 

pattern, then the relationship may be nonlinear and the model 

will need to be modified accordingly. See Section 5.8 for a 

discussion of nonlinear regression. 

It is also necessary to plot the residuals against any predictors 

that are not in the model. If any of these show a pattern, then 

the corresponding predictor may need to be added to the model 

(possibly in a nonlinear form). 
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Example The residuals from the multiple regression model 

for forecasting US consumption plotted against each predictor 

in Figure 5.9 seem to be randomly scattered. Therefore we are 

satisfied with these in this case. 

df <- as.data. frame(uschange) 

df[,"Residuals"] <- as.numeric(residuals(fit.consMR) ) 

pl <- ggplot(df, aes(x=Income, y=Residuals)) + 

geom_point() 

p2 <- ggplot(df, aes(x=Production, y=Residuals)) + 

geom_point() 

p3 <- ggplot(df, aes(x=Savings, y=Residuals)) + 

geom_point() 

p4 <- ggplot(df, aes(x=Unemployment, y=Residuals)) + 

geom_point() 

gridExtra::grid.arrange(pl, p2, p3, p4, nrow=2) 

1.0- ee 10-° e Figure 5.9: Scatterplots 
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Residual plots against fitted values 

A plot of the residuals against the fitted values should also 

show no pattern. If a pattern is observed, there may be “het- 

eroscedasticity” in the errors which means that the variance 

of the residuals may not be constant. If this problem occurs, a 

transformation of the forecast variable such as a logarithm or 

square root may be required (see Section 3.2.) 

Example Continuing the previous example, Figure 5.10 shows 

the residuals plotted against the fitted values. The random 

scatter suggests the errors are homoscedastic. 
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cbind(Fitted = fitted(fit.consMR), 

Residuals=residuals(fit.consMR)) %>% 

as.data.frame() %>% 

ggplot(aes(x=Fitted, y=Residuals)) + geom_point() 

e Figure 5.10: Scatter- 

1.0 e ° plots of residuals versus 

S fitted values. 
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Outliers and influential observations 

Observations that take extreme values compared to the ma- 

jority of the data are called outliers. Observations that have 

a large influence on the estimated coefficients of a regression 

model are called influential observations. Usually, influential 

observations are also outliers that are extreme in the x direction. 

There are formal methods for detecting outliers and influential 

observations that are beyond the scope of this textbook. As we 

suggested at the beginning of Chapter 2, becoming familiar 

with your data prior to performing any analysis is of vital 

importance. A scatter plot of y against each x is always a useful 

starting point in regression analysis, and often helps to identify 

unusual observations. 

One source of outliers is incorrect data entry. Simple descriptive 

statistics of your data can identify minima and maxima that are 

not sensible. If such an observation is identified, and it has been f 

recorded incorrectly, it should be corrected or removed from the 

sample immediately. 

Outliers also occur when some observations are simply differ- 

ent. In this case it may not be wise for these observations to be 

removed. If an observation has been identified as a likely out- 

lier, it is important to study it and analyse the possible reasons 
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behind it. The decision to remove or retain an observation can 

be a challenging one (especially when outliers are influential 

observations). It is wise to report results both with and without 

the removal of such observations. 

Example Figure 5.11 highlights the effect of a single outlier 

when regressing US consumption on income (the example 

introduced in Section 5.1). In the left panel the outlier is only 

extreme in the direction of y, as the percentage change in 

consumption has been incorrectly recorded as -4%. The red 

line is the regression line fitted to the data which includes the 

outlier, compared to the black line which is the line fitted to 

the data without the outlier. In the right panel the outlier now 

is also extreme in the direction of x with the 4% decrease in 

consumption corresponding to a 6% increase in income. In 

this case the outlier is extremely influential as the red line now 

deviates substantially from the black line. 

Figure 5.11: The 

effect of outliers and = = 
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et Fa influential observations 
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Spurious regression 

More often than not, time series data are “non-stationary”; 

that is, the values of the time series do not fluctuate around a 

constant mean or with a constant variance. We will deal with 

time series stationarity in more detail in Chapter 8, but here we 

need to address the effect that non-stationary data can have on 

regression models. 

For example, consider the two variables plotted in Figure 5.12. 

These appear to be related simply because they both trend 

upwards in the same manner. However, air passenger traffic in 

Australia has nothing to do with rice production in Guinea. 
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Regressing non-stationary time series can lead to spurious re- 

gressions. The output of regressing Australian air passengers 

on rice production in Guinea is shown in Figure 5.13. High 

R? and high residual autocorrelation can be signs of spurious 

regression. Notice these features in the output below. We dis- 

cuss the issues surrounding non-stationary data and spurious 

regressions in more detail in Chapter 9. 

Cases of spurious regression might appear to give reasonable 

short-term forecasts, but they will generally not continue to 

work into the future. 

aussies <- window(ausair, end=2011) 

fit <- tslm(aussies ~ guinearice) 

summary (fit) 

#> 

#> Call: 

#> tslm(formula = aussies ~ guinearice) 

#> 

#> Residuals: 

#> Min 1Q Median 3Q Max 

#> -5.945 -1.892 -0.327 1.862 10.421 

#> 

#> Coefficients: 

#> Estimate Std. Error t value Pr(>|t}) 

#> (Intercept) -7.49 1.20 *6:423) “273E207 24% 

#> guinearice 40.29 13560 om ES Cea Olas 

#> --- 

#> Signif, codes; 

foie t OOO eee SOnOE SOO Se Ory] mes AL 

#> 

#> Residual standard error: 3.24 on 40 degrees of freedom 

#> Multiple R-squared: 0.958, Adjusted R-squared: 0.957 

#> F-statistic: 908 on 1 and 40 DF, p-value: <2e-16 

Figure 5.12: Trending 

time series data can 

appear to be related, as 

shown in this example 

where air passengers in 

Australia are regressed 

against rice production 

in Guinea. 
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checkresiduals (fit) 

Residuals from Linear regression model Figure 5.13: Residu- 

1 als from a spurious 

5- regression. 

O- 

5- 
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ACF count 

om Vim oto ot at 

=9 

residuals 

#> Breusch-Godfrey test for serial correlation of 

#> order up to 8 

#> data: Residuals from Linear regression model 

#> LM test = 29, df = 8, p-value = 3e-04 

5.4 Some useful predictors 

There are several very useful predictors that occur frequently 

when using regression for time series data. 

Trend 

It is very common for time series data to be trending. A linear 

trend can be modelled by simply using x, ; =f as a predictor, 

Vt = Bot Bit + &p, 

where t = 1,...,T. A trend variable can be specified in the 

tslm() function using the trend predictor. In Section 5.8 we 

discuss how we can also model a nonlinear trends. 

Dummy variables 

So far, we have assumed that each predictor takes numerical val- 

ues. But what about when a predictor is a categorical variable 

taking only two values (e.g., “yes” and “no”)? Such a variable 
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might arise, for example, when forecasting daily sales and you 

want to take account of whether the day is a public holiday or 

not. So the predictor takes value “yes” on a public holiday, and 
l 

‘no” otherwise. 

This situation can still be handled within the framework of 

multiple regression models by creating a “dummy variable” 

which takes value 1 corresponding to “yes” and 0 correspond- 

ing to “no”. A dummy variable is also known as an “indicator 

variable”. 

A dummy variable can also be used to account for an outlier 

in the data. Rather than omit the outlier, a dummy variable 

removes its effect. In this case, the dummy variable takes value 

1 for that observation and 0 everywhere else. An example is 

the case where a special event has occurred. Fot example when 

forecasting tourist arrivals to Brazil, we will need to account for 

the effect of the Rio de Janeiro summer Olympics in 2016. 

If there are more than two categories, then the variable can 

be coded using several dummy variables (one fewer than the 

total number of categories). tstm() will automatically handle 

this case if you specify a factor variable as a predictor. There is 

usually no need to manually create the corresponding dummy 

variables. 

Seasonal dummy variables 

Suppose that we are forecasting daily data and we want to ac- 

count for the day of the week as a predictor. Then the following 

dummy variables can be created. 

Ai, do: d3¢ daz doe des 

Monday TO S20 Pe One ORe t. 0 
Tuesday On el Ogee ae Bi) 
Wednesday 0 (0 2) 0 20 0 

Phursdaya “O70. 509 1 ee Olean 

Friday Os 202 (ON TOK mclaren) 

Saturday 9.0.8 (0) 10s 0) Osan 

Sunday OREO? ORO Omer 
Lee Open On mene meOm sO) Monday 
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Notice that only six dummy variables are needed to code seven 

categories. That is because the seventh category (in this case 

Sunday) is captured by the intercept, and is specified when the 

dummy variables are all set to zero. 

Many beginners will try to add a seventh dummy variable for 

the seventh category. This is known as the “dummy variable 

trap”, because it will cause the regression to fail. There will be 

one too many parameters to estimate when an intercept is also 

included. The general rule is to use one fewer dummy variables 

than categories. So for quarterly data, use three dummy vari- 

ables; for monthly data, use 11 dummy variables; and for daily 

data, use six dummy variables, and so on. 

The interpretation of each of the coefficients associated with 

the dummy variables is that it is a measure of the effect of that 

category relative to the omitted category. In the above example, 

the coefficient of d, , associated with Monday will measure 

the effect of Monday on the forecast variable compared to the 

effect of Sunday. An example of interpreting estimated dummy 

variable coefficients capturing the quarterly seasonality of 

Australian beer production follows. 

The tslm() function will automatically handle this situation if 

you specify the predictor season. 

Example: Australian quarterly beer production Recall the Aus- 

tralian quarterly beer production data shown again in Figure 

5.14. 

beer2 <- window(ausbeer, start=1992) 

autoplot(beer2) + xlab("Year") + ylab("Megalitres") 
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We want to forecast the value of future beer production. We can 

model this data using a regression model with a linear trend 

and quarterly dummy variables, 

Vt = Bo + Bit + Bodo + B3d3,4+ Badat-+ Et, 

where d;; = 1 if f is in quarter i and 0 otherwise. The first 

quarter variable has been omitted, so the coefficients associated 

with the other quarters are measures of the difference between 

those quarters and the first quarter. 

fit.beer <- tslm(beer2 ~ trend + season) 

summary (fit.beer) 

#> 

#> Call: 

#> tslm(formula = beer2 ~ trend + season) 

#> . 

#> Residuals: 

#> Min 1Q Median 3Q Max 

#> -42.90 -7.60 -0.46 F099 AZT 

#> 

#> Coefficients: 

#> Estimate Std. Error t value Pr(>|t|) 

#> (Intercept) 441.8004 ieee,  hiket bis) ice 7x sei l(o) Moet 

#> trend -0,3403 0. 0666 =57 11 2), 76-06 4% 

#> season2 -34,6597 3.9683 “S75 OG, Lets sae 

#> season3 -17.8216 4.0225 -4,43 3.4e-05 *** 

#> season4 72.7964 4,0230 18.09 < 2e-16 *** 

#> --- 

#> Signif. codes: 

Panay eee OSOOn. wee) Oe Ota” BO), Opma em Onno anh 

#> 

#> Residual standard error: 12.2 on 69 degrees of freedom 

#> Multiple R-squared: 0.924, Adjusted R-squared: 0.92 

#> F-statistic: 211 0n 4 and 69 DF, p-value: <2e-16 

Note that trend and season are not objects in the R workspace; 

they are created automatically by tslm() when specified in this 

way. 

There is an average downward trend of -0.34 megalitres per 

quarter. On average, the second quarter has production of 34.7 

megalitres lower than the first quarter, the third quarter has 

production of 17.8 megalitres lower than the first quarter, and 

the fourth quarter has production of 72.8 megalitres higher 

than the first quarter. 
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autoplot(beer2, series="Data") + 

autolayer(fitted(fit.beer), series="Fitted") + 

xlab("Year") + ylab("Megalitres") + 

ggtitle("Quarterly Beer Production") 

Quarterly Beer Production Figure 5.15: Time plot 

of beer production 

and predicted beer 
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chind(Data=beer2, Fitted=fitted(fit.beer)) %>% 

as.data.frame() ‘%>% 

ggplot(aes(x = Data, y = Fitted, 

colour = as.factor(cycle(beer2)))) + 

geom_point() + 

ylab("Fitted") + xlab("Actual values") + 

ggtitle("Quarterly beer production") + 

scale_colour_brewer(palette="Dark2", name="Quarter") + 

geom_abline(intercept=0, slope=1) 

Quarterly beer production Figure 5.16: Actual 

: beer production plotted 

C against predicted beer 
production. 
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Intervention variables 

It is often necessary to model interventions that may have 

affected the variable to be forecast. For example, competitor 

activity, advertising expenditure, industrial action, and so on, 

can all have an effect. 

When the effect lasts only for one period, we use a “spike” 

variable. This is a dummy variable that takes value one in the 

period of the intervention and zero elsewhere. A spike variable 

is equivalent to a dummy variable for handling an outlier. 

Other interventions have an immediate and permanent effect. 

If an intervention causes a level shift (i.e., the value of the 

series changes suddenly and permanently from the time of 

intervention), then we use a “step” variable. A step variable 

takes value zero before the intervention and one from the time 

of intervention onward. 

Another form of permanent effect is a change of slope. Here the 

intervention is handled using a piecewise linear trend; a trend 

that bends at the time of intervention and hence is nonlinear. 

We will discuss this in Section 5.8. 

Trading days 

The number of trading days in a month can vary considerably 

and can have a substantial effect on sales data. To allow for this, 

the number of trading days in each month can be included as a 

predictor. 

For monthly or quarterly data, the bizdays() function will 

compute the number of trading days in each period. 

An alternative that allows for the effects of different days of the 

week has the following predictors: 

x, =number of Mondays in month; 

xX = number of Tuesdays in month; 

x7 = number of Sundays in month. 
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Distributed lags 

It is often useful to include advertising expenditure as a pre- 

dictor. However, since the effect of advertising can last beyond 

the actual campaign, we need to include lagged values of ad- 

vertising expenditure. Thus, the following predictors may be 

used. 

x, = advertising for previous month; 

x7 = advertising for two months previously; 

Xm = advertising for m months previously. 

It is common to require the coefficients to decrease as the lag 

increases, although this is beyond the scope of this book. 

Easter 

Easter differs from most holidays because it is not held on the 

same date each year, and its effect can last for several days. 

In this case, a dummy variable can be used with value one 

where the holiday falls in the particular time period and zero 

otherwise. 

With monthly data, if Easter falls in March then the dummy 

variable takes value 1 in March, and if it falls in April the 

dummy variable takes value 1 in April. When Easter starts 

in March and finishes in April, the dummy variable is split 

proportionally between months. 

The easter() function will compute the dummy variable for 

you. 

Fourier series 

An alternative to using seasonal dummy variables, especially 

for long seasonal periods, is to use Fourier terms. Jean-Baptiste 

Fourier was a French mathematician, born in the 1700s, who 

showed that a series of sine and cosine terms of the right fre- 

quencies can approximate any periodic function. We can use 

them for seasonal patterns. 
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If m is the seasonal period, then the first few Fourier terms are 

given by 

aes 27t = 2nt mies Ant 
Xt = sin (224), x24 = cos(22£), x5, = sin ( 42), 

= Ant ae: 6mt me 67t 
XA ¢ = cos (424), x5, = sin (24), x6, = cos (&), 

and so on. If we have monthly seasonality, and we use the first 

11 of these predictor variables, then we will get exactly the 

same forecasts as using 11 dummy variables. 

With Fourier terms, we often need fewer predictors than with 

dummy variables, especially when m is large. This makes them 

useful for weekly data, for example, where m ~ 52. For short 

seasonal periods (e.g., quarterly data), there is little advantage 

in using Fourier terms over seasonal dummy variables. 

These Fourier terms are produced using the fourier() function. 

For example, the Australian beer data can be modelled like this. 

fourier.beer <- tslm(beer2 ~ trend + fourier(beer2, K=2)) 

summary (fourier.beer) 

#> Call: 

#> tslm(formula = beer2 ~ trend + fourier(beer2, K = 2)) 

#> Residuals: 

#> Min 1Q Median 3Q Max 

#> -42.90 -7.60 -0.46 F299" 21379 

#> 

#> Coefficients: 

#> Estimate Std. Error t value 

#> (Intercept) 446.8792 Pls iiBVk | SUSYS is ys! 

#> trend -0,3403 0.0666 Hoye ty 

#> fourier(beer2, K = 2)S1-4 8.9108 2. 01i2 4,43 

#> fourier(beer2, K = 2)C1-4 53.7281 Ze LZ ee ORAL 

#> fourier(beer2, K = 2)C2-4 13.9896 1.4226 9.83 

#> Pr(>|t|) 

#> (Intercept) = 2e216 Ft 

#> trend 2.7@-06 *** 

#> fourier(beer2, K = 2)S1-4 3,4e-05 *** 

#> fourier(beer2, = 2) Gl-4) “= 2e-16 *** 

#> fourier(beer2, K = 2)C2-4 9.3e-15 *** 

es 

(Pe PEs 

#> Signif. codes: 

HO PST. OOO Is hen C210.) eel OOS aay hee Ot aaa el 
#> 

#> Residual standard error: 12.2 on 69 degrees of freedom 

#> Multiple R-squared: 0.924, Adjusted R-squared: 0.92 

#> F-statistic: 211 on 4 and 69 DF, p-value; <2e-16 
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The first argument to fourier() allows it to identify the sea- 

sonal period m and the length of the predictors to return. The 

second argument K specifies how many pairs of sin and cos 

terms to include. The maximum allowed is K = m/2 where m is 

the seasonal period. Because we have used the maximum here, 

the results are identical to those obtained when using seasonal 

dummy variables. 

If only the first two Fourier terms are used (x), and x2), the 

seasonal pattern will follow a simple sine wave. A regression 

model containing Fourier terms is often called a harmonic 

regression because the successive Fourier terms represent 

harmonics of the first two Fourier terms. - 

5.5 Selecting predictors 

When there are many possible predictors, we need some strat- 

egy for selecting the best predictors to use in a regression 

model. 

A common approach that is not recommended is to plot the 

forecast variable against a particular predictor and if there 

is no noticeable relationship, drop that predictor from the 

model. This is invalid because it is not always possible to see 

the relationship from a scatterplot, especially when the effects 

of other predictors have not been accounted for. 

Another common approach which is also invalid is to doa 

multiple linear regression on all the predictors and disregard 

all variables whose p-values are greater than 0.05. To start with, 

statistical significance does not always indicate predictive value. 

Even if forecasting is not the goal, this is not a good strategy 

because the p-values can be misleading when two or more 

predictors are correlated with each other (see Section 5.9). 

Instead, we will use a measure of predictive accuracy. Five such 

measures are introduced in this section. They can be calculated 

using the CV() function, here applied to the model for US 

consumption: 

CV(fit.consMR) 

#> CV AIC AICc BIC AdjR2 

#> 0.1163 -409.2980 -408.8314 -389,9114 0.7486 
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We compare these values against the corresponding values from 

other models. For the CV, AIC, AICc and BIC measures, we 

want to find the model with the lowest value; for Adjusted R?, 

we seek the model with the highest value. 

Adjusted R* 

Computer output for a regression will always give the R? value, 

discussed in Section 5.1. However, it is not a good measure of 

the predictive ability of a model. Imagine a model which pro- 

duces forecasts that are exactly 20% of the actual values. In that 

case, the R* value would be 1 (indicating perfect correlation), 

but the forecasts are not close to the actual values. 

In addition, R* does not allow for “degrees of freedom”. Adding 

any variable tends to increase the value of R?, even if that 

variable is irrelevant. For these reasons, forecasters should not 

use R* to determine whether a model will give good predictions, 

as it will lead to overfitting. 

An equivalent idea is to select the model which gives the mini- 

mum sum of squared errors (SSE), given by 

IP 

ie 
jl 

Minimizing the SSE is equivalent to maximizing R? and will 

always choose the model with the most variables, and so is not a 

valid way of selecting predictors. 

An alternative which is designed to overcome these problems is 

the adjusted R? (also called “R-bar-squared”): 

r=] 

T-k-1’ 

where T is the number of observations and k is the number of 

Re =1= eR 

predictors. This is an improvement on R?, as it will no longer in- 

crease with each added predictor. Using this measure, the best 

model will be the one with the largest value of R*. Maximizing 

R? is equivalent to minimizing the standard error 6, given in 

Equation (5.2). 

Maximizing R* works quite well as a method of selecting pre- 

dictors, although it does tend to err on the side of selecting too 

many predictors. 
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Cross-validation 

Time series cross-validation was introduced in Section 3.4 as a 

general tool for determining the predictive ability of a model. 

For regression models, it is also possible to use classical leave- 

one-out cross-validation to selection predictors (Bergmeir, 

Hyndman, and Koo 2018). This is faster and makes more effi- 

cient use of the data. The procedure uses the following steps: 

1. Remove observation t from the data set, and fit the model 

using the remaining data. Then compute the error (e; = 

¥t — ¥:) for the omitted observation. (This is not the same 

as the residual because the tth observation was not used in 

estimating the value of 9;.) 

ZeeRepeat step lifor i= 1)..4,1- 

3. Compute the MSE from €},-.-,€7. We shall call this the CV. 

Although this looks like a time-consuming procedure, there are 

very fast methods of calculating CV, so that it takes no longer 

than fitting one model to the full data set. The equation for 

computing CV efficiently is given in Section 5.7. Under this 

criterion, the best model is the one with the smallest value of 

CV: 

Akaike’s Information Criterion 

A closely-related method is Akaike’s Information Criterion, 

which we define as 

E Aic = Tlog("=-)+ 2k +2), 

where T is the number of observations used for estimation and 

k is the number of predictors in the model. Different computer 

packages use slightly different definitions for the AIC, although 

they should all lead to the same model being selected. The k + 2 

part of the equation occurs because there are k + 2 parameters 

in the model: the k coefficients for the predictors, the intercept 

and the variance of the residuals. The idea here is to penalize 

the fit of the model (SSE) with the number of parameters that 

need to be estimated. 

The model with the minimum value of the AIC is often the best 

model for forecasting. For large values of T, minimizing the 

AIC is equivalent to minimizing the CV value. 

iNet! 
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Corrected Akaike’s Information Criterion 

For small values of T, the AIC tends to select too many pre- 

dictors, and so a bias-corrected version of the AIC has been 

developed, 

, 2(k + 2)(k + 3) 

T-k-3 

As with the AIC, the AIlCc should be minimized. 

AIC, = AIC + 

Schwarz’s Bayesian Information Criterion 

A related measure is Schwarz’s Bayesian Information Criterion 

(usually abbreviated to BIC, SBIC or SC): 

BIC = Tlog( ==) + (k + 2)log(T). 

As with the AIC, minimizing the BIC is intended to give the 

best model. The model chosen by the BIC is either the same as 

that chosen by the AIC, or one with fewer terms. This is because 

the BIC penalizes the number of parameters more heavily than 

the AIC. For large values of T, minimizing BIC is similar to 

leave-v-out cross-validation when v = T[1 —1/(log(T) — 1)]. 

Which measure should we use? 

While R? is very widely used, and has been around longer than 

the other measures, its tendency to select too many predictor 

variables makes it less suitable for forecasting. 

Many statisticians like to use the BIC because it has the feature 

that if there is a true underlying model, the BIC will select that 

model given enough data. However, in reality, there is rarely, 

if ever, a true underlying model, and even if there was a true 

underlying model, selecting that model will not necessarily give 

the best forecasts (because the parameter estimates may not be 

accurate). 

Consequently, we recommend that one of the AICc, AIC, or 

CV statistics be used, each of which has forecasting as their 

objective. If the value of T is large enough, they will all lead to 

the same model. In most of the examples in this book, we use 

the AICc value to select the forecasting model. 
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Example: US consumption In the multiple regression example 

for forecasting US consumption we considered four predic- 

tors. With four predictors, there are 24* = 16 possible models. 

Now we can check if all four predictors are actually useful, or 

whether we-can drop one or more of them. All 16 models were 

fitted and the results are summarised in Table 5.1. A “1” indi- 

cates that the predictor was included in the model, and a “0” 

means that the predictor was not included in the model. Hence 

the first row shows the measures of predictive accuracy for a 

model including all four predictors. 

The results have been sorted according to the AICc. Therefore 

the best models are given at the top of the table, and the worst - 

at the bottom of the table. 

Income Production Savings Unemployment CV AIC AICc BIC AdjR2 Table 5.1: All 16 possi- 
ble models for forecast- 

ing US consumption 

with 4 predictors. 

0.116 -409.3 -408.8 -389.9 0.749 

0.116 -408.1 -407.8 -391.9 0.746 

0.118 -407.5 -407.1 -391.3 0.745 

0.1129 -388:7 -388:5 -375.8 0.716 

0.278 -243.2 -242.8 -227.0 0.386 

ORI) 2S) PSY —2PDO) 0.305 

OAR =23x01 VIAL) 232? OLBSe 

0.293 -234.4 -234.0 -218.2 0.356 

0.300 -228.9 -228.7 -216.0 0.334 

033035-226:35 2261s -213:4 0r324 

0.306 -224.6 -224.4 -211.7 0.318 

0.314 -219:6 -219.5 -209.9 0.296 

0.314 -217.7 -217.5 -208.0 0.288 

0.372 -185.4 -185.3°-175.7 0.154 

0.414 -164.1 -164.0 -1544 0.052 

0.432 -155.1 -155.0 -148.6 0.000 ooreoooooorF FR FP KF FF Fe on o> > > oOoreod0qoncedrorrododorr Fe eS ooorOoOrR rP OrFR OF FP OOF Ke 

The best model contains all four predictors. However, a closer 

look at the results reveals some interesting features. There is 

clear separation between the models in the first four rows and 

the ones below. This indicates that Income and Savings are both 

more important variables than Production and Unemployment. 

Also, the first two rows have almost identical values of CV, AIC 

and AICc. So we could possibly drop the Production variable 

and get very similar forecasts. Note that Production and Unem- 

ployment are highly (negatively) correlated, as shown in Figure 

5.5, so most of the predictive information in Production is also 

contained in the Unemployment variable. 
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Best subset regression 

Where possible, all potential regression models should be fitted 

(as was done in the example above) and the best model should 

be selected based on one of the measures discussed. This is 

known as “best subsets” regression or “all possible subsets” 

regression. 

Stepwise regression 

If there are a large number of predictors, it is not possible to fit 

all possible models. For example, 40 predictors leads to 24° > 1 

trillion possible models! Consequently, a strategy is required to 

limit the number of models to be explored. 

An approach that works quite well is backwards stepwise regres- 

sion: 

¢ Start with the model containing all potential predictors. 

* Remove one predictor at a time. Keep the model if it im- 

proves the measure of predictive accuracy. 

¢ Iterate until no further improvement. 

If the number of potential predictors is too large, then the back- 

wards stepwise regression will not work and forward stepwise 

regression can be used instead. This procedure starts with a 

model that includes only the intercept. Predictors are added 

one at a time, and the one that most improves the measure of 

predictive accuracy is retained in the model. The procedure is 

repeated until no further improvement can be achieved. 

Alternatively for either the backward or forward direction, a 

starting model can be one that includes a subset of potential 

predictors. In this case, an extra step needs to be included. For 

the backwards procedure we should also consider adding a 

predictor with each step, and for the forward procedure we 

should also consider dropping a predictor with each step. These 

are referred to as hybrid procedures. 

It is important to realise that any stepwise approach is not 

guaranteed to lead to the best possible model, but it almost 

always leads to a good model. For further details see James et al. 

(2014). 
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Beware of inference after selecting predictors 

We do not discuss statistical inference of the predictors in this 

book (e.g., looking at p-values associated with each predic- 

tor). If you do wish to look at the statistical significance of the 

predictors, beware that any procedure involving selecting pre- 

dictors first will invalidate the assumptions behind the p-values. 

The procedures we recommend for selecting predictors are help- 

ful when the model is used for forecasting; they are not helpful 

if you wish to study the effect of any predictor on the forecast 

variable. 

5.6 Forecasting with regression 

Recall that predictions of y can be obtained using 

Vt = Bo + PiX1t + Brx2,2 +2°° + Berke, 

which comprises the estimated coefficients and ignores the 

error in the regression equation. Plugging in the values of the 

predictor variables x1 ;,.:.,%.; tor? = 1,.2., 1 returned the fitted 

(training-sample) values of y. What we are interested in here, 

however, is forecasting future values of y. 

Ex-ante versus ex-post forecasts 

When using regression models for time series data, we need to 

distinguish between the different types of forecasts that can be 

produced, depending on what is assumed to be known when 

the forecasts are computed. 

Ex-ante forecasts are those that are made using only the in- 

formation that is available in advance. For example, ex-ante 

forecasts for the percentage change in US consumption for 

quarters following the end of the sample, should only use infor- 

mation that was available up to and including 2016 Q3. These 

are genuine forecasts, made in advance using whatever infor- 

mation is available at the time. Therefore in order to generate 

ex-ante forecasts, the model requires forecasts of the predictors. 

To obtain these we can use one of the simple methods intro- 

duced in Section 3.1 or more sophisticated pure time series 
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approaches that follow in Chapters 7 and 8. Alternatively, fore- 

casts from some other source, such as a government agency, may 

be available and can be used. 

Ex-post forecasts are those that are made using later infor- 

mation on the predictors. For example, ex-post forecasts of 

consumption may use the actual observations of the predictors, 

once these have been observed. These are not genuine forecasts, 

but are useful for studying the behaviour of forecasting models. 

The model from which ex-post forecasts are produced should 

not be estimated using data from the forecast period. That 

is, ex-post forecasts can assume knowledge of the predictor 

variables (the x variables), but should not assume knowledge of 

the data that are to be forecast (the y variable). 

A comparative evaluation of ex-ante forecasts and ex-post fore- 

casts can help to separate out the sources of forecast uncertainty. 

This will show whether forecast errors have arisen due to poor 

forecasts of the predictor or due to a poor forecasting model. 

Example: Australian quarterly beer production Normally, we 

cannot use actual future values of the predictor variables when 

producing ex-ante forecasts because their values will not be 

known in advance. However, the special predictors introduced 

in Section 5.4 are all known in advance, as they are based on 

calendar variables (e.g., seasonal dummy variables or public 

holiday indicators) or deterministic functions of time (e.g. time 

trend). In such cases, there is no difference between ex-ante and 

ex-post forecasts. 

beer2 <- window(ausbeer, start=1992) 

fit.beer <- tslm(beer2 ~ trend + season) 

fcast <- forecast(fit.beer) 

autoplot(fcast) + 

ggtitle("Forecasts of beer production using regression") + 

xlab("Year") + ylab("megalitres") 
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Forecasts of beer production using regression 
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Scenario based forecasting 

In this setting, the forecaster assumes possible scenarios for 

the predictor variables that are of interest. For example, a US 

policy maker may be interested in comparing the predicted 

change in consumption when there is a constant growth of 1% 

and 0.5% respectively for income and savings with no change 

in the employment rate, versus a respective decline of 1% 

and 0.5%, for each of the four quarters following the end of 

the sample. The resulting forecasts are calculated below and 

shown in Figure 5.18. We should note that prediction intervals 

for scenario based forecasts do not include the uncertainty 

associated with the future values of the predictor variables. 

They assume that the values of the predictors are known in 

advance. 

fit.consBest <- tstm( 

Consumption ~ Income + Savings + Unemployment, 

data = uschange) 

h <- 4 

newdata <- data. frame( 

Income = c(1, 1, 1, 1), 

SAVINGS e—E C(O Ono), kOe), nO 515) 

Unemployment = c(0, 0, 0, 0)) 

fcast.up <- forecast(fit.consBest, newdata = newdata) 

newdata <- data. frame( 

Income = rep(-1, h), 
Savings = rep(-0.5, h), 

Unemployment = rep(0, h)) 

fcast.down <- forecast(fit.consBest, newdata = newdata) 

Figure 5.17: Forecasts 

from the regression 

model for beer produc- 
tion. The dark shaded 
region shows 80% 

prediction intervals and 

the light shaded region 
shows 95% prediction 

intervals. 
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autoplot(uschange[, 1]) + 

ylab("% change in US consumption”) + 

autolayer(fcast.up, PI = TRUE, series = “increase") + 

autolayer(fcast.down, PI = TRUE, series = "“decrease") + 

guides(colour = guide _legend(title = "Scenario")) 

Figure 5.18: Forecast- 

2- ing percentage changes 

in personal consump- 

tion expenditure for 

the US under scenario 

based forecasting. 
Darcie 
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Time 

Building a predictive regression model 

The great advantage of regression models is that they can be 

used to capture important relationships between the forecast 

variable of interest and the predictor variables. A major chal- 

lenge however, is that in order to generate ex-ante forecasts, 

the model requires future values of each predictor. If scenario 

based forecasting is of interest then these models are extremely 

useful. However, if ex-ante forecasting is the main focus, obtain- 

ing forecasts of the predictors can be very challenging (in many 

cases generating forecasts for the predictor variables can be 

more challenging than forecasting directly the forecast variable 

without using predictors). 

An alternative formulation is to use as predictors their lagged 

values. Assuming that we are interested in generating a h-step 

ahead forecast we write 

Vieh = Po + Pirie to BEX + ep ah 

for h = 1,2.... The predictor set is formed by values of the xs 

that are observed h time periods prior to observing y. There- 

fore when the estimated model is projected into the future, 
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i.e., beyond the end of the sample T, all predictor values are 

available. 

Including lagged values of the predictors does not only make 

the model operational for easily generating forecasts, it also 

makes it intuitively appealing. For example, the effect of a pol- 

icy change with the aim of increasing production may not have 

an instantaneous effect on consumption expenditure. It is most 

likely that this will happen with a lagging effect. We touched 

upon this in Section 5.4 when briefly introducing distributed 

lags as predictors. Several directions for generalising regression 

models to better incorporate the rich dynamics observed in time 

series are discussed in Section 9. Z 

Prediction intervals 

With each forecast for the change in consumption in Figure 

5.18, 95% and 80% prediction intervals are also included. The 

general formulation of how to calculate prediction intervals 

for multiple regression models is presented in Section 5.7. As 

this involves some advanced matrix algebra we present here the 

case for calculating prediction intervals for a simple regression, 

where a forecast can be generated using the equation, 

9 = Bo + Bix. 

Assuming that the regression errors are normally distributed, 

an approximate 95% prediction interval associated with this 

forecast is given by 

(5.3) 

where T is the total number of observations, x is the mean of 

the observed x values, s, is the standard deviation of the ob- 

served x values and 6, is the standard error of the regression 

given by Equation (5.2). Similarly, an 80% prediction interval 

can be obtained by replacing 1.96 by 1.28. Other prediction 

intervals can be obtained by replacing the 1.96 with the appro- 

priate value given in Table 3.1. If R is used to obtain prediction 

intervals, more exact calculations are obtained (especially for 

small values of T) than what is given by Equation (5.3). 

Equation (5.3) shows that the prediction interval is wider when 

x is far from x. That is, we are more certain about our forecasts 
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when considering values of the predictor variable close to its 

sample mean. 

Example The estimated simple regression line in the US con- 

sumption example is 

Vt — ORS + 023%, 

Assuming that for the next four quarters, personal income will 

increase by its historical mean value of x = 0.72%, consumption 

is forecast to increase by 1.95% and the corresponding 95% 

and 80% prediction intervals are [0.69, 3.21] and [1.13, 2.77] 

respectively (calculated using R). If we assume an extreme 

increase of 5% in income, then the prediction intervals are 

considerably wider as shown in Figure 5.19. 

fit.cons <- tslm(Consumption ~ Income, data = uschange) 

h <- 4 

fcast.ave <- forecast(fit.cons, 

newdata = data. frame( 

Income = rep(mean(uschange[,"“Income"]), h))) 

fcast.up <- forecast(fit.cons, 

newdata = data.frame(Income = rep(5, h))) 

autoplot(uschange[, "“Consumption"]) + 

ylab("% change in US consumption") + 

autolayer(fcast.ave, series = "Average increase", 

PI = TRUE) + 

autolayer(fcast.up, series = "Extreme increase", 

eat TREE) ¢ 

guides(colour = guide _legend(title = "Scenario")) 

Figure 5.19: Prediction 

intervals if income 

is increased by its 

historical mean of 

0.72% versus an 

extreme increase of 5%. 
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5.7. Matrix formulation 

Warning: this is a more advanced, optional section and assumes 

knowledge of matrix algebra. 

Recall that multiple regression model can be written as 

Vt = Bo + B1X1,t + Box2,2 +-°° + Berke + & 

where é; has mean zero and variance o*. This expresses the 

relationship between a single value of the forecast variable and 

the predictors. 

It can be convenient to write this in matrix form where all the 

values of the forecast variable are given in a single equation. Let 

Y= (Vir Yr)’, € = (E1r--- ET)» B = (Bov---» Be)’ and 

1 X11 X21 neo Xk 

1 X12 X22 eae Xk,2 

X= ; 

I or exer 

Then 

Y=X Pre. 

where € has mean 0 and variance o*I. Note that the X matrix 

has T rows reflecting the number of observations and k + 1 

columns reflecting the intercept which is represented by the 

column of ones plus the number of predictors. 

Least squares estimation 

Least squares estimation is performed by minimizing the 

expression e’e = (y— XB)’(y — XB). It can be shown that this is 

minimized when £ takes the value 

B= (X’X)'X’y 

This is sometimes known as the “normal equation”. The esti- 

mated coefficients require the inversion of the matrix X’X. If X 

is not of full column rank then matrix X’X is singular and the 

model cannot be estimated. This will occur, for example, if you 

fall for the “dummy variable trap”, i.e., having the same num- 

ber of dummy variables as there are categories of a categorical 

predictor, as discussed in Section 5.4. 
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The residual variance is estimated using 

42 l , 
Og = Pope Y XB) y - XB). 

Fitted values and cross-validation 

The normal equation shows that the fitted values can be calcu- 

lated using 

D> Xb = XUKeX ex = Hy, 

where H = X(X’X)!X’ is known as the “hat-matrix” because it 

is used to compute 9 (“y-hat”). 

If the diagonal values of H are denoted by hj,...,h7, then the 

cross-validation statistic can be computed using 

where e; is the residual obtained from fitting the model to all T 

observations. Thus, it is not necessary to actually fit T separate 

models when computing the CV statistic. 

Forecasts and prediction intervals 

Let x* be a row vector containing the values of the predictors (in 

the same format as X) for which we want to generate a forecast . 

Then the forecast is given by 

Vex) Bi (NX) Xe Y. 

and its estimated variance is given by 

62 [1 +x°(X’X)1(x')']. 

A 95% prediction interval can be calculated (assuming normally 

distributed errors) as 

p+ 1.966] + x*(X’X)-H(x")’. 

This takes into account the uncertainty due to the error term 

é and the uncertainty in the coefficient estimates. However, 

it ignores any errors in x*. Thus, if the future values of the 

predictors are uncertain, then the prediction interval calculated 

using this expression will be too narrow. 
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5.8 Nonlinear regression 

Although the linear relationship assumed so far in this chapter 

is often adequate, there are many cases in which a nonlinear 

functional form is more suitable. To keep things simple in this 

section we assume that we only have one predictor x. 

The simplest way of modelling a nonlinear relationship is to 

transform the forecast variable y and/or the predictor variable 

x before estimating a regression model. While this provides 

a non-linear functional form, the model is still linear in the 

parameters. The most commonly used transformation is the 

(natural) logarithm (see Section 3.2). 

A log-log functional form is specified as 

logy = Bo + Bi logx +e. 

In this model, the slope fp, can be interpreted as an elasticity: 

f, is the average percentage change in y resulting from a 1% 

increase in x. Other useful forms can also be specified. The 

log-linear form is specified by only transforming the forecast 

variable and the linear-log form is obtained by transforming the 

predictor. 

Recall that in order to perform a logarithmic transformation 

to a variable, all of its observed values must be greater than 

zero. In the case that variable x contains zeros, we use the 

transformation log(x + 1); i-e., we add one to the value of the 

variable and then take logarithms. This has a similar effect to 

taking logarithms but avoids the problem of zeros. It also has 

the neat side-effect of zeros on the original scale remaining 

zeros on the transformed scale. 

There are cases for which simply transforming the data will not 

be adequate and a more general specification may be required. 

Then the model we use is 

V—fhx) Hee 

where f is a nonlinear function. In standard (linear) regression, 

f (x) = Bo + Bix. In the specification of nonlinear regression that 

follows, we allow f to be a more flexible nonlinear function of x, 

compared to simply a logarithmic or other transformation. 

143 



144 FORECASTING: PRINCIPLES AND PRACTICE 

One of the simplest specifications is to make f piecewise linear. 

That is, we introduce points where the slope of f can change. 

These points are called knots. This can be achieved by letting 

x1 =x and introducing variable x2; such that 

0 LE EN ore se, 

The notation (x —c), means the value x —c if it is positive and 0 

otherwise. This forces the slope to bend at point c. Additional 

bends can be included in the relationship by adding further 

variables of the above form. 

An example of this follows by considering x = ¢ and fitting a 

piecewise linear trend to a time series. 

Piecewise linear relationships constructed in this way are a spe- 

cial case of regression splines. In general, a linear regression 

spline is obtained using 

Xp =X XQ=(X—-Cy)y 0 XR =(K—C-1)4 

where Cj,...,Cx_; are the knots (the points at which the line can 

bend). Selecting the number of knots (k — 1) and where they 

should be positioned can be difficult and somewhat arbitrary. 

Some automatic knot selection algorithms are available in some 

software, but are not yet widely used. 

A smoother result can be obtained using piecewise cubics rather 

than piecewise lines. These are constrained to be continuous 

(they join up) and smooth (so that there are no sudden changes 

of direction, as we see with piecewise linear splines). In general, 

a cubic regression spline is written as 

2 3 Rie NN Lyk ae Cae eee 

Cubic splines usually give a better fit to the data. However, fore- 

casting values of y when x is outside the range of the historical 

data becomes very unreliable. 

Forecasting with a nonlinear trend 

In Section 5.4 fitting a linear trend to a time series by setting 

x = t was introduced. The simplest way of fitting a nonlinear 

trend is using quadratic or higher order trends obtained by 
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specifying 

X1 ot = [Bp Xt = fee 

However, it is not recommended that quadratic or higher order 

trends be used in forecasting. When they are extrapolated, the 

resulting forecasts are often very unrealistic. 

A better approach is to use the piecewise specification intro- 

duced above and fit a piecewise linear trend which bends at 

some point in time. We can think of this as a nonlinear trend 

constructed of linear pieces. If the trend bends at time T, then it 

can be specified by simply replacing x = t and c = t above such 

that we include the predictors, 

X1t vb 

0 PE 

(f=1) f27 
XD (i — 7) -{ 

in the model. If the associated coefficients of x, and x2, are pj 

and p>, then f; gives the slope of the trend before time t, while 

the slope of the line after time T is given by £, + 2. Additional 

bends can be included in the relationship by adding further 

variables of the form (t— Tt), where Tt is the “knot” or point in 

time at which the line should bend. 

Example: Boston marathon winning times The top panel of Fig- 

ure 5.20 shows the Boston marathon winning times (in minutes) 

since it started in 1897. The time series shows a general down- 

ward trend as the winning times have been improving over 

the years. The bottom panel shows the residuals from fitting a 

linear trend to the data. The plot shows an obvious nonlinear 

pattern which has not been captured by the linear trend. There 

is also some heteroscedasticity, with decreasing variation over 

time. 

Fitting an exponential trend (equivalent to a log-linear regres- 

sion) to the data can be achieved by transforming the y variable 

so that the model to be fitted is, 

log y; = Bo + Bit + &- 

This also addresses the heteroscedasticity. The fitted exponen- 

tial trend and forecasts are shown in Figure 5.21. Although 

the exponential trend does not seem to fit the data much better 
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than the linear trend, it gives a more sensible projection in that 

the winning times will decrease in the future but at a decaying 

rate rather than a fixed linear rate. 

The plot of winning times reveals three very different periods. 

There is a lot of volatility in the winning times up to about 

1940, with the winning times decreasing overall but with 

significant increases during the 1920s. After 1940 there is a 

near-linear decrease in times, followed by a flattening out after 

the 1980s, with the suggestion of an upturn towards the end of 

the sample. To account for these changes, we specify the years 

1940 and 1980 as knots. We should warn here that subjective 

identification of knots can lead to over-fitting, which can be 

detrimental to the forecast performance of a model, and should 

be performed with caution. 

h <- 10 

fit.lin <- tslm(marathon ~ trend) 

fcasts.lin <- forecast(fit.lin, h = h) 

fit.exp <- tslm(marathon ~ trend, lambda = 0) 

fcasts.exp <- forecast(fit.exp, h = h) 

t <- time(marathon) 

t.breakl <- 1940 

t.break2 <- 1980 

tbl <- ts(pmax(0, t - t.break1), start = 1897) 

tb2 <- ts(pmax(0, t - t.break2), start = 1897) 1 

fit.pw <- tslm(marathon ~ t + tbl + tb2) 

t.new <- t[length(t)] + seq(h) 

tbl.new <- tbl[length(tb1)] + seq(h) 

Figure 5.20: Fitting 

a linear trend to the 

Boston marathon 

winning times is 

inadequate 
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tb2.new <- tb2[length(tb2)] + seq(h) 

newdata <- cbhind(t=t.new, tbl=tbl.new, tb2=tb2.new) %>% 

as .data. frame() 

fcasts.pw <- forecast(fit.pw, newdata = newdata) 

fit.spline <- tslm(marathon ~ t + I(t*2) + I(t%3) + 

TH CtD ilies) mete (Gt 2e:S)) 5) 

fcasts.spl <- forecast(fit.spline, newdata = newdata) 

autoplot(marathon) + 

autolayer(fitted(fit.lin), series = "Linear") + 

autolayer(fitted(fit.exp), series = "Exponential") + 

autolayer(fitted(fit.pw), series = "Piecewise") + 

autolayer(fitted(fit.spline), series = "Cubic Spline") + P 

autolayer(fcasts.pw, series="Piecewise") + 

autolayer(fcasts.lin, series="Linear", PI=FALSE) + 

autolayer(fcasts.exp, series="Exponential", PI=FALSE) + 

autolayer(fcasts.spl, series="Cubic Spline", PI=FALSE) + 

xlab("Year") + ylab("Winning times in minutes") + 

ggtitle("Boston Marathon") + 

guides(colour = guide legend(title = " ")) 

Boston Marathon Figure 5.21: Projecting 
forecasts from a linear, 

exponential, piecewise 

linear trends anda 

cubic spline for the 
@ 160: 
2 Boston marathon 
<€ Pens 
E winning times 
(c= YY. Cubic Spline 

2 > Exponential 

£ 140 Y/Y Linear > 140- 

£ YD Piecewise 

= 
= 
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Figure 5.21 above shows the fitted lines and forecasts from 

linear, exponential, piecewise linear, and cubic spline trends. 

The best forecasts appear to come from the piecewise linear 

trend, while the cubic spline gives the best fit to the historical 

data but poor forecasts. 

There is an alternative formulation of cubic splines (called nat- 

ural cubic smoothing splines) that imposes some constraints, 

so the spline function is linear at the end, which usually gives 
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much better forecasts without compromising the fit. In Fig- 

ure 5.22, we have used the splinef() function to produce the 

cubic spline forecasts. This uses many more knots than we 

used in Figure 5.21, but the coefficients are constrained to pre- 

vent over-fitting, and the curve is linear at both ends. This has 

the added advantage that knot selection is not subjective. We 

have also used a log transformation (lambda=0) to handle the 

heteroscedasticity. 

marathon %> 

splinef (1 

e( 

ambda=0) %>% 

autoplot() 

Figure 5.22: Natural 

cubic smoothing 

splines applied to 

the marathon data. 

The forecasts are a 

linear projection of the 

trend at the end of the 

observed data. 

120 - 

1900 1950 2000 
Time 

The residuals plotted in Figure 5.23 show that this model has 

captured the trend well, although there is some heterosceda- 

sity remaining. The wide prediction interval associated with 

the forecasts reflects the volatility observed in the historical 

winning times. 

marathon %>% 

splinef(lambda=0) %>% 

checkresiduals() 
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5.9 Correlation, causation and forecasting 

Correlation is not causation 

It is important not to confuse correlation with causation, or 

causation with forecasting. A variable x may be useful for 

forecasting a variable y, but that does not mean x is causing y. It 

is possible that x is causing y, but it may be that y is causing x, 

or that the relationship between them is more complicated than 

simple causality. 

For example, it is possible to model the number of drownings at 

a beach resort each month with the number of ice-creams sold 

in the same period. The model can give reasonable forecasts, 

not because ice-creams cause drownings, but because people 

eat more ice-creams on hot days when they are also more likely 

to go swimming. So the two variables (ice-cream sales and 

drownings) are correlated, but one is not causing the other. 

They are both caused by a third variable (temperature). 

Similarly, it is possible to forecast if it will rain in the afternoon 

by observing the number of cyclists on the road in the morning. 

When there are fewer cyclists than usual, it is more likely to 

rain later in the day. The model can give reasonable forecasts, 

not because cyclists prevent rain, but because people are more 

likely to cycle when the published weather forecast is for a 

dry day. In this case, there is a causal relationship, but in the 

opposite direction to our forecasting model. The number of 

Figure 5.23: Residuals 

from the cublic spline 

trend. 
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cyclists falls because there is rain forecast. That is, x (rainfall) is 

affecting y (cyclists). 

It is important to understand that correlations are useful for 

forecasting, even when there is no causal relationship between 

the two variables, or when the correlation runs in the opposite 

direction to the model. 

However, often a better model is possible if a causal mechanism 

can be determined. A better model for drownings will probably 

include temperatures and visitor numbers and exclude ice- 

cream sales. A good forecasting model for rainfall will not 

include cyclists, but it will include atmospheric observations 

from the previous few days. 

Confounded predictors 

A related issue involves confounding variables. Suppose we 

are forecasting monthly sales of a company for 2012, using 

data from 2000-2011. In January 2008, a new competitor came 

into the market and started taking some market share. At the 

same time, the economy began to decline. In your forecasting 

model, you include both competitor activity (measured using 

advertising time on a local television station) and the health of 

the economy (measured using GDP). It will not be possible to 

separate the effects of these two predictors because they are cor- 

related. We say that two variables are confounded when their 

effects on the forecast variable cannot be separated. Any pair 

of correlated predictors will have some level of confounding, 

but we would not normally describe them as confounded unless 

there was a relatively high level of correlation between them. 

Confounding is not really a problem for forecasting, as we can 

still compute forecasts without needing to separate out the 

effects of the predictors. However, it becomes a problem with 

scenario forecasting as the scenarios should take account of the 

relationships between predictors. It is also a problem if some 

historical analysis of the contributions of various predictors is 

required. 
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Multicollinearity and forecasting 

A closely related issue is multicollinearity, which occurs when 

similar information is provided by two or more of the predictor 

variables in a multiple regression. 

It can occur when two predictors are highly correlated with 

each other (that is, they have a correlation coefficient close to 

+1 or -1). In this case, knowing the value of one of the variables 

tells you a lot about the value of the other variable. Hence, they 

are providing similar information. For example, foot size can 

be used to predict height, but including the size of both left and 

right feet in the same model is not going to make the forecasts 

any better, although it won’t make them worse either. 

Multicollinearity can also occur when a linear combination of 

predictors is highly correlated with another linear combination 

of predictors. In this case, knowing the value of the first group 

of predictors tells you a lot about the value of the second group 

of predictors. Hence, they are providing similar information. 

An example of this problem is the dummy variable trap dis- 

cussed in Section 5.4. Suppose you have quarterly data and use 

four dummy variables, d,, dy, d3 and dy. Then dg = 1—d, —dy-d3, 

so there is perfect correlation between dq and d, +d) +d3. 

In the case of perfect correlation (i.e., a correlation of +1 or 

-1, such as in the dummy variable trap), it is not possible to 

estimate the regression model. 

If there is high correlation (close to but not equal to +1 or -1), 

then the estimation of the regression coefficients is computation- 

ally difficult. In fact, some software (notably Microsoft Excel) 

may give highly inaccurate estimates of the coefficients. Most 

reputable statistical software will use algorithms to limit the 

effect of multicollinearity on the coefficient estimates, but you 

do need to be careful. The major software packages such as R, 

SPSS, SAS and Stata all use estimation algorithms to avoid the 

problem as much as possible. 

When multicollinarity is present, the uncertainty associated 

with individual regression coefficients will be large. This is 

because they are difficult to estimate. Consequently, statistical 

tests (e.g., t-tests) on regression coefficients are unreliable. 

beg 
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(In forecasting we are rarely interested in such tests.) Also, 

it will not be possible to make accurate statements about the 

contribution of each separate predictor to the forecast. 

Forecasts will be unreliable if the values of the future predictors 

are outside the range of the historical values of the predictors. 

For example, suppose you have fitted a regression model with 

predictors x; and x) which are highly correlated with each 

other, and suppose that the values of x, in the fitting data 

ranged between 0 and 100. Then forecasts based on x; > 100 or 

x, < 0 will be unreliable. It is always a little dangerous when 

future values of the predictors lie much outside the historical 

range, but it is especially problematic when multicollinearity is 

present. 

Note that if you are using good statistical software, if you are 

not interested in the specific contributions of each predictor, 

and if the future values of your predictor variables are within 

their historical ranges, there is nothing to worry about — mul- 

ticollinearity is not a problem except when there is perfect 

correlation. 

5.10 Exercises 

1. Daily electricity demand for Victoria, Australia, during 2014 

is contained in elecdaily. The data for the first 20 days can 

be obtained as follows. 

daily20 <- head(elecdaily,20) 

a. Plot the data and find the regression model for Demand 

with temperature as an explanatory variable. Why is there 

a positive relationship? 

b. Produce a residual plot. Is the model adequate? Are there 

any outliers or influential observations? 

c. Use the model to forecast the electricity demand that you 

would expect for the next day if the maximum tempera- 

ture was 15° and compare it with the forecast if the with 

maximum temperature was 35°. Do you believe these 

forecasts? 
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d. Give prediction intervals for your forecasts. The following 

R code will get you started: 

autoplot(daily20, facets=TRUE) 

daily20 %>% 

as.data.frame() %>% 

ggplot(aes(x=Temperature, y=Demand)) + 

geom_point() + 

geom_smooth(method="\m", se=FALSE) 

fit <- tslm(Demand ~ Temperature, data=daily20) 

checkresiduals(fit) 

forecast(fit, newdata=data.frame(Temperature=c(15,35))) 

e. Plot Demand vs Temperature for all of the available data 

in elecdaily. What does this say about your model? 

2. Data set mens400 contains the winning times (in seconds) for 

the men’s 400 meters final in each Olympic Games from 1896 

to 2016. 

a. Plot the winning time against the year. Describe the main 

features of the plot. 

b. Fit a regression line to the data. Obviously the winning 

times have been decreasing, but at what average rate per 

year? 

c. Plot the residuals against the year. What does this indicate 

about the suitability of the fitted line? 

d. Predict the winning time for the men’s 400 meters final 

in the 2020 Olympics. Give a prediction interval for your 

forecasts. What assumptions have you made in these 

calculations? 

3. Type easter(ausbeer) and interpret what you see. 

4. An elasticity coefficient is the ratio of the percentage change 

in the forecast variable (y) to the percentage change in the 

predictor variable (x). Mathematically, the elasticity is de- 

fined as (dy/dx) x (x/y). Consider the log-log model, 

logy = Bo + Bi logx +e. 

Express y as a function of x and show that the coefficient p, 

is the elasticity coefficient. 

5. The data set fancy concerns the monthly sales figures of a 

shop which opened in January 1987 and sells gifts, souvenirs, 

and novelties. The shop is situated on the wharf at a beach 
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resort town in Queensland, Australia. The sales volume 

varies with the seasonal population of tourists. There is a 

large influx of visitors to the town at Christmas and for the 

local surfing festival, held every March since 1988. Over 

time, the shop has expanded its premises, range of products, 

and staff. 

a. Produce a time plot of the data and describe the patterns 

in the graph. Identify any unusual or unexpected fluctua- 

tions in the time series. 

b. Explain why it is necessary to take logarithms of these 

data before fitting a model. 

c. Use R to fit a regression model to the logarithms of these 

sales data with a linear trend, seasonal dummies and a 

“surfing festival” dummy variable. 

d. Plot the residuals against time and against the fitted val- 

ues. Do these plots reveal any problems with the model? 

e. Do boxplots of the residuals for each month. Does this 

reveal any problems with the model? 

f. What do the values of the coefficients tell you about each 

variable? 

g. What does the Breusch-Godfrey test tell you about your 

model? 

h. Regardless of your answers to the above questions, use 

your regression model to predict the monthly sales for 

1994, 1995, and 1996. Produce prediction intervals for 

each of your forecasts. 

i. Transform your predictions and intervals to obtain predic- 

tions and intervals for the raw data. 

j. How could you improve these predictions by modifying 

the model? 

6. The gasoline series consists of weekly data for supplies of 

US finished motor gasoline product, from 2 February 1991 to 

20 January 2017. The units are in “million barrels per day”. 

Consider only the data to the end of 2004. 

a. Fit a harmonic regression with trend to the data. Experi- 

ment with changing the number Fourier terms. Plot the 

observed gasoline and fitted values and comment on what 

you see. 
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b. Select the appropriate number of Fourier terms to include 

by minimizing the AICc or CV value. 

c. Check the residuals of the final model using the check- 

residuals() function. Even though the residuals fail 

the correlation tests, the results are probably not severe 

enough to make much difference to the forecasts and pre- 

diction intervals. (Note that the correlations are relatively 

small, even though they are significant.) 

d. To forecast using harmonic regression, you will need to 

generate the future values of the Fourier terms. This can 

be done as follows. 

fc <- forecast(fit, newdata=data.frame(fourier(x,K,h))) 

where fit is the fitted model using tsltm(), K is the num- 

ber of Fourier terms used in creating fit, and h is the 

forecast horizon required. 

Forecast the next year of data. 

e. Plot the forecasts along with the actual data for 2005. 

What do you find? 

7. Data set huron gives the water level of Lake Huron in feet 

from 1875-1972. 

a. Plot the data and comment on its features. 

b. Fit a linear regression and compare this to a piecewise 

linear trend model with a knot at 1915. 

c. Generate forecasts from these two models for the period 

upto 1980 and comment on these. 

8. (For advanced readers following on from Section 5.7). 

Using matrix notation it was shown that if y = XB + e€, 

where e has mean 0 and variance matrix oI, the estimated 

coefficients are given by B = (X’X)!X’y and a forecast is 

given by 7 = x*B = xe (Xo ey where x* is a row vector 

containing the values of the regressors for the forecast (in 

the same format as X), and the forecast variance is given by 

var(p) = 07 [1 ~ R(x X els) |. 
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Consider the simple time trend model where y; = Bo + fit. 

Using the following results, 

Ie i 

fal at be tie) ae = -T(T +1)(2T +1) 
p= 

derive the following expressions: 

peat el eunde 239 
Z Sols) Porelor em 

eee 2 (T+1)(2T+1) -3(T +1) 

ee i= =3( P41) 6 | 

2 IE a 

c Po = TP = 1) aren} na) 

sess aco d. Var(y;) =o eet + eG 

5.11 Further reading 

There are countless books on regression analysis, but few with a 

focus on regression for time series and forecasting. 

° A good general and modern book on regression is Sheather 

(2009). 
¢ Another general regression text full of excellent practical 

advice is Harrell (2015). 

¢ Ord, Fildes, and Kourentzes (2017) provides a practical 

coverage of regression models for time series in Chapters 7-9, 

with a strong emphasis on forecasting. 



Chapter 6 

Time series decomposition 

Time series data can exhibit a variety of patterns, and it is often 

helpful to split a time series into several components, each 

representing an underlying pattern category. 

In Section 2.3 we discussed three types of time series patterns: 

trend, seasonality and cycles. When we decompose a time series 

into components, we usually combine the trend and cycle into a 

single trend-cycle component (sometimes called the trend for 

simplicity). Thus we think of a time series as comprising three 

components: a trend-cycle component, a seasonal component, 

and a remainder component (containing anything else in the 

time series). 

In this chapter, we consider some common methods for extract- 

ing these components from a time series. Often this is done to 

help improve understanding of the time series, but it can also 

be used to improve forecast accuracy. 

6.1 Time series components 

If we assume an additive decomposition, then we can write 

Vt = S,+T,+R,, 

where y; is the data, S; is the seasonal component, T; is the 

trend-cycle component, and R; is the remainder component, all 

at period t. Alternatively, a multiplicative decomposition would 

be written as 

Vp Se ox Ry. 
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The additive decomposition is the most appropriate if the 

magnitude of the seasonal fluctuations, or the variation around 

the trend-cycle, does not vary with the level of the time series. 

When the variation in the seasonal pattern, or the variation 

around the trend-cycle, appears to be proportional to the level 

of the time series, then a multiplicative decomposition is more 

appropriate. Multiplicative decompositions are common with 

economic time series. 

An alternative to using a multiplicative decomposition is to first 

transform the data until the variation in the series appears to be 

stable over time, then use an additive decomposition. When a 

log transformation has been used, this is equivalent to using a 

multiplicative decomposition because 

Vp = S,xXT;,x R, is equivalentto logy; =logS, “ log T; + log Ry. 

Electrical equipment manufacturing 

We will look at several methods for obtaining the components 

S;, T; and R, later in this chapter, but first, it is helpful to see an 

example. We will decompose the new orders index for electrical 

equipment shown in Figure 6.1. The data show the number of 

new orders for electrical equipment (computer, electronic and 

optical products) in the Euro area (16 countries). The data have 

been adjusted by working days and normalized so that a value 

of 100 corresponds to 2005. 

Electrical equipment manufacturing (Euro area) Figure 6.1: Electrical 

equipment orders: the 

trend-cycle component 

(red) and the raw data 

(grey). 

“ian series 

Data 

— Trend-cycle 

New orders index 80- 

2000 2005 2010 
Year 

Figure 6.1 shows the trend-cycle component, T;, in red and 

the original data, y;, in grey. The trend-cycle shows the overall 

movement in the series, ignoring the seasonality and any small 

random fluctuations. 
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Figure 6.2 shows an additive decomposition of these data. The 

method used for estimating components in this example is STL, 

which is discussed in Section 6.6. 

3 
data 

eax 

seasonal trend 

Oo 1 

remainder 

' ' ' 
2000 2005 2010 

Year 

The three components are shown separately in the bottom three 

panels of Figure 6.2. These components can be added together 

to reconstruct the data shown in the top panel. Notice that the 

seasonal component changes very slowly over time, so that any 

two consecutive years have very similar patterns, but years 

far apart may have different seasonal patterns. The remainder 

component shown in the bottom panel is what is left over when 

the seasonal and trend-cycle components have been subtracted 

from the data. 

The grey bars to the right of each panel show the relative scales 

of the components. Each grey bar represents the same length 

but because the plots are on different scales, the bars vary in 

size. The large grey bar in the bottom panel shows that the 

variation in the remainder component is small compared to 

the variation in the data, which has a bar about one quarter 

the size. If we shrunk the bottom three panels until their bars 

Figure 6.2: The electri- 

cial equipment orders 

(top) and its three 

additive components. 
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became the same size as that in the data panel, then all the 

panels would be on the same scale. 

Seasonally adjusted data 

If the seasonal component is removed from the original data, 

the resulting values are the “seasonally adjusted” data. For an 

additive decomposition, the seasonally adjusted data are given 

by y; — S;, and for multiplicative data, the seasonally adjusted 

values are obtained using y;/S;. 

Figure 6.3 shows the seasonally adjusted electrical equipment 

orders. 

Electrical equipment manufacturing (Euro area) Figure 6.3: Seasonally 

adjusted electrical 

equipment orders 

-_ (blue) and the original 
data (grey). 

ne series 
100 - 

Data 

— Seasonally Adjusted 

80 - 

60 - 

New orders index 
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Year 

If the variation due to seasonality is not of primary interest, the 

seasonally adjusted series can be useful. For example, monthly 

unemployment data are usually seasonally adjusted in order to 

highlight variation due to the underlying state of the economy 

rather than the seasonal variation. An increase in unemploy- 

ment due to school leavers seeking work is seasonal variation, 

while an increase in unemployment due to an economic re- 

cession is non-seasonal. Most economic analysts who study 

unemployment data are more interested in the non-seasonal 

variation. Consequently, employment data (and many other 

economic series) are usually seasonally adjusted. 

Seasonally adjusted series contain the remainder component as 

well as the trend-cycle. Therefore, they are not “smooth”, and 

“downturns” or “upturns” can be misleading. If the purpose is 

to look for turning points in a series, and interpret any changes 

in direction, then it is better to use the trend-cycle component 

rather than the seasonally adjusted data. 
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6.2 Moving averages 

The classical method of time series decomposition originated 

in the 1920s and was widely used until the 1950s. It still forms 

the basis of many time series decomposition methods, so it 

is important to understand how it works. The first step in a 

classical decomposition is to use a moving average method to 

estimate the trend-cycle, so we begin by discussing moving | 

averages. 

Moving average smoothing 

A moving average of order m can be written as 

A 1 
T= = ) vj (6.1) 

where m= 2k +1. That is, the estimate of the trend-cycle at time 

t is obtained by averaging values of the time series within k 

periods of t. Observations that are nearby in time are also likely 

to be close in value. Therefore, the average eliminates some 

of the randomness in the data, leaving a smooth trend-cycle 

component. We call this an m-MA, meaning a moving average 

of order m. 

autoplot(elecsales) + xlab("Year") + ylab("GWh") + 

ggtitle("Annual electricity sales: South Australia") 

Annual electricity sales: South Australia Figure 6.4: Residential 

electricity sales (exclud- 

ing hot water) for South 
3400 - Australia: 1989-2008. 

= = - 

= 3000- 
Oo 

2600 - 

1990 1995 2000 2005 
Year 

For example, consider Figure 6.4 which shows the volume of 

electricity sold to residential customers in South Australia each 

year from 1989 to 2008 (hot water sales have been excluded). 

The data are also shown in Table 6.1. 
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Year Sales(GWh) 5-MA 

1989 2354.34 

1990 25 f O87 L 

1991 =, (2318.32. 2381-53 

Loz 2468.99 2424.56 

1993 2386.09 2463.76 

1994 2569.47 2552.60 

1995 29/307 2 LOLI) 

1996 2/02./2 2790.62 

1997 2844.50 2858.35 

1998 3000.70 3014.70 

1999 3103.10 3077.30 

2000 3357.50 3144.52 

2001 3075:70) 3188.70 

2002 3180.60 3202.32 

2003 3221.60 3216.94 

2004 3176-20! 3307230 

2005 3430.60 3398.75 

2006 3527.48 3485.43 

2007 3637.89 

2008 3655.00 

In the second column of this table, a moving average of order 

5 is shown, providing an estimate of the trend-cycle. The first 

value in this column is the average of the first five observations 

(1989-1993); the second value in the 5-MA column is the 

average of the values for 1990-1994; and so on. Each value in 

the 5-MA column is the average of the observations in the five 

year window centred on the corresponding year. In the notation 

of Equation (6.1), column 5-MA contains the values of T, with 

k=2and m=2k+1=5. This is easily computed using 

ma(elecsales, 5) 

There are no values for either the first two years or the last two 

years, because we do not have two observations on either side. 

Later we will use more sophisticated methods of trend-cycle 

estimation which do allow estimates near the endpoints. 

To see what the trend-cycle estimate looks like, we plot it along 

with the original data in Figure 6.5. 

Table 6.1: Annual 

electricity sales to 

residential customers 

in South Australia. 

1989-2008. 
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autoplot(elecsales, series="Data") + 

autolayer(ma(elecsales,5), series="5-MA") + 

GWh 

Notice that the trend-cycle (in red) is smoother than the orig- 

inal data and captures the main movement of the time series 

average determines the smoothness of the trend-cycle estimate. 

In general, a larger order means a smoother curve. Figure 6.6 

shows the effect of changing the order of the moving average for 

xlab("Year") + ylab("GWh") + 

ggtitle("Annual electricity sales: South Australia") + 

scale_colour_manual(values=c(“Data"="grey50","5-MA"="red"), 

breaks=c("Data", "5-MA")) 

Annual electricity sales: South Australia 
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without all of the minor fluctuations. The order of the moving 

the residential electricity sales data. 
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Simple moving averages such as these are usually of an odd 

order (e.g., 3, 5, 7, etc.). This is so they are symmetric: in a 
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Figure 6.5: Residential 

electricity sales (black) 

along with the 5-MA 

estimate of the trend- 

cycle (red). 

Figure 6.6: Different 

moving averages ap- 

plied to the residential 

electricity sales data. 
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moving average of order m = 2k + 1, the middle observation, and 

k observations on either side, are averaged. But if m was even, it 

would no longer be symmetric. 

Moving averages of moving averages 

It is possible to apply a moving average to a moving average. 

One reason for doing this is to make an even-order moving 

average symmetric. 

For example, we might take a moving average of order 4, and 

then apply another moving average of order 2 to the results. In 

the following table, this has been done for the first few years of 

the Australian quarterly beer production data. 

beer2 <- window(ausbeer,start=1992) 

ma4 <- ma(beer2, order=4, centre=FALSE) 

ma2x4 <- ma(beer2, order=4, centre=TRUE) 

Year Quarter Observation 4-MA 2x4-MA Fable joe cre 
average of order 4 

1992 Ol 443 applied to the quarterly 

beer data, followed by 

1992 Q2 410 451.25 a moving average of 

1992 Q3 420 448.75 450.00 order 2. 

1992 Q4 Sow 451.50 450.12 

1993 O1 433 449.00 450.25 

1993, ©2 421 444.00 446.50 

1993 O3 410 448.00 446.00 

1993 Q4 SP 438.00 443.00 

1994 Ql 449 441.25 439.62 

1994 Q2 381 446.00 443.62 

1994 Q3 423 440.25 443.12 

1994 Q4 Boil 447.00 443.62 

U9 SeO1 426 445.25 446.12 

1995 Q2 408 442.50 443.88 

LIISRO@S 416 438.25 440.38 

1995 Q4 520 435.75 437.00 

1996 Ql 409 431.25 433.50 

1996 Q2 398 428.00 429.62 

1996003 398 433.75 430.88 

1996 Q4 507 433.75 433.75 
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The notation “2 x 4-MA” in the last column means a 4-MA 

followed by a 2-MA. The values in the last column are ob- 

tained by taking a moving average of order 2 of the values 

in the previous column. For example, the first two values in 

the 4-MA column are 451.25=(443+410+420+532)/4 and 

448.75=(410+420+532+433)/4. The first value in the 2x4-MA 

column is the average of these two: 450.00=(451.25+448.75)/2. 

When a 2-MA follows a moving average of an even order (such 

as 4), it is called a “centred moving average of order 4”. This is 

because the results are now symmetric. To see that this is the 

case, we can write the 2 x 4-MA as follows: 

A il 
T; = 5 q (vt-2 + Veet Vp Vpn) qv + Vt + Ver1 + Yt42) 

1 1 1 1 1 
= gut-2 AF fort a qv a Aut ar gutt: 

It is now a weighted average of observations that is symmetric. 

Other combinations of moving averages are also possible. For 

example, a 3 x 3-MA is often used, and consists of a moving 

average of order 3 followed by another moving average of order 

3. In general, an even order MA should be followed by an even 

order MA to make it symmetric. Similarly, an odd order MA 

should be followed by an odd order MA. 

Estimating the trend-cycle with seasonal data 

The most common use of centred moving averages is for es- 

timating the trend-cycle from seasonal data. Consider the 

2x 4-MA: 

phen Meee ere a ete PU GVIR 2 VE VEN Peel gy it 2: 

When applied to quarterly data, each quarter of the year is 

given equal weight as the first and last terms apply to the 

same quarter in consecutive years. Consequently, the seasonal 

variation will be averaged out and the resulting values of 7; will 

have little or no seasonal variation remaining. A similar effect 

would be obtained using a 2 x 8-MA or a 2 x 12-MA to quarterly 

data. 

In general, a 2 x m-MA is equivalent to a weighted moving 

average of order m+ 1 where all observations take the weight 

1/m, except for the first and last terms which take weights 

165 
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1/(2m). So, if the seasonal period is even and of order m, we use 

a 2x m-MA to estimate the trend-cycle. If the seasonal period is 

rear racer eet eee ee 
For example, a 2 x 12-MA can be used to estimate the trend- 

cycle of monthly data and a 7-MA can be used to estimate the 

trend-cycle of daily data with a weekly seasonality. 

Other choices for the order of the MA will usually result in 

trend-cycle estimates being contaminated by the seasonality in 

the data. 

Example: Electrical equipment manufacturing 

autoplot(elecequip, series="Data") + 

autolayer(ma(elecequip, 12), series="12-MA") + 

xlab("Year") + ylab("New orders index") + % 

ggtitle("Electrical equipment manufacturing (Euro area)") + 

scale_colour_manual(values=c("Data"="grey","12-MA"="red"), 

breaks=c("Data","12-MA")) 

Electrical equipment manufacturing (Euro area) Figure 6.7: A 2x12-MA 

applied to the electrical 

equipment orders 

120 - index. 

x 
o 

2) . 
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Figure 6.7 shows a 2 x 12-MA applied to the electrical equipment 

orders index. Notice that the smooth line shows no seasonality; 

it is almost the same as the trend-cycle shown in Figure 6.1, 

which was estimated using a much more sophisticated method 

than a moving average. Any other choice for the order of the 

moving average (except for 24, 36, etc.) would have resulted in 

a smooth line that showed some seasonal fluctuations. 
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Weighted moving averages 

Combinations of moving averages result in weighted moving 

averages. For example, the 2x4-MA discussed above is equivalent 
His to a weighted 5-MA with weights given by [# re AF In 

general, a weighted m-MA can be written as 

k 

T; = > avery. 

jark 

where k = (m—1)/2, and the weights are given by [a_,,..., ax]. It 

is important that the weights all sum to one and that they are 

symmetric so that a; = a_;. The simple m-MA is a special case 

where all of the weights are equal to 1/m. 

A major advantage of weighted moving averages is that they 

ee 
ee 

Instead of observa- 

tions entering and leaving the calculation at full weight, their 

weights slowly increase and then slowly decrease, resulting in a 

smoother curve. 

6.3 Classical decomposition 

The classical decomposition method originated in the 1920s. 

It is a relatively simple procedure, and forms the starting 

point for most other methods of time series decomposition. 

There are two forms of classical decomposition: an additive 

decomposition and a multiplicative decomposition. These are 

described below for a time series with seasonal period m (e.g., 

m = 4 for quarterly data, m = 12 for monthly data, m = 7 for 

daily data with a weekly pattern). 

In classical decomposition, we assume that the seasonal com- 

ponent is constant from year to year. For multiplicative sea- 

sonality, the m values that form the seasonal component are 

sometimes called the “seasonal indices”. 

Additive decomposition 

Step 1 If mis an even number, compute the trend-cycle compo- 

nent 7; using a 2 x m-MA. If mis an odd number, compute the 

trend-cycle component T; using an m-MA. 

Step 2 Calculate the detrended series: y, — T;. 

167 
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Step 3 To estimate the seasonal component for each season, 

simply average the detrended values for that season. For 

example, with monthly data, the seasonal component for 

March is the average of all the detrended March values in 

the data. These seasonal component values are then adjusted 

to ensure that they add to zero. The seasonal component is 

obtained by stringing together these values for each year of 

data. This gives S;. 

Step 4 The remainder component is calculated by subtracting 

the estimated seasonal and trend-cycle components: R; = 

VE T, - Sy. 

Multiplicative decomposition 

A classical multiplicative decomposition is very;similar, except 

that the subtractions are replaced by divisions. 

Step 1 If mis an even number, compute the trend-cycle compo- 

nent Te using a 2x m-MA. If m is an odd number, compute the 

trend-cycle component T; using an m-MA. 

Step 2 Calculate the detrended series: Vd 

Step 3 To estimate the seasonal component for each season, 

simply average the detrended values for that season. For 

example, with monthly data, the seasonal index for March 

is the average of all the detrended March values in the data. 

These seasonal indexes are then adjusted to ensure that they 

add to m. The seasonal component is obtained by stringing 

together all of the seasonal indices for each year of data. This 

gives Sk 

Step 4 The remainder component is calculated by dividing 

out the estimated seasonal and trend-cycle components: 

Re y/(F;S,). 

Figure 6.8 shows a classical decomposition of the electrical 

equipment index. Compare this decomposition with that shown 

in Figure 6.1. The run of large negative remainder values in 

2009 suggests that there is some “leakage” of the trend-cycle 

component into the remainder component. The trend-cycle 

estimate has over-smoothed the drop in the data, and the cor- 

responding remainder values have been affected by the poor 

trend-cycle estimate. 
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elecequip %>% decompose(type="multiplicative") %>% 

autoplot() + xlab("Year") + 

ggtitle("Classical multiplicative decomposition 

of electrical equipment index") 

Classical multiplicative decomposition of electrical equipment index Figure 6.8: A clas- 

sical multiplicative 

decomposition of the 

new orders index for 

electrical equipment. 

120 - 
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trend seasonal 
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remainder 
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Comments on classical decomposition 

While classical decomposition is still widely used, it is not 

recommended, as there are now several much better meth- 

ods. Some of the problems with classical decomposition are 

summarised below. 

¢ The estimate of the trend-cycle is unavailable for the first 

few and last few observations. For example, if m = 12, there 

is no trend-cycle estimate for the first six or the last six 

observations. Consequently, there is also no estimate of the 

remainder component for the same time periods. 

¢ The trend-cycle estimate tends to over-smooth rapid rises 

and falls in the data (as seen in the above example). 

* Classical decomposition methods assume that the seasonal 

component repeats from year to year. For many series, this 
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is a reasonable assumption, but for some longer series it is 

not. For example, electricity demand patterns have changed 

over time as air conditioning has become more widespread. 

Specifically, in many locations, the seasonal usage pattern 

from several decades ago had its maximum demand in win- 

ter (due to heating), while the current seasonal pattern has its 

maximum demand in summer (due to air conditioning). The 

classical decomposition methods are unable to capture these 

seasonal changes over time. 

¢ Occasionally, the values of the time series in a small number 

of periods may be particularly unusual. For example, the 

monthly air passenger traffic may be affected by an industrial 

dispute, making the traffic during the dispute very different 

from usual. The classical method is not robust to these kinds 

of unusual values. 

6.4 X11 decomposition 

Another popular method for decomposing quarterly and 

monthly data is the X11 method which originated in the US 

Census Bureau and Statistics Canada. 

This method is based on classical decomposition, but includes 

many extra steps and features in order to overcome the draw- 

backs of classical decomposition that were discussed in the 

previous section. In particular, trend-cycle estimates are avail- 

able for all observations including the end points, and the 

seasonal component is allowed to vary slowly over time. X11 

also has some sophisticated methods for handling trading day 

variation, holiday effects and the effects of known predictors. It 

handles both additive and multiplicative decomposition. The 

process is entirely automatic and tends to be highly robust to 

outliers and level shifts in the time series. 

The details of the X11 method are described in Dagum and 

Bianconcini (2016). Here we will only demonstrate how to use 

the automatic procedure in R. 

The X11 method is available using the seas() function from the 

seasonal package! for R. "https://cran. 
r-project.org/ 

package=seasonal 
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library (seasonal) 

elecequip %>% seas(xll="") -> fit 

autoplot(fit) + 

ggtitle("X11 decomposition of electrical equipment index") 

X11 decomposition of electrical equipment index Figure 6.9: An X11 

decomposition of the 
new orders index for 

electrical equipment. 

120 - 
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trend seasonal data 
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remainder 
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Compare this decomposition with the STL decomposition 

shown in Figure 6.1 and the classical decomposition shown in 

Figure 6.8. The X11 trend-cycle has captured the sudden fall 

in the data in early 2009 better than either of the other two 

methods, and the unusual observation at the end of 2009 is now 

more clearly seen in the remainder component. 

Given the output from the seas() function, seasonal() will 

extract the seasonal component, trendcycle() will extract the 

trend-cycle component, remainder() will extract the remain- 

der component, and seasadj() will compute the seasonally 

adjusted time series. 

For example, Figure 6.10 shows the trend-cycle component and 

the seasonally adjusted data, along with the original data. 
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autoplot(elecequip, series="Data") + 

autolayer(trendcycle(fit), series="Trend") + 

autolayer(seasadj(fit), series="Seasonally Adjusted") + 

xlab("Year") + ylab("New orders index") + a 

ggtitle("Electrical equipment manufacturing (Euro area)") + 

scale_colour_manual(values=c("“gray","blue","red"), 

breaks=c("Data","Seasonally Adjusted", "Trend") ) 

Electrical equipment manufacturing (Euro area) Figure 6.10: Electrical 

equipment orders: the 

original data (grey), the 

120 - trend-cycle component 

(red) and the seasonally 

adjusted data (blue). 
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It can be useful to use seasonal plots and seasonal sub-series 

plots of the seasonal component. These help us to visualize 

the variation in the seasonal component over time. Figure 6.11 

shows a seasonal sub-series plot of the seasonal component 

from Figure 6.9. In this case, there are only very small changes 

over time. 

fit %>% seasonal() %“>% ggsubseriesplot() + ylab("Seasonal") 

Figure 6.11: Seasonal 
‘hile x sub-series plot of the 

aa 
y, rae seasonal component 

ane from the X11 decompo- 
me : sition of the new orders 

index for electrical 

equipment. { ( \ { 
\ 

OLS 

0.8 - 
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6.5 SEATS decomposition 

“SEATS” stands for “Seasonal Extraction in ARIMA Time Series” 

(ARIMA models are discussed in Chapter 8). This procedure 

was developed at the Bank of Spain, and is now widely used by 

government agencies around the world. The procedure works 

only with quarterly and monthly data. So seasonality of other 

kinds, such as daily data, or hourly data, or weekly data, require 

an alternative approach. 

The details are beyond the scope of this book. However, a 

complete discussion of the method is available in Dagum and 

Bianconcini (2016). Here we will only demonstrate how to use it 

via the seasonal package. 

library (seasonal) 

elecequip %>% seas() %>% 

autoplot() + 

ggtitle("SEATS decomposition of electrical equipment index") 

SEATS decomposition of electrical equipment index Figure 6.12: A SEATS 

ae decomposition of the 

new orders index for 

100- © electrical equipment. 
Tc 

80 - 

t 

trend seasonal 

remainder 

2000 2005 2010 

Time 

The result is quite similar to the X11 decomposition shown in 

Figure 6.9. 
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As with the X11 method, we can use the seasonal(), trend- 

cycle() and remainder() functions to extract the individual 

components, and seasadj() to compute the seasonally adjusted 

time series. 

The seasonal package has many options for handling variations 

of X11 and SEATS. See the package website? for a detailed 

introduction to the options and features available. 

6.6 STL decomposition 

STL is a very versatile and robust method for decomposing 

time series. STL is an acronym for “Seasonal and Trend decom- 

position using Loess”, while Loess is a method for estimating 

nonlinear relationships. The STL method was developed by 

Cleveland et al. (1990). 

STL has several advantages over the classical, SEATS and X11 

decomposition methods: 

* Unlike SEATS and X11, STL will handle any type of seasonal- 

ity, not only monthly and quarterly data. 

¢ The seasonal component is allowed to change over time, and 

the rate of change can be controlled by the user. 

¢ The smoothness of the trend-cycle can also be controlled by 

the user. 

* It can be robust to outliers (i.e., the user can specify a robust 

decomposition), so that occasional unusual observations 

will not affect the estimates of the trend-cycle and seasonal 

components. They will, however, affect the remainder compo- 

nent. 

On the other hand, STL has some disadvantages. In particular, 

it does not handle trading day or calendar variation automati- 

cally, and it only provides facilities for additive decompositions. 

It is possible to obtain a multiplicative decomposition by first 

taking logs of the data, then back-transforming the compo- 

nents. Decompositions between additive and multiplicative 

can be obtained using a Box-Cox transformation of the data 

*http://ww. 

seasonal.website/ 

seasonal. html 
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with 0 <A <1. A value of A = 0 corresponds to the multiplica- 

tive decomposition while A = 1 is equivalent to an additive 

decomposition. 

The best way to begin learning how to use STL is to see some 

examples and experiment with the settings. Figure 6.2 showed 

an example of STL applied to the electrical equipment orders 

data. Figure 6.13 shows an alternative STL decomposition 

where the trend-cycle is more flexible, the seasonal component 

does not change over time, and the robust option has been 

used. Here, it is more obvious that there has been a down- 

turn at the end of the series, and that the orders in 2009 were 

unusually low (corresponding to some large negative values in : 

the remainder component). 

elecequip %>% 

stl(t.window=13, s.window="periodic", robust=TRUE) %>% 

autoplot() 

120 - Figure 6.13: The 

75 

electrical equipment 

data 
] orders (top) and 

| its three additive 

components obtained 

60 - from a robust STL 

ee decomposition with 0- 
flexible trend-cycle and 

trend 

fixed seasonality. 

seasonal 

remainder 

2000 2005 2010 
Time 

The two main parameters to be chosen when using STL are 

the trend-cycle window (t.window) and the seasonal window 

(s.window). These control how rapidly the trend-cycle and 

seasonal components can change. Smaller values allow for more 
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rapid changes. Both t.window and s.window should be odd 

numbers and refer to the number of consecutive years to be 

used when estimating the trend-cycle and seasonal components 

respectively. The user must specify s.window as there is no 

default. Setting it to be infinite is equivalent to forcing the 

seasonal component to be periodic (i.e., identical across years). 

Specifying t.window is optional, and a default value will be 

used if it is omitted. 

The mstl() function provides a convenient automated STL 

decomposition using s .window=13, and t.window also chosen 

automatically. This usually gives a good balance between 

overfitting the seasonality and allowing it to slowly change 

over time. But, as with any automated procedure, the default 

settings will need adjusting for some time series.* 

As with the other decomposition methods discussed in this 

book, to obtain the separate components plotted in Figure 

6.8, use the seasonal() function for the seasonal component, 

the trendcycle() function for trend-cycle component, and 

the remainder() function for the remainder component. The 

seasadj() function can be used to compute the seasonally 

adjusted series. 

6.7 Measuring strength of trend and seasonality 

A time series decomposition can be used to measure the 

strength of trend and seasonality in a time series (Wang, Smith, 

and Hyndman 2006). Recall that the decomposition is written 

as 

Yt = 1, +S,+Ry, 

where T; is the smoothed trend component, S; is the seasonal 

component and R; is a remainder component. For strongly 

trended data, the seasonally adjusted data should have much 

more variation than the remainder component. Therefore 

Var(R;)/Var(T; + R;) should be relatively small. But for data with 

little or no trend, the two variances should be approximately 

the same. So we define the strength of trend as: 

Var(R;) ee Oct eel 
Le ad Var(T, + R,) 
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This will give a measure of the strength of the trend between 0 

and 1. Because the variance of the remainder might occasionally 

be even larger than the variance of the seasonally adjusted data, 

we set the minimal possible value of Fr equal to zero. 

The strength of seasonality is defined similarly, but with respect 

to the detrended data rather than the seasonally adjusted data: 

Var(R;) 
Pos 0,1 —- —_——_ ]. 

ara ae Var(S; + R;) 

A series with seasonal strength Fs close to 0 exhibits almost no 

seasonality, while a series with strong seasonality will have Fs; 

close to 1 because Var(R;) will be much smaller than Var(S; + R;). 

These measures can be useful, for example, when there you 

have a large collection of time series, and you need to find the 

series with the most trend or the most seasonality. 

6.8 Forecasting with decomposition 

While decomposition is primarily useful for studying time 

series data, and exploring historical changes over time, it can 

also be used in forecasting. 

Assuming an additive decomposition, the decomposed time 

series can be written as 

Y= Ss +A, 

where A; = 71; + R; is the seasonally adjusted component. Or, if a 

multiplicative decomposition has been used, we can write 

Vi SA 

where A, = T;R;. 

To forecast a decomposed time series, we forecast the seasonal 

component, S,, and the seasonally adjusted component A;, 

separately. It is usually assumed that the seasonal component 

is unchanging, or changing extremely slowly, so it is forecast 

by simply taking the last year of the estimated component. In 

other words, a seasonal naive method is used for the seasonal 

component. 

To forecast the seasonally adjusted component, any non- 

seasonal forecasting method may be used. For example, a 

177 
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random walk with drift model, or Holt’s method (discussed in 

the next chapter), or a non-seasonal ARIMA model (discussed 

in Chapter 8), may be used. 

Example: Electrical equipment manufacturing 

fit <- stl(elecequip, t.window=13, s.window="periodic", 

robust= TRUE) : 

fit %>% seasadj() %>% naive() %>% 

autoplot() + ylab("New orders index") + 

ggtitle("Naive forecasts of seasonally adjusted data") 

Naive forecasts of seasonally adjusted data Figure 6.14: Naive fore- 

120 - casts of the seasonally 

adjusted data obtained 

from an STL decompo- 

s sition of the electrical 

equipment orders data. 

New orders index 

' 1 ' 
2000 2005 2010 

Time 

Figure 6.14 shows naive forecasts of the seasonally adjusted 

electrical equipment orders data. These are then “reseasonal- 

ized” by adding in the seasonal naive forecasts of the seasonal 

component. 

This is made easy with the forecast() function applied to 

the stl object. You need to specify the method being used 

on the seasonally adjusted data, and the function will do the 

reseasonalizing for you. The resulting forecasts of the original 

data are shown in Figure 6.15. 

fit %>% forecast(method="naive") %>% 

autoplot() + ylab("New orders index") 

The prediction intervals shown in this graph are constructed 

in the same way as the point forecasts. That is, the upper and 

lower limits of the prediction intervals on the seasonally ad- 

justed data are “reseasonalized” by adding in the forecasts of 
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Forecasts from STL + Random walk Figure 6.15: Forecasts 

of the electrical equip- 
ment orders data based 

120 - on a naive forecast of 

the seasonally adjusted 

data and a seasonal 

naive forecast of the 

oe seasonal component, 

80 after an STL decomposi- 
95 tion of the data. 

100 - 

80 - 

New orders index 

60 - 

40- ' ' ‘ ' 
2000 2005 2010 2015 

Time 

the seasonal component. In this calculation, the uncertainty 

in the forecasts of the seasonal component has been ignored. 

The rationale for this choice is that the uncertainty in the sea- 

sonal component is much smaller than that for the seasonally 

adjusted data, and so it is a reasonable approximation to ignore 

it. 

A short-cut approach is to use the stlf() function. The follow- 

ing code will decompose the time series using STL, forecast 

the seasonally adjusted series, and return reseasonalize the 

forecasts. 

fcast <- stlf(elecequip, method='naive') 

The stlf() function uses mstl() to carry out the decomposi- 

tion, so there are default values for s.window and t.window. 

As well as the naive method, several other possible forecasting 

methods are available with stlf(), as described in the corre- 

sponding help file. If method is not specified, it will use the ETS 

approach (discussed in the next chapter) applied to the season- 

ally adjusted series. This usually produces quite good forecasts 

for seasonal time series, and some companies use it routinely 

for all their operational forecasts. 
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6.9 Exercises 

iy Show that a 3 x 5 MA is equivalent to a 7-term weighted 

moving average with weights of 0.067, 0.133, 0.200, 0.200, 

0.200, 0.133, and 0.067. 

. The plastics data set consists of the monthly sales (in 

thousands) of product A for a plastics manufacturer for five 

years. 

a. Plot the time series of sales of product A. Can you identify 

seasonal fluctuations and/or a trend-cycle? 

b. Use a classical multiplicative decomposition to calculate 

the trend-cycle and seasonal indices. 

c. Do the results support the graphical interpretation from 

part a? : 

d. Compute and plot the seasonally adjusted data. 

e. Change one observation to be an outlier (e.g., add 500 to 

one observation), and recompute the seasonally adjusted 

data. What is the effect of the outlier? 

f. Does it make any difference if the outlier is near the end 

rather than in the middle of the time series? 

. Recall your retail time series data (from Exercise 3 in Sec- 

tion 2.10). Decompose the series using X11. Does it reveal 

any outliers, or unusual features that you had not noticed 

previously? 

. Figures 6.16 and 6.17 shows the result of decomposing the 

number of persons in the civilian labor force in Australia 

each month from February 1978 to August 1995. 

a. Write about 3-5 sentences describing the results of the 

decomposition. Pay particular attention to the scales of the 

graphs in making your interpretation. 

b. Is the recession of 1991/1992 visible in the estimated 

components? 
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5. This exercise uses the cangas data (monthly Canadian 

gas production in billions of cubic metres, January 1960 — 

February 2005). 

a. Plot the data using autoplot(), ggsubseriesplot() 

and ggseasonplot() to look at the effect of the changing 

seasonality over time. What do you think is causing it to 

change so much? 

b. Do an STL decomposition of the data. You will need to 

choose s.window to allow for the changing shape of the 

seasonal component. 

c. Compare the results with those obtained using SEATS and 

X11. How are they different? 

6. We will use the bricksq data (Australian quarterly clay brick 

production. 1956-1994) for this exercise. : 

a. Use an STL decomposition to calculate the trend-cycle 

and seasonal indices. (Experiment with having fixed or 

changing seasonality.) 

b. Compute and plot the seasonally adjusted data. 

c. Use a naive method to produce forecasts of the seasonally 

adjusted data. 

d. Use stlf() to reseasonalize the results, giving forecasts 

for the original data. 

e. Do the residuals look uncorrelated? 

f. Repeat with a robust STL decomposition. Does it make 

much difference? 

g. Compare forecasts from stlf() with those from snaive(), 

using a test set comprising the last 2 years of data. Which 

is better? 

7. Use stlf() to produce forecasts of the writing series with 

either method="naive" or method="rwdrift", whichever is 

most appropriate. Use the Lambda argument if you think a 

Box-Cox transformation is required. 

8. Use stlf() to produce forecasts of the fancy series with 

either method="naive" or method="rwdrift", whichever is 

most appropriate. Use the Lambda argument if you think a 

Box-Cox transformation is required. 
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6.10 Further reading 

¢ A detailed modern discussion of SEATS and X11 decom- 

position methods is provided by Dagum and Bianconcini 

-(2016). 

* Cleveland et al. (1990) introduced STL, and still provides the 

best description of the algorithm. 

* Fora discussion of forecasting using STL, see Theodosiou 

(2011). 
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Chapter 7 

Exponential smoothing 

Exponential smoothing was proposed in the late 1950s (Brown 

1959; Holt 1957; Winters 1960), and has motivated some of 

the most successful forecasting methods. Forecasts produced 

using exponential smoothing methods are weighted averages of 

past observations, with the weights decaying exponentially as 

the observations get older. In other words, the more recent the 

observation the higher the associated weight. This framework 

generates reliable forecasts quickly and for a wide range of time 

series, which is a great advantage and of major importance to 

applications in industry. 

This chapter is divided into two parts. In the first part (Sections 

7.1-7.4) we present the mechanics of the most important expo- 

nential smoothing methods, and their application in forecasting 

time series with various characteristics. This helps us develop 

an intuition to how these methods work. In this setting, select- 

ing and using a forecasting method may appear to be somewhat 

ad hoc. The selection of the method is generally based on recog- 

nising key components of the time series (trend and seasonal) 

and the way in which these enter the smoothing method (e.g., in 

an additive, damped or multiplicative manner). 

In the second part of the chapter (Sections 7.5—7.7) we present 

the statistical models that underlie exponential smoothing 

methods. These models generate identical point forecasts to 

the methods discussed in the first part of the chapter, but also 

generate prediction intervals. Furthermore, this statistical 
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framework allows for genuine model selection between compet- 

ing models. 

7.1 Simple exponential smoothing 

The simplest of the exponentially smoothing methods is natu- 

rally called simple exponential smoothing (SES)!. This method _' In some books it is 
i itable for f : ith no Clear trend-or seas called “single exponen- s suitable for forecasting data with no clear trend or seasonal at 

pattern. For example, the data in Figure 7.1 do not display any 

clear trending behaviour or any seasonality. (There is a rise in 

the last few years, which might suggest a trend. We will con- 

sider whether a trended method would be better for this series 

later in this chapter.) We have already considered the naive 

and the average as possible methods for forecasting such data 

(Section 3.1). 

oildata <- window(oil, start=1996) 

autoplot(oildata) + 

ylab("Oil (millions of tonnes)") + xlab("Year") 

Figure 7.1: Oil produc- 

tion in Saudi Arabia 

from 1980 to 2013. 

g 
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Using the naive method, all forecasts for the future are equal to 

the last observed value of the series, 

VT+hIT = Vr> 

for h = 1,2,.... Hence, the naive method assumes that the most 

recent observation is the only important one, and all previous 

observations provide no information for the future. This can 
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be thought of as a weighted average where all of the weight is 

given to the last observation. 

Using the average method, all future forecasts are equal to a 

simple average of the observed data, 

T 
? 1 
Vir = T ) 

for h = 1,2,.... Hence, the average method assumes that all 

observations are of equal importance, and gives them equal 

weights when generating forecasts. 

We often want something between these two extremes. For 

example, it may be sensible to attach larger weights to more 

recent observations than to observations from the distant 

past. This is exactly the concept behind simple exponential 

smoothing. Forecasts are calculated using weighted averages, 

where the weights decrease exponentially as observations come 

from further in the past — the smallest weights are associated 

with the oldest observations: 

Prujr = ayrt+a(l—a)ypyt+a(l—a)*ypo+--, (7s) 

where 0 < a@ < 1 is the smoothing parameter. The one-step- 

ahead forecast for time T + 1 is a weighted average of all of 

the observations in the series y),...,yr. The rate at which the 

weights decrease is controlled by the parameter a. 

The table below shows the weights attached to observations for 

four different values of a when forecasting using simple expo- 

nential smoothing. Note that the sum of the weights even fora 

small value of a will be approximately one for any reasonable 

sample size. 
an 

(C—O) Aree) OMA OhO 

UT 0.2000 0.4000 0.6000 0.8000 

yr-1 0.1600 0.2400 0.2400 0.1600 

yT-2 0.1280 0.1440 0.0960 0.0320 

yr_-3 9.1024 0.0864 0.0384 0.0064 

yt-4 0.0819 0.0518 0.0154 0.0013 

yt-5 0.0655 0.0311 0.0061 0.0003 

For any a between 0 and 1, the weights attached to the obser- 

vations decrease exponentially as we go back in time, hence 

187 
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the name “exponential smoothing”. If @ is small (i.e., close to 

0), more weight is given to observations from the more distant 

past. If a@ is large (i.e., close to 1), more weight is given to the 

more recent observations. For the extreme case where a = 1, 

Yr+i\r = yr, and the forecasts are equal to the naive forecasts. 

We present two equivalent forms of simple exponential smooth- 

ing, each of which leads to the forecast Equation (7.1). — 

Weighted average form 

The forecast at time T + 1 is equal to a weighted average between 

the most recent observation yr and the previous forecast Py\7_1: 

Vrije — Or Fl ayn 

where 0 < a < 1 is the smoothing parameter. Similarly, we can 

write the fitted values as 

De+t¢ =ay,+(1 =O) Vea, 

for t = 1,...,T. (Recall that fitted values are simply one-step 

forecasts of the training data.) 

The process has to start somewhere, so we let the first fitted 

value at time 1 be denoted by & (which we will have to esti- 

mate). Then 

Yo = 2, + (1-a)€o 

932 = @y2 + (1-a@) Pr 

Yala = @y3 + (1 —a@)¥310 

Print = era + (la) pr ii 

Prs+17 = tyr + (1—a@)Pry7-1. 

Substituting each equation into the following equation, we 

obtain 
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V32 = @y2 + (1-a)[ay, +(1-a)€o] 

=ay,+a(1—-a)y, + (1 Saye 

Yaz = @y3+(1 —a)[ay2+a(l—a)y, +(1 =a) C51 

=ay3+a(l—a)y2.+a(1 —a)*y, +(1 =a) eo 

T-1 

YT+1|T = y_a(l —a)lyp_j+(1-a)" eo. 
j=0 

The last term becomes tiny for large T. So, the weighted average 

form leads to the same forecast Equation (7.1). 

Component form 

An alternative representation is the component form. For sim- 

ple exponential smoothing, the only component included is 

the level, €;. (Other methods which are considered later in this 

chapter may also include a trend b, and a seasonal component 

s;.) Component form representations of exponential smoothing 

methods comprise a forecast equation and a smoothing equa- 

tion for each of the components included in the method. The 

component form of simple exponential smoothing is given by: 

Forecast equation Verne = Ct 

Smoothing equation (= 09,4 (Va) bea; 

where ¢, is the level (or the smoothed value) of the series at time 

t. Setting h = 1 gives the fitted values, while setting t = T gives 

the true forecasts beyond the training data. 

The forecast equation shows that the forecast value at time t + 1 

is the estimated level at time t. The smoothing equation for 

the level (usually referred to as the level equation) gives the 

estimated level of the series at each period t. 

If we replace & with 9;,1), and €_; with 9,;_, in the smoothing 

equation, we will recover the weighted average form of simple 

exponential smoothing. 

The component form of simple exponential smoothing is not 

particularly useful, but it will be the easiest form to use when 

we start adding other components. 
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Flat forecasts 

Simple exponential smoothing has a “flat” forecast function: 

Vronr =9ruijr =r,  h=2,37... 

That is, all forecasts take the same value, equal to the last level 

component. Remember that these forecasts will only be suitable 

if the time series has no trend or seasonal component. 

Optimization 

The application of every exponential smoothing method re- 

quires the smoothing parameters and the initial values to 

be chosen. In particular, for simple exponential smoothing, 

we need to select the values of a and @9. All forecasts can be 

computed from the data once we know those values. For the 

methods that follow there is usually more than one smoothing 

parameter and more than one initial component to be chosen. 

In some cases, the smoothing parameters may be chosen in a 

subjective manner — the forecaster specifies the value of the 

smoothing parameters based on previous experience. However, 

a more reliable and objective way to obtain values for the 

unknown parameters is to estimate them from the observed 

data. 

In Section 5.2, we estimated the coefficients of a regression 

model by minimizing the sum of the squared residuals (usu- 

ally known as SSE or “sum of squared errors”). Similarly, the 

unknown parameters and the initial values for any exponential 

smoothing method can be estimated by minimizing the SSE. 

The residuals are specified as e; = y; — Pyp_-1 for t= 1,...,T. Hence, 

we find the values of the unknown parameters and the initial 

values that minimize 

iL T 

SSE=) (y:-Ser1)? =) _e. 
bt fl 

Unlike the regression case (where we have formulas which 

return the values of the regression coefficients that minimize 

the SSE), this involves a non-linear minimization problem, and 

we need to use an optimization tool to solve it. 
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Example: Oil production 

In this example, simple exponential smoothing is applied to 

forecast oil production in Saudi Arabia. 

oildata <- window(oil, start=1996) 

# Estimate parameters 

fc <- ses(oildata, h=5) 

# Accuracy of one-step-ahead training errors: period 1-12 

round(accuracy(fc) ,2) 

#> ME RMSE MAE MPE MAPE MASE ACF1 

#> Training set 6.4 28.12 22.26 1.1 4.61 0.93 -0.03 

This gives parameter estimates @ = 0.83 and ¢) = 446.6, ob- 

tained by minimizing SSE over periods t = 1,2,...,12, subject to ; 

the restriction that 0<a<1l. 

In Table 7.1 we demonstrate the calculation using these parame- 

ters. The second last column shows the estimated level for times 

t = 0 tot = 12; the last few rows of the last column show the 

forecasts tor i= 1,2,3. 

The black line in Figure 7.2 is a plot of the data, which shows a 

changing level over time. 

autoplot(fc) + 

autolayer(fitted(fc), series="Fitted") + 

ylab("Oil (millions of tonnes)") + xlab("Year") 

Forecasts from Simple exponential smoothing Figure 7.2: Simple 

exponential smoothing 

applied to oil produc- 

tion in Saudi Arabia 

(1996-2013). 

level 

80 

95 
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series 

— Fitted 

500 - 
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450 - 
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The forecasts for the period 2014-2016 are plotted in Figure 

7.2. Also plotted are one-step-ahead fitted values alongside the 

data over the period 1996-2013. The large value of a in this 
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Year 

L995 
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1299 
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example is reflected in the large adjustment that takes place in 

the estimated level @; at each time. A smaller value of a would 

lead to smaller changes over time, and so the series of fitted 

Time Observation Level 

RR RB Re Re Se Re FP OO ON A Uo BRB WwWNer CO (sy SI Tey nl PS ey Is) I @& 

=~ 

1 

2 

3 

Vt 

445.36 

453.20 

454.41 

422.38 

456.04 

440.39 

425.19 

486.21 

500.43 

a2, 28 

508.95 

488.89 

509.87 

456.72 

473.82 

52995 

549.83 

542.34 

values would be smoother. 
a 

The prediction intervals shown here are calculated using the 

methods described in Section 7.5. The prediction intervals show 

that there is considerable uncertainty in the future values of oil 

production over the three-year forecast period. So interpreting 

the point forecasts without accounting for the large uncertainty 

can be very misleading. 

b; 
446.59 

445.57 

451.93 

454.00 

427.63 

451.32 

442.20 

428.02 

476.54 

496.46 

on eats 

SLO, 30 

492.45 

506.98 

465.07 

472.36 

D705 

544.39 

542.68 

Forecast 

Vest 

446.59 

AWAY) 15) // 

451.93 

454.00 

MN DY OS 

olen 

442.20 

428.02 

476.54 

496.46 

SS 

SOL Sil 

492.45 

506.98 

465.07 

472.36 

Silli720'5 

544.39 

YT+HIT 
542.68 

542.68 

542.68 

Table 7.1: Forecasting 

the total oil production 

in millions of tonnes 

for Saudi Arabia using 

simple exponential 

smoothing. _ 
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7.2 Trend methods 

Holt’s linear trend method 

Holt (1957) extended simple exponential smoothing to allow 

the forecasting of data with a trend. This method involves a 

forecast equation and two smoothing equations (one for the 

level and one for the trend): 

Forecast equation Vr+nie = € + hd, 

Level equation €,=ay,+ (1 —a@)(€,-1 + B;1) 

Trend equation b, = B’(€; —&-1) + (1 -— B")By-1, 

where €; denotes an estimate of the level of the series at time ft, 

b, denotes an estimate of the trend (slope) of the series at time 

t, a is the smoothing parameter for the level, 0 < a < 1, and 

B* is the smoothing parameter for the trend, 0 < p* < 1. (We 

denote this as f* instead of £ for reasons that will be explained 

in Section 7.5.) 

As with simple exponential smoothing, the level equation 

here shows that €; is a weighted average of observation y; and 

the one-step-ahead training forecast for time t, here given by 

€,_,+b;_,. The trend equation shows that b; is a weighted average 

of the estimated trend at time t based on ¢, — €;_; and b;_;, the 

previous estimate of the trend. 

The forecast function is no longer flat but trending. The h-step- 

ahead forecast is equal to the last estimated level plus h times 

the last estimated trend value. Hence the forecasts are a linear 

function of h. 

Example: Air Passengers 

air <- window(ausair, start=1990) 

fc <- holt(air, h=5) 

In Table 7.2 we demonstrate the application of Holt’s method 

to annual passenger numbers for Australian airlines. The 

smoothing parameters, a and f*, and the initial values € and bo 

are estimated by minimizing the SSE for the one-step training 

errors as in Section 7.1. 
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Year Time Observation Level Slope Forecast 

t Vt e by Delt-1 
TO SOMO) oyay 2 IKO 

1990 1 WAS VAS AMO WOH 

Ii 2 21.86 DAO 2 ANO2  9OL68 

oy 3} M3 GOD) Meck VMOY 23/59 

1993 4 OLS KIS 2MOL Ys Sv 

19945 26.89 DEAD, 2PNOX ZS 

LOD 5a6 28.83 DEA PNOP D233! 

1996 7 30.08 R024 BNO Bil ow 

WD ts 30.95 SN BNO s2.sx! 

IQs & SOLUS BOA Aoi 833),2) 

LOO LO BL eSKe) BAD ZO Sessil 

2000 11 32 5Ke! 32-3. 02a ONS 3789 

AVC 122 33.48 B72 POL sv OO 

2.002 aus SOO Sovitss ASO S52 

2003 14 41.39 41.25 2.101 40.58 

2004 15 41.60 AMS 9) 210 43°35 

2005 16 44.66 44.54 2.101 44.00 

AYO 17 46.95 46.90 2.101 46.65 

2007, SES 48.73 48.78 2.101 49.00 

2008 19 51.49 Hilts ZO SOL 

2009 20 50.03 HORI 2a Ole 53-49 

ZOOM 60.64 S30 ZNO S272 

AQ AL BB 63.36 (SHS AMO Oil“ 

QUE 2S; 66.36 Cons) WIZ Cap is 

2013 24 68.20 KA DMOZ Gis25 

2014 25 68.12 Ii AOL 70 

AAO 2G) 69.78 O22 ANO 700) 

DOMOm 7; 72.60 TAO) BeNOR FLA? 

h Deth|t 
1 74.60 

D 76.70 

3 78.80 

4 80.91 

5 83.01 

The very small value of B* means that the slope hardly changes 

over time. 

Damped trend methods 

The forecasts generated by Holt’s linear method display a 

constant trend (increasing or decreasing) indefinitely into 

the future. Empirical evidence indicates that these methods 

tend to over-forecast, especially for longer forecast horizons. 

Motivated by this observation, Gardner and McKenzie (1985) 

introduced a parameter that “dampens” the trend to a flat 

Table 7.2: Applying 

Holt’s linear method 

with a = 0.8321 and 

B* = 0.0001 to Aus- 

tralian air passenger 

data (millions of pas- 

sengers). 
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line some time in the future. Methods that include a damped 

trend have proven to be very successful, and are arguably the 

most popular individual methods when forecasts are required 

automatically for many series. 

In conjunction with the smoothing parameters a and f* (with 

values between 0 and 1 as in Holt’s method), this method also 

includes a damping parameter 0< <1: 

Diente =O + (P+ G2 +--+ H")d; 

= ay7 + (la) (ey pby_1) 

bob (Get) + (l= pov aa. 

If = 1, the method is identical to Holt’s linear method. For val- 

ues between 0 and 1, ¢ dampens the trend so that it approaches 

a constant some time in the future. In fact, the forecasts con- 

verge to fp + hbr/(1 — ) ash — o& for any value 0 < @ < 1. 

This means that short-run forecasts are trended while long-run 

forecasts are constant. 

In practice, ¢ is rarely less than 0.8 as damping has a very 

strong effect for smaller values. Values of ¢ close to 1 wi 

that a damped model is not able istinguished from a 

non-damped model. Por th we usually restrict d to a 

minimum of 0.8 and a maximum of 0.98. 
eR lS 

Example: Air Passengers (continued) 

Figure 7.3 shows the forecasts for years 2017-2031 generated 

from Holt’s linear trend method and the damped trend method. 

fc <- holt(air, h=15) 

fc2 <- holt(air, damped=TRUE, phi = 0.9, h=15) 

autoplot(air) + 

autolayer(fc, series="Holt's method", PI=FALSE) + 

autolayer(fc2, series="Damped Holt's method", PI=FALSE) + 

ggtitle("Forecasts from Holt's method") + xlab("Year") + 

ylab("Air passengers in Australia (millions)") + 

guides (colour=guide_legend(title="Forecast")) 

We have set the damping parameter to a relatively low number 

(p = 0.90) to exaggerate the effect of damping for comparison. 

Usually, we would estimate ¢ along with the other parameters. 

We have also used a rather large forecast horizon (h = 15) to 

highlight the difference between'a damped trend and a linear 
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Forecasts from Holt's method Figure 7.3: Forecasting 

| total annual passengers 

call meee of air carriers registered 
# in Australia (millions of 

passengers, 1990-2016). 

For the damped trend 

method, ¢ = 0.90. 
Forecast 

WV. Damped Holt’s method 

nw Holt's method 

Air passengers in Australia (millions) 
255 

1990 2000 2010 2020 2030 

Year 

trend. In practice, we would not normally want to forecast so 

many years ahead with only 27 years of data. 

Example: Sheep in Asia 

In this example, we compare the forecasting performance of the 

three exponential smoothing methods that we have considered 

so far in forecasting the sheep livestock population in Asia. The 

data spans the period 1970-2007 and is shown in Figure 7.4. 

autoplot(livestock) + 

xlab("Year") + ylab("Livestock, sheep in Asia (millions)") 

Figure 7.4: Annual 

sheep livestock num- 

bers in Asia (in million 

head) 
400 - 

300 - 

Livestock, sheep in Asia (millions) 

1960 1970 1980 1990 2000 

Year 

We will use time series cross-validation to compare the one-step 

forecast accuracy of the three methods. 
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el <- tsCV(livestock, ses, h=1) 

e2 <- tsCV(livestock, holt, h=1) 

e3 <- tsCV(livestock, holt, damped=TRUE, h=1) 

# Compare MSE: 

mean(e1l*2, na.rm=TRUE) 

#> [1] 178.3 
mean(e2*2, na. rm=TRUE) 

#> fl} 173.4 

mean(e3*2, na. rm=TRUE) 

#> [1] 162.6 

# Compare MAE: 

mean(abs(el), na. rm=TRUE) 

#8532 

mean(abs(e2), na. rm=TRUE) 

#> [1] 8.803 Z 

mean(abs(e3), na. rm=TRUE) 

#> [1] 8.024 

Damped Holt’s method is best whether you compare MAE or 

MSE values. So we will proceed with using the damped Holt’s 

method and apply it to the whole data set to get forecasts for 

future years. 

fc <- holt(livestock, damped=TRUE) 

# Estimated parameters: 

fc[["model"]] 

#> Damped Holt's method 

#> 

#> Call: 

#> holt(y = livestock, damped = TRUE) 

#> 

#> Smoothing parameters: 

#> alpha = 0.9999 

#> beta = 3e-04 

#> phi = 0.9798 

#> 

#> Initial states: 

#> (a= F223735 

#> b = 6.9046 

#> 

#> sigma: 12.84 

#> 

tom ALG  ALCG™ (BIG 

#> 427.6 429.7 438.7 

The smoothing parameter for the slope is estimated to be essen- 

tially zero, indicating that the trend is not changing over time. 

The value of a is very close to one, showing that the level reacts 

strongly to each new observation. 

7 
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autoplot(fc) + 

xLab("Year") + ylab("Livestock, sheep in Asia (millions)") 

Forecasts from Damped Holt's method Figure 7.5: Forecasting 

livestock, sheep in Asia: 

comparing forecasting 

performance of non- 
500 - 
ie seasonal method. 

level 

400 - i 80 

95 

300 - 

Livestock, sheep in Asia (millions) 

' ' ' 
1960 1980 2000 

Year 

The resulting forecasts look sensible with increasing trend, and 

relatively wide prediction intervals reflecting the variation in 

the historical data. The prediction intervals are calculated using 

the methods described in Section 7.5. 

In this example, the process of selecting a method was relatively 

easy as both MSE and MAE comparisons suggested the same 

method (damped Holt’s). However, sometimes different accu- 

racy measures will suggest different forecasting methods, and 

then a decision is required as to which forecasting method we 

prefer to use. As forecasting tasks can vary by many dimensions 

(length of forecast horizon, size of test set, forecast error mea- 

sures, frequency of data, etc.), it is unlikely that one method 

will be better than all others for all forecasting scenarios. What 

we require from a forecasting method are consistently sensible 

forecasts, and these should be frequently evaluated against the 

task at hand. 

7.3. Holt-Winters’ seasonal method 

Holt (1957) and Winters (1960) extended Holt’s method to cap- 

ture seasonality. The Holt-Winters seasonal method comprises 

the forecast equation and three smoothing equations — one 

for the level @;, one for the trend b;, and one for the seasonal 
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component s;, with corresponding smoothing parameters a, f* 

and y. We use m to denote the frequency of the seasonality, i.e., 

the number of seasons in a year. For example, for quarterly data 

m = 4, and for monthly data m = 12. 

There are two variations to this method that differ in the nature 

of the seasonal component. The additive method is preferred 

when the seasonal variations are roughly constant through the 

series, while the multiplicative method is preferred when the 

seasonal variations are changing proportional to the level of the 

series. With the additive method, the seasonal component is 

expressed in absolute terms in the scale of the observed series, 

and in the level equation the series is seasonally adjusted by 

subtracting the seasonal component. Within each year, the 

seasonal component will add up to approximately zero. With 

the multiplicative method, the seasonal component is expressed 

in relative terms (percentages), and the series is seasonally 

adjusted by dividing through by the seasonal component. 

r, thes al component will sum _u 1 

approximately m7. 

Holt-Winters’ additive method 

The component form for the additive method is: 

Dene = Et + hds + St4h—m(k41) 

€, = Q(y; — $m) +(1—@) G4 +073) 

Dp B (Ce tay) p i, 

= VAD Cp Ue) el — Se 

where k is the integer part of (i — 1)/m, which ensures that the 

estimates of the seasonal indices used for forecasting come 

from the final year of the sample. The level equation shows a 

weighted average between the seasonally adjusted observation 

(V; —5;-m) and the non-seasonal forecast (€_; + b;_;) for time tf. 

The trend equation is identical to Holt’s linear method. The sea- 

sonal equation shows a weighted average between the current 

seasonal index, (y; — &_; — b;_;), and the seasonal index of the 

same season last year (i.e., m time periods ago). 

The equation for the seasonal component is often expressed as 

= y(t =) (l= )S) ain: 

19 
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If we substitute €, from the smoothing equation for the level of 

the component form above, we get 

op = y*(1 — ayy = Cie Opa) [1 = il = CS a, 

which is identical to the smoothing equation for the seasonal 

component we specify here, with y = y*(1 — a). The usual 

parameter restriction is 0 < y* < 1, which translates to0 <y < 

L=@. 

Holt-Winters’ multiplicative method 

The component form for the multiplicative method is: 

Dene = (Ep + ADs) Sp 4h—m(k+1) 

Fee Mae etal) i) 
St—m 

B (CpG) Le bg 

Yt 
= 1 Se 

' aCe +0424) De st 

I by 

Example: International tourist visitor nights in Australia 

We apply Holt-Winters’ method with both additive and mul- 

tiplicative seasonality to forecast quarterly visitor nights in 

Australia spent by international tourists. Figure 7.6 shows the 

data from 2005, and the forecasts for 2016-2017. The data show 

an obvious seasonal pattern, with peaks observed in the March 

quarter of each year, corresponding to the Australian summer. 

aust <- window(austourists,start=2005) 

fitl <- hw(aust,seasonal="additive") 

fit2 <- hw(aust,seasonal="multiplicative") 

autoplot(aust) + 

autolayer(fitl, series="HW additive forecasts", PI=FALSE) + 

autolayer(fit2, series="HW multiplicative forecasts", 

PI=FALSE) + 

xlab("Year") + 

ylab("Visitor nights (millions)") + 

ggtitle("International visitors nights in Australia") + 

guides(colour=guide _legend(title="Forecast")) 

The applications of both methods (with additive and multiplica- 

tive seasonality) are presented in Tables 7.3 and 7.4 respectively. 

Because both methods have exactly the same number of parame- 

ters to estimate, we can compare the training RMSE from both 



International visitors nights in Australia 
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Forecast 

HW additive forecasts 

nw HW multiplicative forecasts 

42.66 

24.21 

BLO 

36.37 

69.05 

47.59 

59.24 

64.22 

YT +hIT 
76.10 

51.60 

63.97 

68.37 

78.90 

54.41 

66.77 
HMA 

models. In this case, the method with multiplicative seasonal- 

ity fits the data best. This was to be expected, as the time plot 

shows that the seasonal variation in the data increases as the 

level of the series increases. This is also reflected in the two sets 

of forecasts; the forecasts generated by the method with the 

multiplicative seasonality display larger and increasing seasonal 

variation as the level of the forecasts increases compared to the 

forecasts generated by the method with additive seasonality. 

Figure 7.6: Forecasting 

international visitor 

nights in Australia 

using the Holt-Winters 

method with both addi- 
tive and multiplicative 
seasonality. 

Table 7.3: Applying 

Holt-Winters’ method 

with additive season- 

ality for forecasting 

international visitor 

nights in Australia. 
Notice that the additive 

seasonal component 

sums to approximately 

zero. The smoothing 

parameters and ini- 

tial estimates for the 

components have been 

estimated by minimiz- 

ing RMSE (a@ = 0.306, 
B* = 0.0003, y = 0.426 

and RMSE= 1.763). 
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5 Table 7.4: Applying 

is ft u at us Holt-Winters’ method 

200£01 =3 24 with multiplicative 

2004 Q2 -2 0.77 seasonality for fore- 
2004 Q3 -1 0.96 casting international 

.2004Q4 0 32.49 0.70 1.02 visitor nights in Aus- 
AD O13 35) 0:71. 124) 4909 tralia. Notice that the 
24.65 33.24 0.68 0.77 26:36 multiplicative seasonal 

component sums to 

approximately m = 4. 

The smoothing pa- 

rameters and initial 

estimates for the com- 

ponents have been 

estimated by minimiz- 

2005Q1 1 
2005Q2 2 
2005Q3 3 32.67 33.94 0.68 0.96 32.62 
2005Q4 4 37.26 35.40 0.70 1.02 35.44 

AMS Ql Al AIHOG Seyo7 OMKS 4S 72,58, 

2015 Q2 42 47.70 60.42 0.69 0.77 45.62 

ONS OS 483 OO CI O72 O96  Biei77 ing RMSE (a = 0.441, 

201I5'O4 44°°66.06 63:62 0:75 102 64.38 B* = 0.030, y = 0.002 

h OT+HIT and RMSE= 1.576). 
2ON6T@ ie 80.09 

2016Q2 2 50.15 

2016Q3 3 63.34 

2016Q4 4 68.18 

OOS 83.80 

ZOU OX 6 52.45 

KAM OQOS Ff 66.21 

2017 Q4 8 Pil 22 

The estimated states for both models are plotted in Figure 7.7. 

The small value of y for the multiplicative model means that 

the seasonal component hardly changes over time. The small 

value of 6* for the additive model means the slope component 

hardly changes over time (check the vertical scale). The in- 

creasing size of the seasonal component for the additive model 

suggests that the model is less appropriate than the multiplica- 

tive model. 

Additive states Multiplicative states Figure 7.7: Estimated 
60- 60 - components for the 

50 - 2 50 a Holt-Winters method 
is?) ° ae 

40- 9G 40 - e with additive and 

_ multiplicative seasonal 
v0 

0.7016 - components. 

0.7012 - 3 ee g 
0.7008 - 2 0.65 e 

10- 112° 

5- $ ‘aie g 
0- 8 1,0 8 
-5- 5 09- Ss 
WO 0.8 - 

2007 2010 2013 2016 2007 2010 + 2013-Sts« 06 
Year Year 



7. EXPONENTIAL SMOOTHING 

Holt-Winters’ damped method 

Damping is possible with both additive and multiplicative Holt- 

Winters’ methods. A method that often provides accurate and 

robust forecasts for seasonal data is the Holt-Winters method 

with a damped trend and multiplicative seasonality: 

Di+h|t = [é + (p+? te be] Sean-m(ker1)- 

€; = a(Y4/Sp-m) + (1 — @)(€p-1 + Gb;-1) 

bs = 8 (€;-£:1)+(1-—B )Ob:1 

Ut a ee ee ea er) Creer 
; A CBee Shy) a Aa 

hw(y, damped=TRUE, seasonal="multiplicative") 

Example: Holt-Winters method with daily data 

The Holt-Winters method can also be used for daily type of data, 

where the seasonal period is m = 7, and the appropriate unit of 

time for h is in days. Here, we generate daily forecasts for the 

last five weeks for the hyndsight data, which contains the daily 

pageviews on the Hyndsight blog for one year starting April 30, 

2014. 

fc <- hw(subset(hyndsight,end=length(hyndsight) -35), 

damped = TRUE, seasonal="multiplicative", h=35) 

autoplot(hyndsight) + 

autolayer(fc, series="HW multi damped", PI=FALSE)+ 

guides (colour=guide_legend(title="Daily forecasts")) 
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Figure 7.8: Forecasts of 

daily pageviews on the 

Hyndsight blog. 

2000 - vy! 

! i Daily forecasts 

WW MY. HW multi damped 

hyndsight 

1000 - 

Time 

Clearly the model has identified the weekly seasonal pattern 

and the increasing trend at the end of the data, and the fore- 

casts are a close match to the test data. 
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7.4 Ataxonomy of exponential smoothing methods 

Exponential smoothing methods are not restricted to those 

we have presented so far. By considering variations in the 

combinations of the trend and seasonal components, nine 

exponential smoothing methods are possible, listed in Table 

7.5. Each method is labelled by a pair of letters (T,S) defining 

the type of ‘Trend’ and ‘Seasonal’ components. For example, 

(A,M) is the method with an additive trend and multiplicative 

seasonality; (Ag,N) is the method with damped trend and no 

seasonality; and so on. 

Trend Component Seasonal Component 

N A M. 

(None) (Additive) (Multiplicative) 

N (None) (N,N) (N,A) (N,M) 

A (Additive) (A,N) (A,A) (A,M) 

Aq (Additive damped) (Ag,N) (Aq,A) (Aqg,M) 

Some of these methods we have already seen using other names: 

Short hand Method 

(N,N) Simple exponential smoothing 

(A,N) Holt’s linear method 

(Ag N) Additive damped trend method 

(A,A) Additive Holt-Winters’ method 

(A,M) Multiplicative Holt-Winters’ method 

(Aqg,M) Holt-Winters’ damped method 

This type of classification was first proposed by Pegels (1969), 

who also included a method with a multiplicative trend. It was 

later extended by Gardner (1985) to include methods with an 

additive damped trend and by Taylor (2003) to include methods 

with a multiplicative damped trend. We do not consider the 

multiplicative trend methods in this book as they tend to pro- 

duce poor forecasts. See Hyndman, Koehler, Ord, et al. (2008) 

for a more thorough discussion of all exponential smoothing 

methods. 

Table 7.6 gives the recursive formulas for applying the nine 

exponential smoothing methods in Table 7.5. Each cell includes 

Table 7.5: A two- 

way Classification of 

exponential smoothing 

methods. 
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the forecast equation for generating h-step-ahead forecasts, and 

the smoothing equations for applying the method. 
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Trend Seasonal 

N A M 

Des+hit =€; Ve+hit =t, + St+h—m(k+1) Ve+hit = €1514h—m(k+1) 

N €,=ay,+(l-aje4 €, = AY — Stem) + (1 - aE €, = a(Vt/Stm) + (1 — abr 

Sp =VVr-&-1) + 1- Y) Stem St =V(Y/E-1) + 1 -Y)St—-m 

Ve+hie = €,+hb, 

A €;=ary,+(1—a@) (G1 + 0-1) 

by =) =p) te Ws oa 

De+hle = a ot hb, + Stih—m(k+1) 

l= (Yt — Stem) + (1 — a)(€,-1 + by-1) 

GG) a(t B*)by-1 

Sti Vr =e me by ) AB (1 a Y)St—m 

€, = A(Y/St-m) + 

by, = B°(Ep -—€4-4) + 

Sp = V(V/(Ep-1 + O¢-1)) + 1 -Y) Stim 

Vernit = (€; a hby)St4h—m\(k+1) 

(1—a)(€,-1 + by-1) 

(1 —B")bp-1 

Drsnie = Er + Gn dy 

Ag €,=ay,+(l-a)(E4 + pby_1) 

= [5G a5) ae (il =| 

Ve+hle =, + nb; + Sti h—m(k+1) 

by = P(E; —€-1) + (1 — B") bby 4 

Se = Vv SC aa pby_y )+ (= y)Stim 

7.5 Innovations state space models for exponential 

smoothing 

In the rest of this chapter, we study the statistical models that 

underlie the exponential smoothing methods we have consid- 

ered so far. The exponential smoothing methods presented in 

Table 7.6 are algorithms which generate point forecasts. The sta- 

tistical models in this section generate the same point forecasts, 

but can also generate prediction (or forecast) intervals. A statis- 

tical model is a stochastic (or random) data generating process 

that can produce an entire forecast distribution. We will also 

describe how to using the model selection criteria introduced in 

Chapter 5 to choose the model in an objective manner. 

Each model consists of a measurement equation that describes 

the observed data, and some state equations that describe how 

the unobserved components or states (level, trend, seasonal) 

change over time. Hence, these are referred to as state space 

models. 

For each method there exist two models: one with additive 

errors and one with multiplicative errors. The point forecasts 

produced by the models are identical if they use the same 

smoothing parameter values. They will, however, generate 

different prediction intervals. 

Dr+hie = (€; + Pibt)St+h—m(k+1) 

€, = @(Yp — Seem) + (1 — a )(Er1 + GOp-1) €t = @(Y/Sp-m) + 

by = B*(Ep —&-1) +(1 - B)OOy_-1 

Sp =VV/(Cr1 + PDt-1)) +(1 -Y)St-m 

(L-a@)(€,1 + $b-1) 

Table 7.6: Formulas for 

recursive calculations 

and point forecasts. In 

each case, €; denotes 

the series level at time 

t, b; denotes the slope 

at time t, s; denotes the 

seasonal component 

of the series at time 

t, and m denotes the 

number of seasons in a 

year; a, B*, y and @ are 

smoothing parameters, 

Pr= P+ Pr +--+ Gh, 
and k is the integer part 

of (h-1)/m. 
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To distinguish between a model with additive errors and one 

with multiplicative errors (and also to distinguish the models 

from the methods), we add a third letter to the classification 

of Table 7.5. We label each state space model as ETS(.,-,-) for 

(Error, Trend, Seasonal). This label can also be thought of as 

ExponenTial Smoothing. Using the same notation as in Table 

7.5, the possibilities for each component are: Error = {A,M}, 

Trend = {N,A,Aq} and Seasonal = {N,A,M}. 

ETS(A,N,N): simple exponential smoothing with additive 

errors 

Recall the component form of simple exponential smoothing: 

Forecast equation Desire = Ct 

Smoothing equation 6, =A0p+l — e741; 

If we re-arrange the smoothing equation for the level, we get the 

“error correction” form: 

€,=€,5 + ay; —€-1) 

=€,1+ ae; 

where é; = y; — €-1 = Yt — Vet_-1 18 the residual at time tf. 

The training data errors lead to the adjustment of the estimated 

level throughout the smoothing process for t = 1,...,7. For 

example, if the error at time ¢ is negative, then y; < py,-) and 

so the level at time t — 1 has been over-estimated. The new 

level €, is then the previous level €;_; adjusted downwards. The 

closer a is to one, the “rougher” the estimate of the level (large 

adjustments take place). The smaller the a, the “smoother” the 

level (small adjustments take place). 

We can also write y; = €;_; + e;, so that each observation can be 

represented by the previous level plus an error. To make this 

into an innovations state space model, all we need to do is spec- 

ify the probability distribution for e;. For a model with additive 

errors, we assume that residuals (the one-step training errors) e; 

are normally distributed white noise with mean 0 and variance 

o*. A short-hand notation for this is e, = ¢, ~ NID(0,07); NID 

stands for “normally and independently distributed”. 
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Then the equations of the model can be written as 

Ve = Oy + & (7.2) 

€,=€;_, + ae. (7.3) 

We refer to (7.2) as the measurement (or observation) equation 

and (7.3) as the state (or transition) equation. These two equa- 

tions, together with the statistical distribution of the errors, 

form a fully specified statistical model. Specifically, these con- 

stitute an innovations state space model underlying simple 

exponential smoothing. 

The term “innovations” comes from the fact that all equations 

use the same random error process, €;. For the same reason, 

this formulation is also referred to as a “single source of error” 

model. There are alternative multiple source of error formula- 

tions which we do not present here. 

The measurement equation shows the relationship between 

the observations and the unobserved states. In this case, obser- 

vation y; is a linear function of the level €;_;, the predictable 

part of y;, and the error é€;, the unpredictable part of y;. For 

other innovations state space models, this relationship may be 

nonlinear. 

The state equation shows the evolution of the state through 

time. The influence of the smoothing parameter a is the same 

as for the methods discussed earlier. For example, a governs 

the amount of change in successive levels: high values of a 

allow rapid changes in the level; low values of a lead to smooth 

changes. If a = 0, the level of the series does not change over 

time; if a = 1, the model reduces to a random walk model, 

Vt = Vt-1 + €- (See Section 8.1 for a discussion of this model.) 

ETS(M,N,N): simple exponential smoothing with multiplica- 

tive errors 

In a similar fashion, we can specify models with multiplicative 

errors by writing the one-step-ahead training errors as relative 

errors: : 
Ye — Velt-1 

Delt 

where ¢€; ~ NID(0,o7). Substituting Ver-1 = 4-1 Gives y = 

Ey = 

€4-1 + &_1& and e, =y = Viel = €4-1€. 
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Then we can write the multiplicative form of the state space 

model as 

Yt =&1(1 + &) 

t, = C24 (1 + @é;). 

ETS(A,A,N): Holt’s linear method with additive errors 

For this model, we assume that the one-step-ahead training 

errors are given by €; = y;—&_1 —b;_, ~ NID(0,o7). Substituting 

this into the error correction equations for Holt’s linear method 

we obtain 

Vp = Ep + ya + Et 

e, = Cy4 + bi-1 aP QE 

by = by_1 + Bey, 

where, for simplicity, we have set 6 = af". 

ETS(M,A,N): Holt’s linear method with multiplicative errors 

Specifying one-step-ahead training errors as relative errors such 

that 

Ve Meee 4 id) 

(C1 D3) 

and following an approach similar to that used above, the 

&y = 

innovations state space model underlying Holt’s linear method 

with multiplicative errors is specified as 

Ye = (€¢_1 + bp_1)(1 + &) 

f, = (€¢_-1 + by_1)(1 + wey) 

by = by + B(Ep-1 + Oy-1) et 

where again f = af* and &; ~ NID(0,o7). 

Other ETS models 

In a similar fashion, we can write an innovations state space 

model for each of the exponential smoothing methods of Table 

7.6. Table 7.7 presents the equations for all of the models in the 

ETS framework. 
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Seasonal 

A 
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M 

N Ve =E-1 + & 
€,=6,1,+a@& 

Vt = €p-1 + Stem + Et 
e; = 5-4 + ME, 

St =St-m t+ VEt 

Vt = €4-1St-m + Et 

€, = €y-1 + @E,/St_-m 

St = Stem + VEr/Es-1 

Ve = Ep + Op + 
A e, = Cee + by} + ME; 

by = by_1 + Bey 

Vt =Fr-1 + Pby1 +e 

€; =E-1 + phy + ae; 

by = by) + Bet 

Aq 

MULTIPLICATIVE ERROR MODELS 

Trend 

N 

Ve = p+ Bp + Stem + & 
t; = €;-4 + by-4 + Oe; 

by = by) + Bey 
St =StemtVEt 

Vi C54 + pby-1 + Stem + Et 

€, = C1 + phy + ae; 
by = pby-) + Bet 

St = St-m + VEt 

Seasonal 

A 

Ve = (Et-1 + Op-1)St—m + Et 

e; a €s-1 ar by-4 aus QEt/St—-m 

b; = by-1 + BEs/St—-m 

St = Stim + VEr/(Er-1 + 54-1) 

Ve = (Er-1 + PYt-1)St-m + Et 

€, = €4-1 + Pby_-) + Et/5t_-m 

by = Pby-1 + BEt/St-m 

St = Stem t+ VEr/(Er-1 + PYy-1) 

M 

Ny =&-1(1 + &) 
l; =iasil(ll + @E;) 

Ve = (€¢-1 + Dp-1)(1 + Et) 

A €; = (€:-1 + bp-1)(1 + wey) 

by = By + BCE p-1 + Op-1 Det 

Ve = (Ep-1 + Pby-1)(1 + €) 

€, = (€:1 + Gb;_-1)(1 + we) 

by = by, + BlEr-1 + Pbr-1 et 

Aq 

Ge (E41 + Stom)(1 + €) 

€, = Ep + @(Cp-1 + Stem) Et 

St = St-m + V(Er1 zt Stem) Et 

Vt = €r-1St-m(1 + &t) 

€, = (1+ @é;) 

= Spall ot yet) 

Ve = (€p-1 + D1 + S¢-m)(1 + €¢) 

€, = €p-4 + Oy-4 + @(Ep-1 + De-1 + Stem) Et 

By = Dy_y + B(Cp-1 + By-1 + Stem) Et 

St = St-m + v(Er1 ate bry + Stem) Et 

Vt = (€p-1 + POp-1 + St_m)(1 + Et) 

€, =€-1 + Pbp_-y + @(Ep + POp-1 + Stem)Et 

by = Phy) + B(Ep-1 + POi-1 + St_-m)Et 

Sp = Spopn ey Crete PUP tS pam) et 

7.6 Estimation and model selection 

Estimating ETS models 

An alternative to estimating the parameters by minimizing 

the sum of squared errors is to maximize the “likelihood”. 

The likelihood is the probability of the data arising from the 

specified model. Thus, a large likelihood is associated with 

a good model. For an additive error model, maximizing the 

likelihood gives the same results as minimizing the sum of 

squared errors. However, different results will be obtained for 

n= (E41 F bt-1)St-m(1 + €) 

€, = (€,-1 + by-1)(1 + we) 

By = Dy_-1 + B(Ep-1 + Dp-1 ey 

St = St_m(1 + yey) 

Vr = (E41 + POy-1)St-m(1 + &) 

€, = (E41 + Pby_1 (1 + wey) 

by = bby) + BlEr-1 + Pbr-1 et 

St = Syccal(ll af Ver) 

Table 7.7: State space 

equations for each of 

the models in the ETS 
framework. 

multiplicative error models. In this section, we will estimate the 

smoothing parameters a, f, y and ®@, and the initial states €, bo, 

$0» S—1)+++)S—m41, bY maximizing the likelihood. 
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The possible values that the smoothing parameters can take are 

restricted. Traditionally, the parameters have been constrained 

to lie between 0 and 1 so that the equations can be interpreted 

as weighted averages. That is, 0 < a, f*, y*,¢ < 1. For the state 

space models, we have set B = af* and y = (1-—a)y’*. Therefore, 

the traditional restrictions translate to0 <a<1,0<fB<a 

and 0 < y < 1-a. In practice, the damping parameter ¢p is 

usually constrained further to prevent numerical difficulties in 

estimating the model. In R, it is restricted so that 0.8 < f < 0.98. 

Another way to view the parameters is through a consideration 

of the mathematical properties of the state space models. The 

parameters are constrained in order to prevent observations in 

the distant past having a continuing effect on current forecasts. 

This leads to some admissibility constraints on the parameters, 

which are usually (but not always) less restrictive than the 

traditional constraints region (Hyndman, Koehler, Ord, et 

al. 2008, Ch10). For example, for the ETS(A,N,N) model, the 

traditional parameter region is 0 < a < 1 but the admissible 

region is 0 < a < 2. For the ETS(A,A,N) model, the traditional 

parameter region is 0 <a <1and0< <a but the admissible 

region is0<a<2and0<f<4-2a. 

Model selection 

A great advantage of the ETS statistical framework is that 

information criteria can be used for model selection. The AIC, 

AIC, and BIC, introduced in Section 5.5, can be used here to 

determine which of the ETS models is most appropriate for a 

given time series. 

For ETS models, Akaike’s Information Criterion (AIC) is de- 

fined as 

AIC = —2log(L) + 2k, 

where L is the likelihood of the model and k is the total num- 

ber of parameters and initial states that have been estimated 

(including the residual variance). 

The AIC corrected for small sample bias (AIC,) is defined as 

k(k +1) 
AIG. = AIC st (aes a 
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and the Bayesian Information Criterion (BIC) is 

BIC = AIC + k[log(T) — 2]. 

Three of the combinations of (Error, Trend, Seasonal) can lead 

to numerical difficulties. Specifically, the models that can 

cause such instabilities are ETS(A,N,M), ETS(A,A,M), and 

ETS(A,Aq,M), due to division by values potentially close to 

zero in the state equations. We normally do not consider these 

particular combinations when selecting a model. 

Models with multiplicative errors are useful when the data are 

strictly positive, but are not numerically stable when the data 

contain zeros or negative values. Therefore, multiplicative error 

models will not be considered if the time series is not strictly 
positive, In that case, only the six fully additive models will be 

applied. 

The ets() function in R 

The models can be estimated in R using the ets() function in 

the forecast package. Unlike the ses(), holt() and hw() func- 

tions, the ets() function does not produce forecasts. Rather, 

it estimates the model parameters and returns information 

about the fitted model. By default it uses the AlCc to select an 

appropriate model, although other information criteria can be 

selected. 

The R code below shows the most important arguments that 

this function can take, and their default values. If only the 

time series is specified, and all other arguments are left at their 

default values, then an appropriate model will be selected 

automatically. We explain the arguments below. See the help 

file for a more complete description. 

ets(y, model="ZZZ", damped=NULL, alpha=NULL, beta=NULL, 

gamma=NULL, phi=NULL, lambda=NULL, biasadj=FALSE, 

additive.only=FALSE, restrict=TRUE, 

allow.multiplicative. trend=FALSE) 

y The time series to be forecast. 

model A three-letter code indicating the model to be estimated 

using the ETS classification and notation. The possible inputs 

are “N” for none, “A” for additive; “M” for multiplicative, 

or “Z” for automatic selection. If any of the inputs is left 

Zit 
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as “Z”, then this component is selected according to the 

information criterion. The default value of ZZZ ensures that 

all components are selected using the information criterion. 

damped If damped=TRUE, then a damped trend will be used 

(either A or M). If damped=FALSE, then a non-damped trend 

will used. If damped=NULL (the default), then either a damped 

or a non-damped trend will be selected, depending on which 

model has the smallest value for the information criterion. 

alpha, beta, gamma, phi The values of the smoothing parame- 

ters can be specified using these arguments. If they are set 

to NULL (the default setting for each of them), the parameters 

are estimated. 

lambda Box-Cox transformation parameter. It will be ignored 

if Lambda=NULL (the default value). Otherwise, the time series 

will be transformed before the model is estimated. When 

Lambda is not NULL, additive.onlLy is set to TRUE. 

biasadj If TRUE and lambda is not NULL, then the back- 

transformed fitted values and forecasts will be bias-adjusted. 

additive.only Only models with additive components will 

be considered if additive. only=TRUE. Otherwise, all models 

will be considered. 

restrict If restrict=TRUE (the default), the models that cause 

numerical difficulties are not considered in model selection. 

allow.multiplicative.trend Multiplicative trend models 

are also available, but not covered in this book. Set this 

argument to TRUE to allow these models to be considered. 

Working with ets objects 

The ets() function will return an object of class ets. There are 

many R functions designed to make working with ets objects 

easy. A few of them are described below. 

coef() returns all fitted parameters. 

accuracy() returns accuracy measures computed on the train- 

ing data. 

summary() prints some summary information about the fitted 

model. 

autoplot() and plot() produce time plots of the components. 

residuals() returns residuals from the estimated model. 

fitted() returns one-step forecasts for the training data. 
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simulate() will simulate future sample paths from the fitted 

model. 

forecast() computes point forecasts and prediction intervals, 

as described in the next section. 

Example: International tourist visitor nights in Australia 

We now employ the ETS statistical framework to forecast tourist 

visitor nights in Australia by international arrivals over the 

period 2016-2019. We let the ets() function select the model 

by minimizing the AICc. 

aust <- window(austourists, start=2005) 
fit <- ets(aust) # 
summary (fit) 

#> ETS(M,A,M) 

#> Call: 

#> ets(y = aust) 

#> Smoothing parameters: 

#> alpha = 0.1908 

#> beta = 0.0392 

#> gamma = 2e-04 

#> 

#> Initial states: 

#> l = 32,3679 

#> b = 0.9281 

#> s-= 1.022 0.9628 0.7683 1.247 

#> 

#> sigma: 0.0383 

#> 

Hay MALG-ALCE —~ (BIC 

#> 224.9 230.2 240.9 

#> 

#> Training set error measures: 

#> ME RMSE MAE MPE MAPE MASE 

#> Training set 0.04837 1.671 1.25 -0.1846,2.693 0.4095 

#> ACF1 

#> Training set 0.2006 

The model selected is ETS(M,A,M): 

Yt = (€¢-1 + Be) Stm(1 + €t) 

, = (€4-1 + Dy_1)(1 + wey) 

by = Dy_y + B(Ep-1 + Dp, et 

fp ere! a3 Vet). 
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214 FORECASTING: PRINCIPLES AND PRACTICE 

The parameter estimates are @ = 0.1908, 8 = 0.03919, and 

y = 0.0001917. The output also returns the estimates for the 

initial states €, bg, So, S_1, S_2 and s_3. Compare these with 

the values obtained for the equivalent Holt-Winters method 

‘with multiplicative seasonality presented in Table 7.4. The 

ETS(M,A,M) model will give different point forecasts to the 

multiplicative Holt-Winters’ method, because the parameters 

have been estimated differently. With the ets() function, the 

default estimation method is maximum likelihood rather than 

minimum sum of squares. 

Figure 7.9 shows the states over time, while Figure 7.11 shows 

point forecasts and prediction intervals generated from the 

model. The small values of 8 and y mean that the slope and 

seasonal components change very little over time. The narrow 

prediction intervals indicate that the series is relatively easy to 

forecast due to the strong trend and seasonality. 

autoplot (fit) 

Components of ETS(M,A,M) method 

i reer 
observed 

| 

level 
| 

=) Oo Lop - 

slope 

[ caeesesr m0) 

o ' 

season 

' ' ' 1 
2007 2010 2013 2016 

Because this model has multiplicative errors, the residuals are 

not equivalent to the one-step training errors. The residuals are 

given by é;, while the one-step training errors are defined as 

Vt — Vejt-1- We can obtain both using the residuals() function. 

cbind('Residuals' = residuals(fit), 

‘Forecast errors’ = residuals(fit,type='response')) %>% 

autoplot(facet=TRUE) + xlab("Year") + ylab("") 

Figure 7.9: Graphical 

representation of the 

estimated states over 

time. 
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Figure 7.10: Residuals 

and one-step fore- 

cast errors from the 
ETS(M,A,M) model. 

0.05 - 

sjenpisay 

$1019 JSLD8JO4 

2007 2010 2013 2016 
Year 

The type argument is used in the residuals() function to 

distinguish between residuals and forecast errors. The default is 

type='innovation' which gives regular residuals. 

7.7 Forecasting with ETS models 

Point forecasts are obtained from the models by iterating the 

equations for t= T +1,...,T +h and setting all e, = 0 for t>T. 

For example, for model ETS(M,A,N), yr41 = (€r + br)(1 + €741). 

Therefore P7.1)7 = €7 + br. Similarly, 

Vr+2 = (Era + b741)(1 + Er sy) 

=[(Or + b7)(1 + e743) + by + Bley + bz eri) Cl + ery). 

Therefore, ¥r,2)r = €7 + 2b, and so on. These forecasts are identi- 

cal to the forecasts from Holt’s linear method, and also to those 

from model ETS(A,A,N). Thus, the point forecasts obtained 

from the method and from the two models that underlie the 

method are identical (assuming that the same parameter values 

are used). 
ee 

ETS point forecasts are equal to the medians of the forecast 

distributions. For models with only additive components, the 

forecast distributions are normal, so the medians and means 

are equal. For ETS models with multiplicative errors, or with 

multiplicative seasonality, the point forecasts will not be equal 

to the means of the forecast distributions. 
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To obtain forecasts from an ETS model, we use the forecast () 

function. 

fit %>% forecast(h=8) %>% 

autoplot() + 

ylab("International visitor night in Australia (millions)") 

Forecasts from ETS(M,A,M) Figure 7.11: Forecast- 

ing international visitor 

nights in Australia 

using an ETS(M,A,M) 

model. 
80 - 

level 

80 

95 

International visitor night in Australia (millions) 

2008 2012 2016 

Time 

Prediction intervals 

A big advantage of the models is that prediction intervals can 

also be generated — something that cannot be done using the 

methods. The prediction intervals will differ between models 

with additive and multiplicative methods. 

For most ETS models, a prediction interval can be written as 

VT+nT +COp 

where c depends on the coverage probability, and a, is the 

forecast variance. Values for c were given in Table 3.1. For ETS 

models, formulas for o; can be complicated; the details are 

given in Chapter 6 of Hyndman, Koehler, Ord, et al. (2008). 

In Table 7.8 we give the formulas for the additive ETS models, 

which are the simplest. 

For a few ETS models, there are no known formulas for pre- 

diction intervals. In these cases, the forecast() function uses 

simulated future sample paths and computes prediction inter- 

vals from the percentiles of these simulated future paths. 
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Model Forecast variance: o/ Table 7.8: Forecast 
Varlance expressions 

(A,N,N) op = oI ge a*(h = 1)| for each additive state 

space model, where o7 

Dee. D 1 p2 is the residual variance, 
(AAN) o2=0 F +(h-1){a? + aph+ 1 p2h(2h - i) pherestcyahy 

period, and k is the 

(A,AgN) of =o" +a2(h—-1)+ PP (2a(1 - p) + Bo} re alata er Oa 
(1-$) (i.e., the number of 

yer complete years in the 

= eer {2e(1 - fp) TPO ZO 6) forecast period prior to 

? E time T +h). 

(AN,A) o2= a Pe yee | 

(AAA) of =o7|1+(h-1){a?+aph+ tp7h(2h-1)} 

+ yk{2a +y+ pm(k+ 1) 

(A,Ag,A) of =07|1+a7(h-1l)+yk(2a+y) 

oe CLUS D1 8 
aeriean (24(1 -— 6) + BG(1 + 2g- $")} 

+ gage (KL -9")- "(1 omy 

Using forecast() 

The R code below shows the possible arguments that this func- 

tion takes when applied to an ETS model. We explain each of 

the arguments in what follows. 

forecast(object, h=ifelse(object$m>1, 2*object$m, 10), 

level=c(80,95), fan=FALSE, simulate=FALSE, bootstrap=FALSE, 

npaths=5000, PI=TRUE, Lambda=object$lambda, biasadj=NULL, ...) 

object The object returned by the ets() function. 

h The forecast horizon — the number of periods to be forecast. 

level The confidence level for the prediction intervals. 

fan If fan=TRUE, Llevel=seq(50,99, by=1). This is suitable for 

fan plots. 

simulate If simulate=TRUE, prediction intervals are produced 

by simulation rather than using algebraic formulas. Simula- 

tion will also be used (even if simulate=FALSE) where there 

are no algebraic formulas available for the particular model. 
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bootstrap If bootstrap=TRUE and simulate=TRUE, then the 

simulated prediction intervals use re-sampled errors rather 

than normally distributed errors. 

npaths The number of sample paths used in computing simu- 

lated prediction intervals. 

PI If PI=TRUE, then prediction intervals are produced; other- 

wise only point forecasts are calculated. 

lambda The Box-Cox transformation parameter. This is ig- 

nored if Lambda=NULL. Otherwise, the forecasts are back- 

transformed via an inverse Box-Cox transformation. 

biasadj If lambda is not NULL, the backtransformed forecasts 

(and prediction intervals) are bias-adjusted. 

7.8 Exercises 8 

1. Consider the pigs series — the number of pigs slaughtered 

in Victoria each month. 

a. Use the ses() function in R to find the optimal values of 

a and €9, and generate forecasts for the next four months. 

b. Compute a 95% prediction interval for the first forecast 

using 9 +1.96s where s is the standard deviation of the resid- 

uals. Compare your interval with the interval produced by 

R. 

2. Write your own function to implement simple exponential 

smoothing. The function should take arguments y (the time 

series), alpha (the smoothing parameter @) and level (the 

initial level €)). It should return the forecast of the next 

observation in the series. Does it give the same forecast as 

ses()? 

3. Modify your function from the previous exercise to return 

the sum of squared errors rather than the forecast of the 

next observation. Then use the optim() function to find the 

optimal values of a and €). Do you get the same values as the 

ses() function? 

4. Combine your previous two functions to produce a func- 

tion which both finds the optimal values of a and €, and 

produces a forecast of the next observation in the series. 
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5. Data set books contains the daily sales of paperback and 

hardcover books at the same store. The task is to forecast the 

next four days’ sales for paperback and hardcover books. 

Plot the series and discuss the main features of the data. 

Cr a . Use the ses() function to forecast each series, and plot 

the forecasts. 

c. Compute the RMSE values for the training data in each 

case. 

6. a. Now apply Holt’s linear method to the paperback and 

hardback series and compute four-day forecasts in each 

case. 

b. Compare the RMSE measures of Holt’s method for the 

two series to those of simple exponential smoothing in the 

previous question. (Remember that Holt’s method is using 

one more parameter than SES.) Discuss the merits of the 

two forecasting methods for these data sets. 

c. Compare the forecasts for the two series using both meth- 

ods. Which do you think is best? 

d. Calculate a 95% prediction interval for the first forecast 

for each series, using the RMSE values and assuming nor- 

mal errors. Compare your intervals with those produced 

using ses and holt. 

7. For this exercise use data set eggs, the price of a dozen eggs 

in the United States from 1900-1993. Experiment with the 

various options in the holt() function to see how much 

the forecasts change with damped trend, or with a Box-Cox 

transformation. Try to develop an intuition of what each 

argument is doing to the forecasts. 

[Hint: use h=100 when calling holt() so you can clearly see 

the differences between the various options when plotting 

the forecasts. | 

Which model gives the best RMSE? 

8. Recall your retail time series data (from Exercise 3 in Section 

pile 

a. Why is multiplicative seasonality necessary for this series? 

b. Apply Holt-Winters’ multiplicative method to the data. 

Experiment with making the trend damped. 
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. Compare the RMSE of the one-step forecasts from the two 

methods. Which do you prefer? 

. Check that the residuals from the best method look like 

white noise. 

. Now find the test set RMSE, while training the model to 

the end of 2010. Can you beat the seasonal naive approach 

from Exercise 7 in Section 3.7? 

9. For the same retail data, try an STL decomposition applied 

to the Box-Cox transformed series, followed by ETS on the 

seasonally adjusted data. How does that compare with your 

best previous forecasts on the test set? 

10. For this exercise use data set ukcars, the quarterly UK 

passenger vehicle production data from 1977Q1-2005Q1. 

a. Plot the data and describe the main features of the series. 

b. Decompose the series using STL and obtain the seasonally 

h. 

adjusted data. 

. Forecast the next two years of the series using an additive 

damped trend method applied to the seasonally adjusted 

data. (This can be done in one step using stlf() with 

arguments etsmodel="AAN", damped=TRUE.) 

. Forecast the next two years of the series using Holt’s 

linear method applied to the seasonally adjusted data (as 

before but with damped=FALSE). 

. Now use ets() to choose a seasonal model for the data. 

Compare the RMSE of the ETS model with the RMSE 

of the models you obtained using STL decompositions. 

Which gives the better in-sample fits? 

. Compare the forecasts from the three approaches? Which 

seems most reasonable? 

Check the residuals of your preferred model. 

11. For this exercise use data set visitors, the monthly Aus- 

tralian short-term overseas visitors data, May 1985-April 

2005. 

a. 

b. 

Make a time plot of your data and describe the main 

features of the series. 

Split your data into a training set and a test set compris- 

ing the last two years of available data. Forecast the test 

set using Holt-Winters’ multiplicative method. 
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c. Why is multiplicative seasonality necessary here? 

d. Forecast the two-year test set using each of the following 

methods: 

i) an ETS model; 

ii) an additive ETS model applied to a Box-Cox trans- 

formed series; 

iil) a seasonal naive method; 

iv) an STL decomposition applied to the Box-Cox trans- 

formed data followed by an ETS model applied to the 

seasonally adjusted (transformed) data. 

e. Which method gives the best forecasts? Does it pass the 

residual tests? : 

f. Compare the same four methods using time series cross- 

validation with the tsCV() function instead of using a 

training and test set. Do you come to the same conclu- 

sions? 

12. The fets() function below returns ETS forecasts. 

fets <- function(y, h) { 

forecast(ets(y), h = h) 

} 

a. Apply tsCV() for a forecast horizon of h = 4, for both ETS 

and seasonal naive methods to the qcement data, (Hint: 

use the newly created fets() and the existing snaive() 

functions as your forecast function arguments.) 

b. Compute the MSE of the resulting 4-step-ahead errors. 

(Hint: make sure you remove missing values.) Why are 

there missing values? Comment on which forecasts are 

more accurate. Is this what you expected? 

13. Compare ets(), snaive() and stlf() on the following six 

time series. For stlf(), you might need to use a Box-Cox 

transformation. Use a test set of three years to decide what 

gives the best forecasts. ausbeer, bricksq, dole, a10, h02, 

usmeLec. 

14. a. Use ets() on the following series: 

bicoal, chicken, dole, usdeaths, lynx, ibmclose, eggs. 

Does it always give good forecasts? 
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b. Find an example where it does not work well. Can you 

figure out why? 

15. Show that the point forecasts from an ETS(M,A,M) model 

are the same as those obtained using Holt-Winters’ multi- 

plicative method. 

16. Show that the forecast variance for an ETS(A,N,N) model is 

given by 

oI a(h= 1)]. 

17. Write down 95% prediction intervals for an ETS(A,N,N) 

model as a function of €7, a, h and o, assuming Gaussian 

errors. 

7.9 Further reading 

¢ Two articles by Ev Gardner (Gardner 1985, 2006) provide a 

great overview of the history of exponential smoothing, and 

its many variations. 

° A full book treatment of the subject providing the mathe- 

matical details is given by Hyndman, Koehler, Ord, et al. 

(2008). 



Chapter 8 

ARIMA models? balok tue Stoeionry dat 

ARIMA models provide another approach to time series fore- 

casting. Exponential smoothing and ARIMA models are the 

two most widely-used approaches to time series forecasting, 

and provide complementary approaches to the problem. While 

exponential smoothing models are based on a description of 

the trend and seasonality in the data, ARIMA models aim to 

describe the autocorrelations in the data. 

Before we introduce ARIMA models, we must first discuss the 

concept of stationarity and the technique of differencing time 

series. 

8.1 Stationarity and differencing 

A stationary time series is one whose pro j not depend 

on theti hich the series is observed.! Thus, time series ' More precisely, if {y;} 
is a stationary time with trends, or with seasonality, are not stationary — the trend : 
series, then for all s, 

and seasonality will affect the value of the time series at differ- thedisiribution of 

ent times. On the other hand, a white noise series is stationary (Vt,---,Vi+s) does not 
depend on t. 

— it does not matter when you observe it, it should look much 

the same at any point in time. 

Some cases can be confusing — a time series with cyclic be- 

haviour (but with no trend or seasonality) is stationary. This is 

because the cycles are not of a fixed length, so before we observe 

the series we cannot be sure where the peaks and troughs of the 

cycles will be. 
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Day 
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' ' ‘ ' ’ 
1900 1920 1940 1960 1980 

Year 

Year 

strikes 

pigs 

elec 

In general, a stationary time series will have no predictable 

patterns in the long-term. Time plots will show the series to be 

roughly horizontal (although some cyclic behaviour is possible), 

with constant variance. 
a gee OE EE OE STD 

Consider the nine series plotted in Figure 8.1. Which of these 

do you think are stationary? 

Obvious seasonality rules out series (d), (h) and (i). Trends and 

changing levels rules out series (a), (c), (e), (f) and (i). Increas- 

ing variance also rules out (i). That leaves only (b) and (g) as 

stationary series. 

At first glance, the strong cycles in series (g) might appear to 

make it non-stationary. But these cycles are aperiodic — they 

are caused when the lynx population becomes too large for the 

available feed, so that they stop breeding and the population 

falls to very low numbers, then the regeneration of their food 

sources allows the population to grow again, and so on. In the 

long-term, the timing of these cycles is not predictable. Hence 

the series is stationary. 

(Cc) 
6000 - 

4000 - 

‘ ‘ 
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16000 - 

12000 - 

8000 - 

4000 - 

+980 1990 

Year 

Figure 8.1: Which 

of these series are 

stationary? (a) Google 

stock price for 200 

consecutive days; (b) 

Daily change in the 

Google stock price for 

200 consecutive days; 

(c) Annual number 

of strikes in the US; 

(d) Monthly sales 

of new one-family 

houses sold in the US; 

(e) Annual price of 

a dozen eggs in the 

US (constant dollars); 

(£) Monthly total of 

pigs slaughtered in 

Victoria, Australia; 

(g) Annual total of 

lynx trapped in the 

McKenzie River district 

of north-west Canada; 

(h) Monthly Australian 

beer production; (i) 

Monthly Australian 

electricity production. 

' ’ 
1960 1970 
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Differencing 

In Figure 8.1, note that the Google stock price was non- 

stationary in panel (a), but the daily changes were stationary 

in panel (b). This shows one way to make a non-stationary 

time series stationary — compute the differences between 

consecutive observations. This is known as differencing. 

Transformations such as logarithms can help to stabilize the 

variance of a time series. Differencing can help stabilize the 

mean of a time series by removing changes in the level of a 

time series, and therefore eliminating (or reducing) trend and 

seasonality. 

As well as looking at the time plot of the data, the ACF plot 

is also useful for identifying non-stationary time series. For 

a stationary time series, the ACF will drop to zero relatively 

quickly, while the ACF of non-stationary data decreases slowly. 

Also, for non-stationary data, the value of r; is often large and 

positive. 

Series: goog200 Series: diff(goog200) 
1.00 - 0.1.5 nc perspec steinen yee 45 Araneae Minmenn ns setae. 

0.75 0.10 - 

0.05 - 

tL 0.50 - Le At 
).0¢ g oe 

0.25 -0.05 - 

9.10 

i OS a eee. een — nee Senne re Seman 
0 5 0 15 20 0 5 0 5 20 

Lag Lag 

Box. test (diff (goog200), lag=10, type="Ljung-Bcox") 

#> Box-Ljung test 

#> data: diff(goog200) 

#> X-squared = 11, df = 10, p-value = 0.4 

The ACF of the differenced Google stock price looks just like 

that of a white noise series. There are no autocorrelations lying 

outside the 95% limits, and the Ljung-Box Q* statistic has a 

p-value of 0.355 (for h = 10). This suggests that the daily change 

in the Google stock price is essentially a random amount which 

is uncorrelated with that of previous days. 

Figure 8.2: The ACF of 

the Google stock price 

(left) and of the daily 

changes in Google stock 

price (right). 
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Random walk model 

The differenced series is the change between consecutive obser- 

vations in the original series, and can be written as 

Vi = Vi — Vet: 

The differenced series will have only T — 1 values, since it is not 

possible to calculate a difference y; for the first observation. 

When the differenced series is white noise, the model for the 

original series can be written as 

Vi > Yi-1 = Ep 

where €; denotes white noise. Rearranging this leads to the 
S 

“random walk” model 

Vt = Ve-1 + Ey. 

Random walk models are very widely used for non-stationary 

data, particularly financial and economic data. Random walks 

typically have: 

¢ long periods of apparent trends up or down 

¢ sudden and unpredictable changes in direction. 

The forecasts from a random walk model are equal to the last 

observation, as future movements are unpredictable, and are 

equally likely to be up or down. Thus, the random walk model 

underpins naive forecasts, first introduced in Section 3.1. 

A closely related model allows the differences to have a non- 

zero mean. Then 

Vi— Viel = CF Ey or VE Cy ete pa 

The value of c is the average of the changes between consecutive 

observations. If c is positive, then the average change is an 

increase in the value of y;. Thus, y; will tend to drift upwards. 

However, if c is negative, y; will tend to drift downwards. 

This is the model behind the drift method, also discussed in 

Section 3.1. 
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Second-order differencing 

Occasionally the differenced data will not appear to be station- 

ary and it may be necessary to difference the data a second time 

to obtain a stationary series: 

We =W-Ver 

Aiea) aa V pai Vie) 

= 9p — 2) 4-1 + Yp-2- 

In this case, y;’ will have T — 2 values. Then, we would model the 

“change in the changes” of the original data. In practice, it is 

almost never necessary to go beyond second-order differences. 

Seasonal differencing 

A seasonal difference is the difference between an observation 

and the previous observation from the same season. So 

Vi =Vi Views 

where m = the number of seasons. These are also called “lag-m 

differences”, as we subtract the observation after a lag of m 

periods. 

If seasonally differenced data appear to be white noise, then an 

appropriate model for the original data is 

Vt = Vt-m + Et. 

Forecasts from this model are equal to the last observation from 

the relevant season. That is, this model gives seasonal naive 

forecasts, introduced in Section 3.1. 

The bottom panel in Figure 8.3 shows the seasonal differences 

of the logarithm of the monthly scripts for A10 (antidiabetic) 

drugs sold in Australia. The transformation and differencing 

have made the series look relatively stationary. 

cbind("Sales ($million)" = al0, 

"Monthly log sales" = log(al0), 

"Annual change in log sales" = diff(log(al0),12)) %>% 

autoplot(facets=TRUE) + 

xlab("Year") + ylab("") + 

ggtitle("Antidiabetic drug sales") 

a 
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Antidiabetic drug sales Figure 8.3: Logs and 

sic seasonal differences 
of the A10 (antidia- 

betic) sales data. The 

logarithms stabilize 

the variance, while the 

AE seasonal differences 

remove the seasonality 

and trend. 

(uo|wg) sales 

sales Bo; Ajujuoyy 

' 

sayes 60} u| aueyo yenuuy 

1995 2000 2005 

Year 

To distinguish seasonal differences from ordinary differences, 

we sometimes refer to ordinary differences as “first differences”, 

meaning differences at lag 1. 

Sometimes it is necessary to take both a seasonal difference 

and a first difference to obtain stationary data, as is shown in 

Figure 8.4. Here, the data are first transformed using logarithms 

(second panel), then seasonal differences are calculated (third 

panel). The data still seem somewhat non-stationary, and so a 

further lot of first differences are computed (bottom panel). 

cbhind("Billion kwh" = usmelec, 

"Logs" = log(usmelec), 

"Seasonally\n differenced logs" = 

diff(log(usmelec),12), 

“Doubly\n differenced logs" = 

diff (diff(log(usmelec),12),1)) %>% 

autoplot(facets=TRUE) + 

Xlab("Year") + ylab("") + 

ggtitle("Monthly US net electricity generation") 
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Monthly US net electricity generation 
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There is a degree of subjectivity in selecting which differences 

to apply. The seasonally differenced data in Figure 8.3 do not 

show substantially different behaviour from the seasonally 

differenced data in Figure 8.4. In the latter case, we could have 

decided to stop with the seasonally differenced data, and not 

done an extra round of differencing. In the former case, we 

could have decided that the data were not sufficiently stationary 

and taken an extra round of differencing. Some formal tests 

for differencing are discussed below, but there are always some 

choices to be made in the modelling process, and different 

analysts may make different choices. 

Figure 8.4: Top panel: 

US net electricity 

generation (billion 

kWh). Other panels 

show the same data 

after transforming and 

differencing. 
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If y; = vt —Vt-m denotes a seasonally differenced series, then the 

twice-differenced series is 

Ve =Ve-Vey 

= (Y;— Vier) = (Vip = Viena) 

Sp Se, 1 mt Yt m-—1 

When both seasonal and first differences are applied, it makes 

no difference which is done first—the result will be the same. 

However, if the data have a strong seasonal pattern, we rec- 

ommend that seasonal differencing be done first, because the 

resulting series will sometimes be stationary and there will be 

no need for a further first difference. If first differencing is done 

first, there will still be seasonality present. 

It is important that if differencing is used, the differences are 

interpretable. First differences are the change between one 

observation and the next. Seasonal differences are the change 

between one year to the next. Other lags are unlikely to make 

much interpretable sense and should be avoided. 

Unit root tests 

One way to determine more objectively whether differencing is 

required is to use a unit root test. These are statistical hypothesis 

tests of stationarity that are designed for determining whether 

differencing is required. 

A number of different unit root tests are available, which are 

based on different assumptions and may lead to conflicting 

answers. In our analysis, we use the Kwiatkowski-Phillips- 

Schmidt-Shin (KPSS) test (Kwiatkowski et al. 1992). In this test, 

the null hypothesis is that the data are stationary, and we look 

for evidence that the null hypothesis is false. Consequently, 

small p-values (e.g., less than 0.05) suggest that differencing 

is required. The test can be computed using the ur.kpss() 

function from the urca package’. > https: //cran. 
r-project.org/ 

package=urca 
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For example, let us apply it to the Google stock price data. 

Library (urca) 

goog %>% ur.kpss() %>% summary() 
#> 

#> #HHHHHHHHHHHHH AHHH 

#> # KPSS Unit Root Test # 

#> HHHHHHEHHHHHHE HHA 

#> 

#> Test is of type: mu with 7 lags. 

#> 

#> Value of test-statistic is: 10.72 

#> 

#> Critical value for a significance level of: 

#> LODGE oO DGE 2 ONGE © LUGE 

#> critical values 0.347 0.463 0.574 0.739 ‘ 

The test statistic is much bigger than the 1% critical value, 

indicating that the null hypothesis is rejected. That is, the data 

are not stationary. We can difference the data, and apply the test 

again. 

goog %>% diff() %>% ur.kpss() %>% summary() 

#> 

#> EE 

#> # KPSS Unit Root Test # 

H> HEEHEHHHEHEHHHHHAAEAHHAE 

#> 

#> Test is of type: mu with 7 lags. 

#> 

#> Value of test-statistic is: 0.0324 

#> 

#> Critical value for a significance level of: 

#> LOPCE DDCES Zr OpCt  LpCt 

#> critical values 0.347 0.463 0.574 0.739 

This time, the test statistic is very small, and well within the 

range we would expect for stationary data. So we can conclude 

that the differenced data are stationary. 

This process of using a sequence of KPSS tests to determine the 

appropriate number of first differences is carried out by the 

function ndiffs(). 

ndiffs(goog) 

a> {lf} 

As we saw from the KPSS tests above, one difference is required 

to make the goog data stationary. 

231 
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A similar function for determining whether seasonal differ- 

encing is required is nsdiffs(), which uses the measure of 

seasonal strength introduced in Section 6.7 to determine the ap- 

propriate number of seasonal differences required. No seasonal 

differences are suggested if Fs < 0.64, otherwise one seasonal 

difference is suggested. 

We can apply nsdiffs() to the logged US monthly electricity 

data. 

usmelec %>% log() %>% nsdiffs() 
He 

usmelec %>% Log() %>% diff(lag=12) %>% ndiffs() 

cieamyhali| il 

Because nsdiffs() returns 1 (indicating one seasonal difference 

is required), we apply the ndiffs() function to the seasonally 

differenced data. These functions suggest we should do both a 

seasonal difference and a first difference. 

8.2 Backshift notation 

The backward shift operator B is a useful notational device 

when working with time series lags: 

By; = Vt-1- 

(Some references use L for “lag” instead of B for “backshift”.) 

In other words, B, operating on y;, has the effect of shifting the 

data back one period. Two applications of B to y; shifts the data 

back two periods: 

B(By;) = By, = Vic 

For monthly data, if we wish to consider “the same month last 

year,” the notation is B!*y, = y,_19. 

The backward shift operator is convenient for describing the 

process of differencing. A first difference can be written as 

Vi =W-Vi-r = y, — By, = (1— B)y, . 

Note that a first difference is represented by (1 — B). Similarly, if 

second-order differences have to be computed, then: 

Ve = ye — 21-1 + Yr-2 = (1 - 2B + B’)y, = (1-B)? yy. 
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In general, a dth-order difference can be written as 

(1 —B)*y,. 

Backshift notation is very useful when combining differences 

as the operator can be treated using ordinary algebraic rules. In 

particular, terms involving B can be multiplied together. 

For example, a seasonal difference followed by a first difference 

can be written as 

(1 —B)(1-B™)y, = (1 -B—B”™ + B™*)y, 

Sy = 1 wh mt Yt m-1» 

the same result we obtained earlier. 

8.3 Autoregressive models 

In a multiple regression model, we forecast the variable of 

interest using a linear combination of predictors. In an au- 

toregression model, we forecast the variable of interest using 

a linear combination of past values of the variable. The term 

autoregression indicates that it is a regression of the variable 

against itself. 

Thus, an autoregressive model of order p can be written as 

Ve =C+ Pi yt-1 + Payt-2 +++ + PpVt_p + Et» 

where €; is white noise. This is like a multiple regression but 

with lagged values of y; as predictors. We refer to this as an 

AR(p) model, an autoregressive model of order p. 

Autoregressive models are remarkably flexible at handling a 

wide range of different time series patterns. The two series 

in Figure 8.5 show series from an AR(1) model and an AR(2) 

model. Changing the parameters ¢,...,fp results in different 

time series patterns. The variance of the error term ¢; will only 

change the scale of the series, not the patterns. 

For an AR(1) model: 

¢ when @, = 0, y; is equivalent to white noise; 

¢ when @, = 1 andc=0, y; is equivalent to a random walk; 

239 
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AR(1) AR(2) 
20:0 = 

200s 

' ' ' 1 ' ' ' ' 1 
0 20 40 60 80 100 0 20 40 60 80 100 

* when @ = 1 andc ~ 0, y; is equivalent to a random walk 

with drift; 

* when ¢, < 0, y; tends to oscillate between positive and 

negative values; 8 

We normally restrict autoregressive models to stationary data, 

in which case some constraints on the values of the parameters 

are required. 

¢ For an AR(1) model: -1 < @, <1. 

e For an AR(2) model: -1 < @2 <1, ¢6,+¢2 <1, 

When p > 3, the restrictions are much more complicated. R 

takes care of these restrictions when estimating a model. 

8.4 Moving average models 

Rather than using past values of the forecast variable in a 

regression, a moving average model uses past forecast errors in 

a regression-like model. 

Ye = CHE, +O E4_1 + O2Es_2 +--+ + Oya, 

where €; is white noise. We refer to this as an MA(q) model, a 

moving average model of order g. Of course, we do not observe 

the values of €;, so it is not really a regression in the usual sense. 

Notice that each value of y; can be thought of as a weighted 

moving average of the past few forecast errors. However, mov- 

ing average models should not be confused with the moving 

average smoothing we discussed in Chapter 6. A moving aver- 

age model is used for forecasting future values, while moving 

Figure 8.5: Two ex- 

amples of data from 

autoregressive models 

with different parame- 

ters. Left: AR(1) with 

(iy = Mes Wie a) se Cite 

Right: AR(2) with y; = 

Sri le SY pats On peter 

In both cases, €; is 

normally distributed 

white noise with mean 

zero and variance one. 



8. ARIMA MODELS) 235 

MA\(1) MA(2) Figure 8.6: Two ex- 

amples of data from 

moving average models 

with different parame- 

ters. Left: MA(1) with 

0.o- WW Ye= 20 ep 0, Seri. 

el Right: MA(2) with 

Wp = 8 SS ae Ooi 

18- i In both cases, €; is 

normally distributed 

50- white noise with mean 

0 20 40 60 80 100 0 20 40 60 80 100 zero and variance one. 
Time Time 

22 = 2.5 = 

20 - 

average smoothing is used for estimating the trend-cycle of past 

values. 

Figure 8.6 shows some data from an MA(1) model and an 

MA(2) model. Changing the parameters 01,...,0, results in 

different time series patterns. As with autoregressive models, 

the variance of the error term ¢; will only change the scale of 

the series, not the patterns. 

It is possible to write any stationary AR(p) model as an MA(co) 

model. For example, using repeated substitution, we can 

demonstrate this for an AR(1) model: 

Vt = Pive-1 + €t 

= $1 (Piyt-2 + Et-1) + Et 

= Pi Ye-2 + Dpepa t ej 

= OTy-3 + Ot Et-2 + PyEp1 + € 

Ores 

Provided —1 < q, < 1, the value of ok will get smaller as k gets 

larger. So eventually we obtain 

: ‘ 2D Sa 
Ve = Er + PrErrt PpErr2+ Pj eat, 

an MA(oo) process. 

The reverse result holds if we impose some constraints on the 

MA parameters. Then the MA model is called invertible. That 

is, we can write any invertible MA(q) process as an AR(co) 

process. Invertible models are not simply introduced to enable 

us to convert from MA models to AR models. They also have 

some desirable mathematical properties. 
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For example, consider the MA(1) process, y; = €; + 9; €;_1. In its 

AR(co) representation, the most recent error can be written as a 

linear function of current and past observations: 

=) (-O yj. 
j=0 

When |6| > 1, the weights increase as lags increase, so the 

more distant the observations the greater their influence on the 

current error. When |6| = 1, the weights are constant in size, and 

the distant observations have the same influence as the recent 

observations. As neither of these situations make much sense, 

we require |9| < 1, so the most recent observations have higher 

weight than observations from the more distant past. Thus, the 

process is invertible when |9| < 1. 

The invertibility constraints for other models are similar to the 

stationarity constraints. 

¢ For an MA(1) model: -1 <0, <1. 

¢ For an MA(2) model: -1 <6) <1, 0,+0, >-1, 0,;-0@) <1. 

More complicated conditions hold for q > 3. Again, R will take 

care of these constraints when estimating the models. 

8.5 Non-seasonal ARIMA models 

If we combine differencing with autoregression and a mov- 

ing average model, we obtain a non-seasonal ARIMA model. 

ARIMA is an acronym for AutoRegressive Integrated Moving 

Average (in this context, “integration” is the reverse of differenc- 

ing). The full model can be written as 

Yi=c+ iy, +t OY, 9 + Ole] oO ejay te pe 5.) 

where y, is the differenced series (it may have been differenced 

more than once). The “predictors” on the right hand side in- 

clude both lagged values of y, and lagged errors. We call this an 

ARIMA(p,d,q) model, where 

p= order of the autoregressive part; 

d= degree of first differencing involved; 

q= order of the moving average part. 
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The same stationarity and invertibility conditions that are used 

for autoregressive and moving average models also apply to an 

ARIMA model. 

Many of the models we have already discussed are special cases 

of the ARIMA model, as shown in Table 8.1. 

White noise ARIMA(0,0,0) Table 8.1: Special cases 

of ARIMA models. 
Random walk ARIMA(0,1,0) with no constant 

Random walk with drift ARIMA(0,1,0) with a constant 

Autoregression ARIMA(p,0,0) 

Moving average ARIMA(0,0,q) 

Once we start combining components in this way to form 

more complicated models, it is much easier to work with the 

backshift notation. For example, Equation (8.1) can be written 

in backshift notation as 

(1—@,B-----@,BP) (1-B)4y, = = c+ (140, B+-+-+0,B%)e; 

fp 7 7 
AR(p) d differences MA(q) 

(8.2) 

R uses a slightly different parametrization: 

(1 — $1 B—---— BP )(y; — ps) = (1 TO) Ba = O41 )e;, 

where y; = (1 — B)“y; and p is the mean of y/. To convert to the 

form given by (8.2), set c = w(1- 1 —---— pp). 

Selecting appropriate values for p, d and q can be difficult. 

However, the auto.arima() function in R will do it for you 

automatically. In Section 8.7, we will learn how this function 

works, along with some methods for choosing these values 

yourself. 

US consumption expenditure 

Figure 8.7 shows quarterly percentage changes in US consump- 

tion expenditure. Although it is a quarterly series, there does 

not appear to be a seasonal pattern, so we will fit a non-seasonal 

ARIMA model. 
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autoplot(uschange[,"Consumption"]) + 

Xlab("Year") + ylab("Quarterly percentage change") 

Figure 8.7: Quarterly 

2- percentage change 
in US consumption 

expenditure. 
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The following R code was used to select a model automatically. 

(fit <- auto.arima(uschange[, "Consumption"])) 

#> Series: uschange[, "“Consumption"] 

#> ARIMA(2,0,2) with non-zero mean 

#> 

#> Coefficients: 

#> arl ar2 mal ma2 mean 

#> LOL =OC58L ALSO" AG 5D8, Un/46 

#25 ey 0.255 0.208 0.238 0.140 0.084 

#> 

#> sigma“2 estimated as 0.351: log likelihood=-165.1 

#> AIC=342.3 AICc=342.8 BIC=361.7 

This is an ARIMA(2,0,2) model: 

Yo= C+ 13917.) —O.981 yp > — 1.18022) +0.558e,55 + €,, 

where c = 0.746 x (1 — 1.391 + 0.581) = 0.142 and &; is white noise 

with a standard deviation of 0.593 = ¥0.351. Forecasts from the 

model are shown in Figure 8.8. 

fit %>% forecast(h=10) %>% autoplot(include=80) 
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Forecasts from ARIMA(2,0,2) with non-zero mean 

ine) ' 

level 

Hay 80 

95 

uschange[, "Consumption"] 

2000 2005 2010 2015 2020 

Time 

Understanding ARIMA models 

The auto.arima() function is very useful, but anything auto- 

mated can be a little dangerous, and it is worth understanding 

something of the behaviour of the models even when you rely 

on an automatic procedure to choose the model for you. 

The constant c has an important effect on the long-term fore- 

casts obtained from these models. 

¢ Ifc=0and d =0, the long-term forecasts will go to zero. 

¢ Ifc =0andd =1, the long-term forecasts will go to a non- 

zero constant. 

¢ Ifc = Oandd = 2, the long-term forecasts will follow a 

straight line. 

¢ Ifc #0 and d =0, the long-term forecasts will go to the mean 

of the data. 

¢ Ifc  Oandd = 1, the long-term forecasts will follow a 

straight line. 

¢ Ifc # 0andd = 2, the long-term forecasts will follow a 

quadratic trend. 

The value of d also has an effect on the prediction intervals 

ees the higher the value of d, the more rapidly the prediction 

intervals increase in size. For d = 0, the long-term forecast 

standard deviation will go to the standard deviation of the 

historical data.so the prediction intervals will all be essentially 
the same. 
—_——~" 

This behaviour is seen in Figure 8.8 where d = 0 and c = 0. In 

this figure, the prediction intervals are almost the same for the 

Figure 8.8: Forecasts of 

quarterly percentage 
changes in US con- 

sumption expenditure. 
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last few forecast horizons, and the point forecasts are equal to 

the mean of the data. 

The value of p is important if the data show cycles. To obtain 

cyclic forecasts, it is necessary to have p > 2, along with some 

additional conditions on the parameters. For an AR(2) model, 

cyclic behaviour occurs if op? + 4d. <0. In that case, the average 

3 > arc cos is the inverse 

cosine function. You 

27 should be able to find 

r te ic 4 : it on your calculator. It 

ape co Pr PoM\ $2) may be labelled acos or 

cos 

period of the cycles is 

ACF and PACF plots 

It is usually not possible to tell, simply from a time plot, what 

values of p and gq are appropriate for the data. However, it is 

sometimes possible to use the ACF plot, and the closely related 

PACF plot, to determine appropriate values for p and q. 

Recali that an ACF plot shows the autocorrelations which 

measure the relationship between y; and y,_, for different 

values of k. Now if y; and y;_; are correlated, then y,;_; and 

Vt_-2 Must also be correlated. However, then y; and y;_2 might 

be correlated, simply because they are both connected to y;_;, 

rather than because of any new information contained in y;_7 

that could be used in forecasting y;. 

To overcome this problem, we can use partial autocorrela- 

tions. These measure the relationship between y; and y;_ 

after removing the effects of lags 1,2,3,...,k — 1. So the first 

partial autocorrelation is identical to the first autocorrelation, 

because there is nothing between them to remove. Each partial 

autocorrelation can be estimated as the last coefficient in an 

autoregressive model. Specifically, a;, the kth partial autocor- 

relation coefficient, is equal to the estimate of @, in an AR(k) 

model. In practice, there are more efficient algorithms for com- 

puting a; than fitting all of these autoregressions, but they give 

the same results. 

Figures 8.9 and 8.10 shows the ACF and PACF plots for the US 

consumption data shown in Figure 8.7. The partial autocorrela- 

tions have the same critical values of +1.96/VT as for ordinary 

autocorrelations, and these are typically shown on the plot as in 

Figure 8.9. 
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ggAcf (uschange[,"Consumption"] ,main="") 

Figure 8.9: ACF of quar- 

terly percentage change 

in US consumption. 

Figure 8.10: PACF of 

quarterly percentage 

change in US consump- 

tion. PACF 

If the data are from an ARIMA(p,d,0) or ARIMA(0,d,q) model, 

then the ACF and PACF plots can be helpful in determining the 

value of p or q.4 If p and q are both positive, then the plots do * A convenient way to 
produce a time plot, 

ACF plot and PACF plot 

The data may follow an ARIMA(p,d,0) model if the ACF and nonce oiendas te 
4 use the ggtsdisplay() 

PACF plots of the differenced data show the following patterns: haincton 

not help in finding suitable values of p and q. 

¢ the ACF is exponentially decaying or sinusoidal; 

¢ there is a significant spike at lag p in the PACF, but none 

beyond lag p. 

The data may follow an ARIMA(0,d,q) model if the ACF and 

PACF plots of the differenced data show the following patterns: 

¢ the PACF is exponentially decaying or sinusoidal; 

¢ there is a significant spike at lag g in the ACF, but none 

beyond lag q. 

In Figure 8.9, we see that there are three spikes in the ACF, 

followed by an almost significant spike at lag 4. In the PACF, 

there are three significant spikes, and then no significant spikes 

thereafter (apart from one just outside the bounds at lag 22). 

We can ignore one significant spike in each plot if it is just 

outside the limits, and not in the first few lags. After all, the 
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probability of a spike being significant by chance is about 

one in twenty, and we are plotting 22 spikes in each plot. The 

pattern in the first three spikes is what we would expect from 

an ARIMA(3,0,0), as the PACF tends to decrease. So in this case, 

the ACF and PACF lead us to think an ARIMA(3,0,0) model 

might be appropriate. 

(fit2 <- Arima(uschange[,"Consumption"], order=c(3,0,0))) 

#> Series: uschange[, "Consumption" ] 

#> ARIMA(3,0,0) with non-zero mean 

#> 

#> Coefficients: 

#> arl ar2 ar3 mean 

#> Ore2Z/eiOeloO  OnZ03 105.745 

AaeSnee we ONO MOn072. "O7O71 .OF 1035 

#> 

#> sigma®2 estimated as 0.349: log likelihood=-165.2 

#> AIC=340.3 AICc=340.7 BIC=356.5 

This model is actually slightly better than the model identified 

by auto.arima() (with an AlCc value of 340.67 compared to 

342.75). The auto.arima() function did not find this model 

because it does not consider all possible models in its search. 

You can make it work harder by using the arguments step- 

wise=FALSE and approximation=FALSE: 

(fit3 <- auto.arima(uschange[,"Consumption"], seasonal=FALSE, 

stepwise=FALSE, approximation=FALSE) ) 

#> Series: uschange[, "Consumption" ] 

#> ARIMA(3,0,0) with non-zero mean 

#> 

#> Coefficients: 

#> arl ar2 ar3 mean 

#> C227 “OV160 (05203) “OF 745 

#> §.6, 0,071 0.072 0.071 0.103 

#> 

#> sigma*~2 estimated as 0.349: log likelihood=-165.2 

#> AIC=340.3 AICc=340.7 BIC=356.5 

We also use the argument seasonal=FALSE to prevent it search- 

ing for seasonal ARIMA models; we will consider these models 

in Section 8.9. 

This time, auto.arima() has found the same model that we 

guessed from the ACF and PACF plots. The forecasts from this 

ARIMA(3,0,0) model are almost identical to those shown in 

Figure 8.8 for the ARIMA(2,0,2) model, so we do not produce 

the plot here. 
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8.6 Estimation and order selection 

Maximum likelihood estimation 

Once the model order has been identified (i.e., the values of 

p, d and q), we need to estimate the parameters c, ica Gop 

Os Og. When R estimates the ARIMA model, it uses max- 

imum. likelihood estimation (MLE). This technique finds the 

values of the parameters which maximize the probability of 

obtaining the data that we have observed. For ARIMA models, 

MLE is very similar to the least squares estimates that would be 

T 

Ye 
peell 

obtained by minimizing 

(For the regression models considered in Chapter 5, MLE gives 

exactly the same parameter estimates as least squares estima- 

tion.) Note that ARIMA models are much more complicated 

to estimate than regression models, and different software will 

give slightly different answers as they use different methods of 

estimation, and different optimization algorithms. 

In practice, R will report the value of the log likelihood of the 

data; that is, the logarithm of the probability of the observed 

data coming from the estimated model. For given values of p, d 

and q, R will try to maximize the log likelihood when finding 

parameter estimates. 

Information Criteria 

Akaike’s Information Criterion (AIC), which was useful in se- 

lecting predictors for regression, is also useful for determining 

the order of an ARIMA model. It can be written as 

AIG = —2log( L) 4. 2(p ot kad), 

where L is the likelihood of the data, k = 1ifc#Oandk=0 

if c = 0. Note that the last term in parentheses is the number 

of parameters in the model (including o”, the variance of the 

residuals). 

For ARIMA models, the corrected AIC can be written as 

2(p+qtk+ 1)\(p+qtk+2) 

T-p-q-k-2 f 
RICc ACs 

243 
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and the Bayesian Information Criterion can be written as 

BIC = AIC + [log(T) — 2](p+q+k+1). 

Good models are obtained by minimizing the AIC, AlCc or BIC. 

Our preference is to use the AICc. 

It is important to note that these information criteria tend not 

to be good guides to selecting the appropriate order of differ- 

encing (d) of a model, but only for selecting the values of p and 

q. This is because the differencing changes the data on which 

the likelihood is computed, making the AIC values between 

models with different orders of differencing not comparable. So 

we need to use some other approach to choose d, and then we 

can use the AICc to select p and q. 

8.7. ARIMA modelling inR 

How does auto. arima() work? 

The auto.arima() function in R uses a variation of the 

Hyndman-Khandakar algorithm (Hyndman and Khandakar 

2008), which combines unit root tests, minimization of the 

AICc and MLE to obtain an ARIMA model. The algorithm 

follows the steps shown on the following page. The arguments 

to auto.arima() provide for many variations on the algorithm. 

What is described here is the default behaviour. 

The default procedure uses some approximations to speed up 

the search. These approximations can be avoided with the ar- 

gument approximation=FALSE. It is possible that the minimum 

AICc model will not be found due to these approximations, or 

because of the use of a stepwise procedure. A much larger set 

of models will be searched if the argument stepwise=FALSE is 

used. See the help file for a full description of the arguments. 

Choosing your own model 

If you want to choose the model yourself, use the Arima() 

function in R. There is another function arima() in R which 

also fits an ARIMA model. However, it does not allow for the 

constant c unless d = 0, and it does not return everything 

required for other functions in the forecast package to work. 

Finally, it does not allow the estimated model to be applied 
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Hyndman-Khandakar algorithm 

for automatic ARIMA modelling 

1. The number of differences d is determined using repeated 

KPSS tests. 

2. The values of p and q are then chosen by minimizing the 

AICc after differencing the data d times. Rather than consid- 

ering every possible combination of p and q, the algorithm 

uses a stepwise search to traverse the model space. 

(a) Four initial models are fitted: 

ARIMA(0,d,0), 

ARIMA(2,d, 2), 

ARIMA(1,d,0), 

ARIMA(0,d,1). 

A constant is included unless d = 2. If d < 1, an addi- 

tional model is also fitted: 

ARIMA(0,d,0) without a constant. 

(b) The best model (with the smallest AICc value) fitted in 

step (a) is set to be the “current model”. 

(c) Variations on the current model are considered: 

* vary p and/or q from the current model by +1; 

¢ include/exclude c from the current model. 

The best model considered so far (either the current 

model, or one of these variations) becomes the new 

current model. 

(d) Repeat Step 2(b) until no lower AICc can be found. 

to new data (which is useful for checking forecast accuracy). 

Consequently, it is recommended that Arima() be used instead. 

Modelling procedure 

When fitting an ARIMA model to a set of (non-seasonal) time 

series data, the following procedure provides a useful general 

approach. 

1. Plot the data and identify any unusual observations. 

2. If necessary, transform the data (using a Box-Cox transforma- 

tion) to stabilize the variance. 

3. If the data are non-stationary, take first differences of the 

data until the data are stationary. 

245 
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Select model 

order yourself. 

. If necessary, difference 

ae data until it appears 

stationary. Use unit-root 

tests if a are unsure. 

( 4. Plot t ACF/PACF 
of the differenced data 

and try to determine 

L possible candidate models. | 

! 
(5. Try your chosen model(s) 

and use the AlCc to 

search for a better model. 

( 4. Plot the data. Identify 
unusual observations. 

Understand patterns. 

| 

A 

2. If necessary, use a 

Box-Cox transformation 

to stabilize the variance. 

Use automated 

algorithm. 

Use auto.arima() to 

find the best ARIMA 

model for your time series. 

rc 

6. Check the residuals 

from your chosen model 

by plotting the ACF 

of the residuals, and 

doing a portmanteau 

test of the residuals. 

no 

Do the residuals look 

like white noise? 

Figure 8.11: General 

process for forecasting 
YS using an ARIMA 

model. 

7. Calculate forecasts. 
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4. Examine the ACF/PACF: Is an ARIMA(p,d,0) or 

ARIMA(0,d,q) model appropriate? 

5. Try your chosen model(s), and use the AICc to search for a 

better model. 

6. Check the residuals from your chosen model by plotting the 

ACF of the residuals, and doing a portmanteau test of the 

residuals. If they do not look like white noise, try a modified 

model. 

7. Once the residuals look like white noise, calculate forecasts. 

The Hyndman-Khandakar algorithm only takes care of steps 

3-5. So even if you use it, you will still need to take care of the 

other steps yourself. 

The process is summarised in Figure 8.11. 

Example: Seasonally adjusted electrical equipment orders 

We will apply this procedure to the seasonally adjusted electri- 

cal equipment orders data shown in Figure 8.12. 

elecequip %>% stl(s.window='periodic') %>% seasadj() -> eeadj 

autopLot (eeadj ) 

247 

Figure 8.12: Seasonally 

adjusted electrical 
110- equipment orders index 

in the Euro area. 

100 - 

eeadj 

2000 2005 2010 
Time 

1. The time plot shows some sudden changes, particularly the 

big drop in 2008/2009. These changes are due to the global 

economic environment. Otherwise there is nothing unusual 

about the time plot and there appears to be no need to do any 

data adjustments. 

2. There is no evidence of changing variance, so we will not do 

a Box-Cox transformation. 
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3. 

ACF 

The data are clearly non-stationary, as the series wanders 

up and down for long periods. Consequently, we will take a 

first difference of the data. The differenced data are shown 

in Figure 8.13. These look stationary, and so we will not 

consider further differences. 

eeadj %>% diff() %>% ggtsdisplay(main="") 

Figure 8.13: Time plot 

oa and ACF and PACF 

( plots for the differenced 
5. | | seasonally adjusted 

electrical equipment 
data. t 

2000 

PACF 

Lag Lag 

. The PACF shown in Figure 8.13 is suggestive of an AR(3) 

model. So an initial candidate model is an ARIMA(3,1,0). 

There are no other obvious candidate models. 

. We fit an ARIMA(3,1,0) model along with variations includ- 

ing ARIMA(4,1,0), ARIMA(2,1,0), ARIMA(3,1,1), etc. Of 

these, the ARIMA(3,1,1) has a slightly smaller AICc value. 

(fit <- Arima(eeadj, order=c(3,1,1))) 

#> Series: eeadj 

#> ARIMA(3,1,1) 

#> 

#> Coefficients: 

#> arl ar2 ar3 mal 

#> 0.004 0.092 0.370 -0.392 

#> 5.2, 0.220 0.098 0.067 0,243 

#> 

#> sigma*2 estimated as 9.58: log likelihood=-492.7 

#> AIC=995.4 AICc=995.7 BIC=1012 

. The ACF plot of the residuals from the ARIMA(3,1,1) model 

shows that all autocorrelations are within the threshold 

limits, indicating that the residuals are behaving like white 

noise. A portmanteau test returns a large p-value, also sug- 

gesting that the residuals are white noise. 
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checkresiduals (fit) 

Residuals from ARIMA(3, 1,1) 

2000 2005 2010 

30 - 

co - Chante : oe 
O- Cet WL 00m ee Mmmm tom Me (HU 1 

0 -§ 0 Si a 

residuals 

#> 

#> Ljung-Box test 

#> 

#> data: Residuals from ARIMA(3,1,1) 

Fo OM = 24 dt = 20, -p=valtue = 0.2 

#> 

#> Model df: 4, Total lags used: 24 

Forecasts from the chosen model are shown in Figure 8.15. 

autopLot(forecast(fit) ) 

Forecasts from ARIMA(3,1,1) 

120- 

100 - 

level 

~ 80 

95 

80 - 

60 - 

2000 2005 2010 2015 
Time 

Figure 8.14: Resid- 
ual plots for the 

ARIMA(3,1,1) model. 

Figure 8.15: Forecasts 

for the seasonally 

adjusted electrical 

orders index. 
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If we had used the automated algorithm instead, we would have 

obtained an ARIMA(3,1,0) model using the default settings, but 

the ARIMA(3,1,1) model if we had set approximation=FALSE. 

Understanding constants in R 

A non-seasonal ARIMA model can be written as 

(1-)B----— BP )(i-B)*y, =c+(1+ 0, B+---+O,B4)e,, (8.3) 

or equivalently as 

(1-,B----— ,BP)(1 — B)4(y, — pt*/d!) = (1+ 0, B+---+ O,B4)e;, 
(8.4) 

where c = p(1 — $1 —---— fp) and p is the mean of (1 —B)4y,.R 

uses the parametrization of Equation (8.4). 

Thus, the inclusion of a constant in a non-stationary ARIMA 

model is equivalent to inducing a polynomial trend of order d 

in the forecast function. (If the constant is omitted, the forecast 

function includes a polynomial trend of order d—1.) When d = 0, 

we have the special case that p is the mean of y,. 

By default, the Arima() function sets c = p= 0 whend > 0 and 

provides an estimate of » when d = 0. It will be close to the 

sample mean of the time series, but usually not identical to it as 

the sample mean is not the maximum likelihood estimate when 

praev: 

The argument include.mean only has an effect when d = 0 

and is TRUE by default. Setting include.mean=FALSE will force 

p=ac=0. 

The argument include.drift allows p + 0 when d = 1. For d > 

1, no constant is allowed as a quadratic or higher order trend 

is particularly dangerous when forecasting. The parameter p is 

called the “drift” in the R output when d = 1. 

There is also an argument include. constant which, 

if TRUE, will set include.mean=TRUE if d = 0 and in- 

clude.drift=TRUE when d = 1. If include. constant=FALSE, 

both include.mean and include.drift will be set to FALSE. If 

include.constant is used, the values of include.mean=TRUE 

and include.drift=TRUE are ignored. 
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The auto.arima() function automates the inclusion of a con- 

stant. By default, for d = 0 or d = 1, a constant will be included 

if it improves the AICc value; for d > 1 the constant is always 

omitted. If allowdrift=FALSE is specified, then the constant is 

only allowed when d = 0. 

Plotting the characteristic roots 

(This is a more advanced section and can be skipped if desired.) 

We can re-write Equation (8.3) as 

$(B)(1 —B)"y, = c+ O(B)e, 
where $(B) = (1— ,B—---—@,BP) is a pth order polynomial in B 

and 6(B) = (1+ 6,B+---+@,B4) is a qth order polynomial in B. 

The stationarity conditions for the model are that the p complex 

roots of #(B) lie outside the unit circle, and the invertibility 

conditions are that the q complex roots of @(B) lie outside 

the unit circle. So we can see whether the model is close to 

invertibility or stationarity by a plot of the roots in relation to 

the complex unit circle. 

It is easier to plot the inverse roots instead, as they should 

all lie within the unit circle. This is easily done in R. For the 

ARIMA(3,1,1) model fitted to the seasonally adjusted electrical 

equipment index, we obtain Figure 8.16. 

autoplot(fit) 

oon 

Inverse AR roots Inverse MA roots Figure 8.16: Inverse 

adjusted electrical 
Se equipment index © UnitCircle ee : 
ee ® Within 
£ 

The three red dots in the left hand plot correspond to the roots 

of the polynomials ¢(B), while the red dot in the right hand 

plot corresponds to the root of 6(B). They are all inside the unit 

characteristic roots for 

the ARMA(3,1,1) model 

fitted to the seasonally 
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circle, as we would expect because R ensures the fitted model is 

both stationary and invertible. Any roots close to the unit circle 

may be numerically unstable, and the corresponding model will 

not be good for forecasting. 

The Arima() function will never return a model with inverse 

roots outside the unit circle. The auto.arima() function is even 

stricter, and will not select a model with roots close to the unit 

circle either. 

8.8 Forecasting 

Point forecasts 

Although we have calculated forecasts from the ARIMA mod- 

els in our examples, we have not yet explained how they are 

obtained. Point forecasts can be calculated using the following 

three steps. 

1. Expand the ARIMA equation so that y; is on the left hand 

side and all other terms are on the right. 

2. Rewrite the equation by replacing t with T +h. 

3. On the right hand side of the equation, replace future obser- 

vations with their forecasts, future errors with zero, and past 

errors with the corresponding residuals. 

Beginning with h = 1, these steps are then repeated for h = 

2,3,... until all forecasts have been calculated. 

The procedure is most easily understood via an example. We 

will illustrate it using the ARIMA(3,1,1) model fitted in the 

previous section. The model can be written as follows: 

(1-1 B- p2B? - 3B B)y, = (1+ 0, B)ey, 

where ¢; = 0.0044, $2 = 0.0916, 63 = 0.3698 and 6, = -0.3921. 
Then we expand the left hand side to obtain 

[1 - (1 + B+ (p1 - $2)B? + (2 — b3)B° + b3B4] y, = (1 + O, Bley, 

and applying the backshift operator gives 

A A 

y,—(1+b1)¥4-1+ (61-62) 1-2 + (ho — 3) ¥1-3+ b3Vt—-4 = €¢+ 91 €y-1. 
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Finally, we move all terms other than y; to the right hand side: 

ye = (1+ 61) 91-1 -($1 -b2) 4-2 - (62-3) ¥1-3-— Para + Er + O1 E11. 
(8.5) 

This completes the first step. While the equation now looks like 

an ARIMA(4,0,1), it is still the same ARIMA(3,1,1) model we 

started with. It cannot be considered an ARIMA(4,0,1) because 

the coefficients do not satisfy the stationarity conditions. 

For the second step, we replace t with T + 1 in (8.5): 

rv = (1+¢1)97r-($1-2)yr_1-($2-63) pr_-2- 37-3 +€7 41491 €r- 

Assuming we have observations up to time T, all values on the 

right hand side are known except for €7,,, which we replace 

with zero, and €7, which we replace with the last observed 

residual er: 

A 

Prar = (14+ 1) yr—-(b1 -b2)y7-1 - (62-63) yr_-2— G3 yr_3 + O1er- 

A forecast of y7,2 is obtained by replacing t with T + 2 in (8.5) . 

All values on the right hand side will be known at time T except 

yr+1 Which we replace with 97,,;7, and é7,7 and €7, 1, both of 

which we replace with zero: 

A A 

Orazir = (1 + 1) Prvir —(b1 — b2)yr — (ho — b3)yr-1 — b3yr-2- 

The process continues in this manner for all future time periods. 

In this way, any number of point forecasts can be obtained. 

Prediction intervals 

The calculation of ARIMA prediction intervals is more difficult, 

and the details are largely beyond the scope of this book. We 

will only give some simple examples. 

The first prediction interval is easy to calculate. If 6 is the 

standard deviation of the residuals, then a 95% prediction 

interval is given by yr,1)7 + 1.966. This result is true for all 

ARIMA models regardless of their parameters and orders. 

Multi-step prediction intervals for ARIMA(0,0,q) models are 

relatively easy to calculate. We can write the model as 

q 

Op = Eyar ) SEL. 
=Al 

293 
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Then, the estimated forecast variance can be written as 

h-1 

6, = 6° 1+) 6 ; foOrh= 273,205 

i=l 

and a 95% prediction interval is given by Pr,y\7 + 1.96 Vy. 

In Section 8.4, we showed that an AR(1) model can be written as 

an MA(co) model. Using this equivalence, the above result for 

MA(q) models can also be used to obtain prediction intervals for 

AR(1) models. 

More general results, and other special cases of multi-step 

prediction intervals for an ARIMA(p,d,q) model, are given in 

more advanced textbooks such as Brockwell and Davis (2016). 

The prediction intervals for ARIMA models are based on as- 

sumptions that the residuals are uncorrelated and normally 

distributed. If either of these assumptions does not hold, then 

the prediction intervals may be incorrect. For this reason, al- 

ways plot the ACF and histogram of the residuals to check the 

assumptions before producing prediction intervals. 

In general, prediction intervals from ARIMA models increase as 

the forecast horizon increases. For stationary models (i.e., with 

d = 0) they will converge, so that prediction intervals for long 

horizons are all essentially the same. For d > 1, the prediction 

intervals will continue to grow into the future. 

As with most prediction interval calculations, ARIMA-based 

intervals tend to be too narrow. This occurs because only the 

variation in the errors has been accounted for. There is also 

variation in the parameter estimates, and in the model order, 

that has not been included in the calculation. In addition, the 

calculation assumes that the historical patterns that have been 

modelled will continue into the forecast period. 

8.9 Seasonal ARIMA models 

So far, we have restricted our attention to non-seasonal data and 

non-seasonal ARIMA models. However, ARIMA models are also 

capable of modelling a wide range of seasonal data. 
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A seasonal ARIMA model is formed by including additional 

seasonal terms in the ARIMA models we have seen so far. It is 

written as follows: 

ARIMA _ (p,d,q) (P,D, Qin 
SS = 

if 7 
Non-seasonal part Seasonal part 

of the model of the model 

where m = number of observations per year. We use uppercase 

notation for the seasonal parts of the model, and lowercase 

notation for the non-seasonal parts of the model. 

The seasonal part of the model consists of terms that are very 

similar to the non-seasonal components of the model, but 

involve backshifts of the seasonal period. For example, an 

ARIMA(1,1,1)(1,1,1)4 model (without a constant) is for quar- 

terly data (m = 4), and can be written as 

(1 — 1B) (1-,B*)(1 — B)(1 — B*)y, = (1 + 6, B) (1+ ©, B*)ey. 

The additional seasonal terms are simply multiplied by the 

non-seasonal terms. 

ACE/PACF 

The seasonal part of an AR or MA model will be seen in 

the seasonal lags of the PACF and ACF. For example, an 

ARIMA(0,0,0)(0,0,1);2 model will show: 

¢ aspike at lag 12 in the ACF but no other significant spikes; 

* exponential decay in the seasonal lags of the PACF (i.e., at 

lags: 12, 24,.36, 2...) 

Similarly, an ARIMA(0,0,0)(1,0,0);2 model will show: 

* exponential decay in the seasonal lags of the ACF; 

* a single significant spike at lag 12 in the PACF. 

In considering the appropriate seasonal orders for a seasonal 

ARIMA model, restrict attention to the seasonal lags. and 

The modelling procedure is almost the same as for non-seasonal 

data, except that we need to select seasonal AR and MA terms 

as well as the non-seasonal components of the model. The 

process is best illustrated via examples. 

250 
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Example: European quarterly retail trade 

We will describe the seasonal ARIMA modelling procedure 

using quarterly European retail trade data from 1996 to 2011. 

The data are plotted in Figure 8.17. 

autoplot(euretail) + ylab("Retail index") + xlab("Year") 

Figure 8.17: Quarterly 

retail trade index 

in the Euro area (17 

countries), 1996-2011, 

covering wholesale and 
retail trade, and the 

repair of motor vehicles 

and motorcycles. 

(Index: 2005 = 100). 

100 - 

Retail index 

‘ ' ' 
2000 2005 2010 

Year 

The data are clearly non-stationary, with some seasonality, so we 

will first take a seasonal difference. The seasonally differenced 

data are shown in Figure 8.18. These also appear to be non- 

stationary, so we take an additional first difference, shown in 

Figure 8.19. 

euretail %>% diff(lag=4) %>% ggtsdisplay() 

Figure 8.18: Seasonally 

differenced European 
0- retail trade index. 

' t ' 
2000 2005 2010 
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euretail %>% diff(lag=4) %>% diff() %>% ggtsdisplay() 

Figure 8.19: Double 

differenced European 

on retail trade index. 

ACF PACF 

Our aim now is to find an appropriate ARIMA model based 

on the ACF and PACF shown in Figure 8.19. The significant 

spike at lag 1 in the ACF suggests a non-seasonal MA(1) com- 

ponent, and the significant spike at lag 4 in the ACF suggests 

a seasonal MA(1) component. Consequently, we begin with an 

ARIMA(0,1,1)(0,1,1)4 model, indicating a first and seasonal 

difference, and non-seasonal and seasonal MA(1) components. 

The residuals for the fitted model are shown in Figure 8.20. (By 

analogous logic applied to the PACF, we could also have started 

with an ARIMA(1,1,0)(1,1,0)4 model.) 

euretail %>% 

Arima(order=c(0,1,1), seasonal=c(0,1,1)) %>% 

residuals() %>% ggtsdisplay() 

10- Figure 8.20: Resid- 

05- uals from the fitted 

0.0- ARIMA(0,1,1)(0,1,1)4 
model for the European 

retail trade index data. 

' ' 
2000 2005 2010 

0.3 = 

0.2 - 

0.1- 

ACF PACF 0.0 
-0.1- 

-0.2 - 
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Both the ACF and PACF show significant spikes at lag 2, and al- 

most significant spikes at lag 3, indicating that some additional 

non-seasonal terms need to be included in the model. The AICc 

of the ARIMA(0,1,2)(0,1,1)4 model is 74.36, while that for the 

ARIMA(0,1,3)(0,1,1)4 model is 68.53. We tried other models 

with AR terms as well, but none that gave a smaller AICc value. 

Consequently, we choose the ARIMA(0,1,3)(0,1,1)4 model. Its 

residuals are plotted in Figure 8.21. All the spikes are now 

within the significance limits, so the residuals appear to be 

white noise. The Ljung-Box test also shows that the residuals 

have no remaining autocorrelations. 

fit3 <- Arima(euretail, order=c(0,1,3), seasonal=c(0,1,1)) 

checkresiduals(fit3) 

Residuals from ARIMA(0,1,3)(0,1,1)[4] x Figure 8.21: Resid- 

uals from the fitted 

ps ARIMA(0,1,3)(0,1,1)4 
0.0- model for the European 

retail trade index data. 

' ' ' 
2000 2005 2010 

rae = 10= 

g 8 
0 5- 

0.2 

LIT Sl OE NT NT OS TET CO ee 
1.0 0.5 0.0 05 1.0 

Lag residuals 

#> 

#> Ljung-Box test 

#> 

#> data: Residuals from ARIMA(0,1,3)(0,1,1) [4] 

#> Q* = 0.51, df = 4, p-value = 1 

#> Model df: 4. Total lags used: 8 

Thus, we now have a seasonal ARIMA model that passes the 

required checks and is ready for forecasting. Forecasts from 

the model for the next three years are shown in Figure 8.22. 

The forecasts follow the recent trend in the data, because of 

the double differencing. The large and rapidly increasing 

prediction intervals show that the retail trade index could start 

increasing or decreasing at any time — while the point forecasts 
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trend downwards, the prediction intervals allow for the data to 

trend upwards during the forecast period. 

fit3 %>% forecast(h=12) %>% autoplot() 

Forecasts from ARIMA(0,1,3)(0,1,1)[4] 

100 - 

level 

95 

95 = 

euretail 

30 - 

2000 2005 2010 2015 

Time 

We could have used auto.arima() to do most of this work for 

us. It would have given the following result. 

auto.arima(euretail) 

#> Series: euretail 

#> ARIMA(1,1,2)(0,1,1) [4] 

#> 

#> Coefficients: 

#> arl mal ma2 smal 

#> 0.736 -0.466 0.216 -0.843 

#> s5,.e. 0.224 0.199 0.210 0.188 

#> 

#> sigma’*2 estimated as 0.159: log likelihood=-29.62 

#> AIC=69.24  AICc=/0.38 BIC=79.63 

Notice that it has selected a different model (with a larger AICc 

value). auto.arima() takes some short-cuts in order to speed up 

the computation, and will not always give the best model. The 

short-cuts can be turned off, and then it will sometimes return a 

different model. 

auto.arima(euretail, stepwise=FALSE, approximation=FALSE) 

#> Series: euretail 

#> ARIMA(0,1,3)(0,1,1) [4] 

#> 

#> Coefficients: 

#> mal ma2 ma3 smal 

#> 0.263 0.369 0.420 -0.664 

ee emt Ours fet nee ONO LZ Orn LOS 

Figure 8.22: Fore- 

casts of the Euro- 

pean retail trade 

index data using the 

ARIMA(0,1,3)(0,1,1)4 
model. 80% and 95% 

prediction intervals are 

shown. 
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#> sigma*2 estimated as 0.156: log likelihood=-28.63 

#> AIC=67.26 AICc=68.39 BIC=77.65 

This time it returned the same model we had identified. 

Example: Cortecosteroid drug sales in Australia 

Our second example is more difficult. We will try to forecast 

monthly cortecosteroid drug sales in Australia. These are 

known as H02 drugs under the Anatomical Therapeutic Chemi- 

cal classification scheme. 

UhO2 <- log(h02) 

chind("HO2 sales (million scripts)" = h02, 

"Log HO2 sales"=LhO02) %>% 

autoplot(facets=TRUE) + xlab("Year") + ylab("") 

bea Figure 8.23: Cortecos- 
teroid drug sales in 
Australia (in millions 

of scripts per month). 

Logged data shown in 

bottom panel. 

1.00 - 

0.75 - 

(sjdysos uo}||!wW) Sales ZOH 
0.50 - 

sajes ZOH 607 

' ' 
2000 2005 

Year 

Data from July 1991 to June 2008 are plotted in Figure 8.23. 

There is a small increase in the variance with the level, so we 

take logarithms to stabilize the variance. 

The data are strongly seasonal and obviously non-stationary, 

so seasonal differencing will be used. The seasonally differ- 

enced data are shown in Figure 8.24. It is not clear at this point 

whether we should do another difference or not. We decide not 

to, but the choice is not obvious. 

The last few observations appear to be different (more variable) 

from the earlier data. This may be due to the fact that data are 

sometimes revised when earlier sales are reported late. 
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UhO2 %>% diff(lag=12) %>% 

ggtsdisplay(xlab="Year", 

main="Seasonally differenced HO2 scripts") 

Seasonally differenced H02 scripts 

1995 2000 2005 
Year 

ACF 

In the plots of the seasonally differenced data, there are spikes 

in the PACF at lags 12 and 24, but nothing at seasonal lags in 

the ACF. This may be suggestive of a seasonal AR(2) term. In 

the non-seasonal lags, there are three significant spikes in the 

PACE, suggesting a possible AR(3) term. The pattern in the ACF 

is not indicative of any simple model. 

Consequently, this initial analysis suggests that a possible 

model for these data is an ARIMA(3,0,0)(2,1,0); 2. We fit this 

model, along with some variations on it, and compute the AICc 

values shown in the following table. 

Model AlCc 

ARIMA(3,0,1 
ARIMA(3,0,1)(1,1,1); -484.2 
ARIMA(3,0,1)(0,1,1); -483.7 

( 

( 

)(0,1,2)1 
)(1,1,1) 
)(0,1,1) 

ARIMA(3,0,1)(2,1,0)12 -476.3 
)(2,1,0) 
)(2,1,0) 
)(1,1,0) 

-485.5 

ARIMA(3,0,0)(2,1,0)19 -475.1 
ARIMA(3,0,2)(2,1,0)1 -474.9 
ARIMA(3,0,1)(1,1,0);2 -463.4 

Of these models, the best is the ARIMA(3,0,1)(0,1,2);2 model 

(i.e., it has the smallest AICc value). 

Figure 8.24: Seasonally 

differenced cortecos- 

teroid drug sales in 

Australia (in millions of 

scripts per month). 
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(fit <- Arima(h02, order=c(3,0,1), seasonal=c(0,1,2), 

Lambda=0) ) 

#> Series: h02 

#> ARIMA(3,0,1)(0,1,2)[12] 

#> Box Cox transformation: lambda= 0 

#> 

#> Coefficients: 

#> arl ar2 ar3 mal smal sma2 

#> -0.160 0.548 0.568 @©.383 -0.522 -0.177 

#> S.e. 0.164 0.088 0.094 0.190 0.086 0.087 

#> 

#> sigma*2 estimated as 0.00428: log likelihood=250 

#> AIC=-486.1 AICc=-485.5 BIC=-463.3 

checkresiduals(fit, lag=36) 

Residuals from ARIMA(3,0,1)(0,1,2)[12] Figure 8.25: Resid- 

. uals from the 
ae | ARIMA(3,0,1)(0,1,2)12 

model applied to the 

H02 monthly script 

sales data. 

' ' 
1995 2000 2005 

@ um CT 
1 0.0 0.1 0.2 

Lag residuals 

#> Ljung-Box test 

#> 

#> data: Residuals from ARIMA(3,0,1)(0,1,2) [12] 

> O07 = SI of = 30) p-Vacue = 0,02 

#> 

#> Model df: 6. Total lags used: 36 

The residuals from this model are shown in Figure 8.25. There 

are a few significant spikes in the ACF, and the model fails the 

Ljung-Box test. The model can still be used for forecasting, 

but the prediction intervals may not be accurate due to the 

correlated residuals. 

Next we will try using the automatic ARIMA algorithm. Run- 

ning auto.arima() with all arguments left at their default 
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Table 8.2: RMSE values 

= Model RMSEY for various ARIMA 

ARIMA(3,0,1)(0,1,2);2 0.0622 models applied to the 
H02 thl ipt 

ARIMA(3,0A)1,11)2_ 0.0630 eee 
( )\ ) 

( ) ) 
ARIMA(2,1,4)(0,1,1); 0.0632 
ARIMA(2,1,3)(0,1,1); 0.0634 
ARIMA(3,0,3)(0,1,1);> 0.0639 
ARIMA(2,1,5)(0,1,1);> 0.0640 
ARIMA(3,0,1)(0,1,1);5 0.0644 
ARIMA(3,0,2)(0,1,1);5 0.0644 
ARIMA(3,0,2)(2,1,0);5 0.0645 
ARIMA(3,0,1)(2,1,0), 
ARIMA(4,0,2)(0,1,1), 
ARIMA(4,0,3)(0,1,1), 
ARIMA(3,0,0)(2,1,0), 
ARIMA(3,0,1)(1,1,0) 

> 0.0646 
> 0.0648 
> 0.0648 
> 0.0661 

2 1,1,0),) 0.0679 

values led to an ARIMA(2,1,3)(0,1,1),;7 model. However, the 

model still fails the Ljung-Box test. Sometimes it is just not 

possible to find a model that passes all of the tests. 

Test set evaluation: We will compare some of the models fitted 

so far using a test set consisting of the last two years of data. 

Thus, we fit the models using data from July 1991 to June 2006, 

and forecast the script sales for July 2006 — June 2008. The 

results are summarised in the following table. 

The models chosen manually and with auto.arima() are both 

in the top four models based on their RMSE values. 

When models are compared using AICc values, it is important 

that all models have the same orders of differencing. However, 

when comparing models using a test set, it does not matter 

how the forecasts were produced — the comparisons are al- 

ways valid. Consequently, in the table above, we can include 

some models with only seasonal differencing and some models 

with both first and seasonal differencing, while in the earlier 

table containing AICc values, we only compared models with 

seasonal differencing but no first differencing. 

None of the models considered here pass all of the residual tests. 

In practice, we would normally use the best model we could 

find, even if it did not pass all of the tests. 
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Forecasts from the ARIMA(3,0,1)(0,1,2);2 model (which has 

the lowest RMSE value on the test set, and the best AICc value 

amongst models with only seasonal differencing) are shown in 

Figure 8.26. 

hO2 %>% 

Arima(order=c(3,0,1), seasonal=c(0,1,2), lambda=0) %>% 

forecast() %>% 

autoplot() + 

ylab("HO2 sales (million scripts)") + xlab("Year") 

Forecasts from ARIMA(3,0,1)(0,1,2)[12] Figure 8.26: Fore- 

casts from the 

ARIMA(3,0,1)(0,1,2)12 
model applied to the 

H02 monthly script 

sales data. 

level 

“80 

95 

HO2 sales (million scripts) 

1995 2000 2005 2010 

Year 

8.10 ARIMA vs ETS 

It is acommonly held myth that ARIMA models are more gen- 

eral than exponential smoothing. While linear exponential 

smoothing models are all special cases of ARIMA models, the 

non-linear exponential smoothing models have no equivalent 

ARIMA counterparts. On the other hand, there are also many 

ARIMA models that have no exponential smoothing counter- 

parts. In particular, all ETS models are non-stationary, while 

some ARIMA models are stationary. 

The ETS models with seasonality or non-damped trend or both 

have two unit roots (i.e., they need two levels of differencing to 

make them stationary). All other ETS models have one unit root 

(they need one level of differencing to make them stationary). 
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ETS model ARIMA model Parameters Table 8.3: Equivalence 
a _—_——_|— << relationships between 

ETS(A,N,N) ARIMA(0,1,1) 6,=a-1 ETS and ARIMA 

ETS(A,A,N) ARIMA(0,2,2) eS peg: models. 

6,=1-a 

ETS(A,Aqg,N) ARIMA(1,1,2) o,=¢ 

O,=a+op-1-¢ 

@,=(1—a)o 

ETS(A,N,A) ARIMA(0,1,77)(0,1,0) , 
ETS(A,A,A) ARIMA(0,1,+1)(0,1,0) 
ETS(A,Aq,A) ARIMA(0,1,m + 1)(0,1,0)»n 

Table 8.3 gives the equivalence relationships for the two classes 

of models. For the seasonal models, the ARIMA parameters 

have a large number of restrictions. 

The AICc is useful for selecting between models in the same 

class. For example, we can use it to select an ARIMA model 

between candidate ARIMA models” or an ETS model between > As already noted, 

candidate ETS models. However, it cannot be used to compare comparing information 
criteria is only valid 

between ETS and ARIMA models because they are in different or ARIMA models 

model classes, and the likelihood is computed in different of the same orders of 

: diff ing. 
ways. The examples below demonstrate selecting between these“ ® 

classes of models. 

Example: Comparing auto.arima() and ets() on non- 

seasonal data 

We can use time series cross-validation to compare an ARIMA 

model and an ETS model. The code below provides functions 

that return forecast objects from auto.arima() and ets() 

respectively. 

fets <- function(x, h) { 

forecast(ets(x), h = h) 

} 
farima <- function(x, h) { 

forecast(auto.arima(x), h=h) 

} 

The returned objects can then be passed into tsCV(). Let’s 

consider ARIMA models and ETS models for the air data 

as introduced in Section 7.2 where, air <- window(ausair, 

start=1990). 
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# Compute CV errors for ETS as el 

el <- tsCV(air, fets, h=1) 

# Compute CV errors for ARIMA as e2 

e2 <- tsCV(air, farima, h=1) 

# Find MSE of each model class 

mean(el*2, na.rm=TRUE) 

#> [1] 7.864 

mean(e2*2, na.rm=TRUE) 

#> [1] 9.622 

In this case the ets model has a lower tsCV statistic based on 

MSEs. Below we generate and plot forecasts for the next 5 years 

generated from an ETS model. 

air %>% ets() %>% forecast() %>% autoplot() 

Forecasts from ETS(M,A,N) Figure 8.27: Forecasts 
from an ETS model 

fitted to monthly 

totals of air transport 
100 - passengers in Australia. 

level 

80 

95 

~I a ‘ 

' ' ' ' 
4990 2000 2010 2020 

Example: Comparing auto.arima() and ets() on seasonal 

data 

In this case we want to compare seasonal ARIMA and ETS mod- 

els applied to the quarterly cement production data qcement. 

Because the series is very long, we can afford to use a training 

and a test set rather than time series cross-validation. The ad- 

vantage is that this is much faster. We create a training set from 

the beginning of 1988 to the end of 2007 and select an ARIMA 

and an ETS model using the auto.arima() and ets() functions. 

# Consider the qcement data beginning in 1988 

cement <- window(qcement, start=1988) 

# Use 20 years of the data as the training set 

train <- window(cement, end=c(2007,4)) 
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The output below shows the ARIMA model selected and es- 

timated by auto.arima(). The ARIMA model does well in 

capturing all the dynamics in the data as the residuals seem to 

be white noise. 

(fit.arima <- auto.arima(train) ) ° 

#> Series: train 

#> ARIMA(2,0,0)(2,1,1)[4] with drift 

#> 

#> Coefficients: 

#> arl ar2 sarl sar2 smal drift 

#> 0,647 0.193 0.073 -0.240 -0.870 0.010 

Pee Se Ont LOe Opt on NOOO MeO 59m VO. LOz eNO OOS 

#> sigma*2 estimated as 0.0116: log likelihood=61, 45 

#>= ALC==108,9  AlCG=-107.2 BIC=-+92,58 

checkresiduals(fit.arima) 

Residuals from ARIMA(2,0,0)(2,1,1)[4] with drift 

0.3 - 

0.2- 

0.1 - 

' ' J ' 
1990 1995 2000 2005 

ACF count 

PO 
4 8 12 16 0.2 0.0 0.2 

Lag residuals 

#> 

#> Ljung-Box test 

#> 

#> data: Residuals from ARIMA(2,0,0)(2,1,1)[4] with drift 

Hee Sy Ole =) 57 spe Value —=0as 

#> Model df: 6. Total lags used: 9 

The output below also shows the ETS model selected and 

estimated by ets(). This model also does well in capturing all 

the dynamics in the data, as the residuals similarly appear to be 

white noise. 

Figure 8.28: Residual 

diagnostic plots for the 
ARIMA model fitted to 

the quarterly cement 

production training 

data. 
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(fit.ets <- ets(train)) 

#> ETS(M,N,M) 

#> 

#> Call: 

#> ets(y = train) 

#> 

#> Smoothing parameters: 

#> alpha = @.7341 

#> gamma = le-04 

#> 

#> Initial states: 

#> l = 1,6439 

#> 5 = 1.031 1.044 1.01 0.9148 

#> 

#> sigma: 0.0581 

#> 

#> AIC AICc BIC 

#> -2.1967 -0.6411 14.4775 

checkresiduals(fit.ets) 

Residuals from ETS(M,N,M) 
Olf15.= 

0.10 - 

0.05 - 

0.00 - 

0.05 - 

-0.10 - 

1 ' ' ' 
1990 1995 2000 2005 

iS 
@ 10 
(Ss) 

5- 

' ‘ ' (i 0- i) ae CE ot ‘, 
4 8 12 16 -0.1 0.0 0.1 0.2 

Lag residuals 

#> Ljung-Box test 

#> data: Residuals from ETS(M,N,M) 

P= = Ons pdt = 9) PoValLUer=a0 gel 

#> 

#> Model df: 6. Total lags used: 9 

The output below evaluates the forecasting performance of the 

two competing models over the test set. In this case the ETS 

model seems to be the slightly more accurate model based on 

the test set RMSE, MAPE and MASE. 

Figure 8.29: Residual 

diagnostic plots for the 

ETS model fitted to 
the quarterly cement 

production training 

data. 
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# Generate forecasts and compare accuracy over the test set 

al <- fit.arima %>% forecast(h = 4*(2013-2007)+1) %>% 

accuracy (qcement ) 

al[,c(*RMSE", "MAE", "MAPE", "MASE" )'] 

#> RMSE MAE MAPE MASE 

#> Training set 0.1006 0.07955 4.348 0.5435 

#> Test set 0.1978 0.16749 7.653 1.1443 

a2 <- fit.ets %>% forecast(h = 4*(2013-2007)+1) %>% 

accuracy (qcement) 

a2[,c¢("RMSE", "MAE", "MAPE" , "MASE") ] 

#> RMSE MAE MAPE MASE 

#> Training set 0.1022 0.07958 4,372 0,5437 

#> Test set 0.1839 0.15395 6.986 1.0518 

Notice that the ARIMA model fits the training data slightly 

better than the ETS model, but that the ETS model provides 

more accurate forecasts on the test set. A good fit to training 

data is never an indication that the model will forecast well. 

Below we generate and plot forecasts from an ETS model for the 

next 3 years. 

# Generate forecasts from an ETS model 

cement %>% ets() %>% forecast(h=12) %>% autoplot() 

Forecasts from ETS(M,A,M) 

3.0 - 

level 

ay 80. 

95 

Zio 

20)= 

1990 2000 2010 
Time 

Figure 8.30: Forecasts 

from an ETS model 
fitted to all of the 
available quarterly 

cement production 

data. 
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8.11 Exercises 

1; 

ACF 

Figure 8.31 shows the ACFs for 36 random numbers, 360 

random numbers and 1,000 random numbers. 

a. Explain the differences among these figures. Do they all 

indicate that the data are white noise? 

a ee as Figure 8.31: Left: ACF 
for a white noise series 

of 36 numbers. Middle: 

ACF for a white noise 

series of 360 numbers. 

Right: ACF for a white 

noise series of 1,000 

numbers. 

0.0 

Lag Lag Lag 

b. Why are the critical values at different distances from the 

mean of zero? Why are the autocorrelations different in 

each figure when they each refer to white noise? 

. Aclassic example of a non-stationary series is the daily 

closing IBM stock price series (data set ibmclose). Use R 

to plot the daily closing prices for IBM stock and the ACF 

and PACF. Explain how each plot shows that the series is 

non-stationary and should be differenced. 

. For the following series, find an appropriate Box-Cox trans- 

formation and order of differencing in order to obtain station- 

ary data. 

usnetelec 

usgdp 

mcopper 

. enplanements 

OE oo visitors 

. For the enplanements data, write down the differences you 

chose above using backshift operator notation. 

. For your retail data (from Exercise 3 in Section 2.10), find 

the appropriate order of differencing (after transformation if 

necessary) to obtain stationary data. 
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6. Use R to simulate and plot some data from simple ARIMA 

models. 

a. Use the following R code to generate data from an AR(1) 

model with #; = 0.6 and o? = 1. The process starts with 

wh = 0. 

y <- ts(numeric(100) ) 

e <- rnorm(100) 

for(i in 2:100) 

y[i] <- 0.6*y[i-1] + e[i] 

b. Produce a time plot for the series. How does the plot 

change as you change #1? 

c. Write your own code to generate data from an MA(1) 

model with 6, = 0.6 and o? = 1. 

d. Produce a time plot for the series. How does the plot 

change as you change 6? 

e. Generate data from an ARMA(1,1) model with ¢, = 0.6, 

6; =0.6and o* =1: 

f. Generate data from an AR(2) model with ¢; = —0.8, 

2 = 0.3 and o* = 1. (Note that these parameters will give 

a non-stationary series.) 

g. Graph the latter two series and compare them. 

7. Consider the number of women murdered each year (per 

100,000 standard population) in the United States. (Data set 

wmurders). 

a. By studying appropriate graphs of the series in R, find an 

appropriate ARIMA(p,d,q) model for these data. 

b. Should you include a constant in the model? Explain. 

. Write this model in terms of the backshift operator. 

. Fit the model using R and examine the residuals. Is the a0 

model satisfactory? 

e. Forecast three times ahead. Check your forecasts by 

hand to make sure that you know how they have been 

calculated. 

f. Create a plot of the series with forecasts and prediction 

intervals for the next three periods shown. 

g. Does auto.arima() give the same model you have chosen? 

If not, which model do you think is better? 

Zul 
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8. Consider the total international visitors to Australia (in 

millions) for the period 1980-2015. (Data set austa.) 

a. Use auto.arima() to find an appropriate ARIMA model. 

What model was selected. Check that the residuals look 

like white noise. Plot forecasts for the next 10 periods. 

. Plot forecasts from an ARIMA(0,1,1) model with no drift 

and compare these to part a. Remove the MA term and 

plot again. 

. Plot forecasts from an ARIMA(2,1,3) model with drift. 

Remove the constant and see what happens. 

d. Plot forecasts from an ARIMA(0,0,1) model with a con- 

stant. Remove the MA term and plot again. 

. Plot forecasts from an ARIMA(0,2,1) model with no 

constant. 

9. For the usgdp series: 

a. 

10. 

if necessary, find a suitable Box-Cox transformation for 

the data; 

. fit a suitable ARIMA model to the transformed data using 

auto.arima(); 

. try some other plausible models by experimenting with 

the orders chosen; 

. choose what you think is the best model and check the 

residual diagnostics; 

. produce forecasts of your fitted model. Do the forecasts 

look reasonable? 

compare the results with what you would obtain using 

ets() (with no transformation). 

Consider austourists, the quarterly number of interna- 

tional tourists to Australia for the period 1999-2010. (Data 

set auStourists.) 

sO oF 

. Describe the time plot. 

. What can you learn from the ACF graph? 

. What can you learn from the PACF graph? 

. Produce plots of the seasonally differenced data (1 — B*)Y,. 

What model do these graphs suggest? 

. Does auto.arima() give the same model that you chose? 

If not, which model do you think is better? 
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Write the model in terms of the backshift operator, then 

without using the backshift operator. 

11. Consider the total net generation of electricity (in billion 

kilowatt hours) by the U.S. electric industry (monthly for 

the period January 1973 — June 2013). (Data set usmelec.) In 

general there are two peaks per year: in mid-summer and 

mid-winter. 

a. Examine the 12-month moving average of this series to 

see what kind of trend is involved. 

. Do the data need transforming? If so, find a suitable 

transformation. 

. Are the data stationary? If not, find an appropriate differ- 

encing which yields stationary data. 

. Identify a couple of ARIMA models that might be useful 

in describing the time series. Which of your models is the 

best according to their AIC values? 

. Estimate the parameters of your best model and do diag- 

nostic testing on the residuals. Do the residuals resemble 

white noise? If not, try to find another ARIMA model 

which fits better. 

Forecast the next 15 years of electricity generation by the 

USS. electric industry. Get the latest figures from the EIA® 

to check the accuracy of your forecasts. 

. Eventually, the prediction intervals are so wide that the 

forecasts are not particularly useful. How many years 

of forecasts do you think are sufficiently accurate to be 

usable? 

12. For the mcopper data: 

a. 

b. 

if necessary, find a suitable Box-Cox transformation for 

the data; 

fit a suitable ARIMA model to the transformed data using 

auto.arima(); 

. try some other plausible models by experimenting with 

the orders chosen; 

. choose what you think is the best model and check the 

residual diagnostics; 

. produce forecasts of your fitted model. Do the forecasts 

look reasonable? 

®https://bit.ly/ 

usmeLlec 
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compare the results with what you would obtain using 

ets() (with no transformation). 

13. Choose one of the following seasonal time series: hsales, 

auscafe, qauselec, qcement, qgas. 

a. 

b. 

fe 

Do the data need transforming? If so, find a suitable 

transformation. 

Are the data stationary? If not, find an appropriate differ- 

encing which yields stationary data. 

. Identify a couple of ARIMA models that might be useful 

in describing the time series. Which of your models is the 

best according to their AIC values? 

. Estimate the parameters of your best model and do 

diagnostic testing on the residuals. Do the residuals 

resemble white noise? If not, try to find another ARIMA 

model which fits better. 

. Forecast the next 24 months of data using your preferred 

model. 

Compare the forecasts obtained using ets(). 

14. For the same time series you used in the previous exercise, 

try using a non-seasonal model applied to the seasonally 

adjusted data obtained from STL. The stlf() function will 

make the calculations easy (with method="arima"). Compare 

the forecasts with those obtained in the previous exercise. 

Which do you think is the best approach? 

15. For your retail time series (Exercise 5 above): 

a. develop an appropriate seasonal ARIMA model; 

b. compare the forecasts with those you obtained in earlier 

chapters; 

. Obtain up-to-date retail data from the ABS website” (Cat 

8501.0, Table 11), and compare your forecasts with the 

actual numbers. How good were the forecasts from the 

various models? 

16. Consider the sheep population of England and Wales from 

1867-1939 (data set sheep). 

a. Produce a time plot of the time series. 

b. Assume you decide to fit the following model: 

Vt =Ve-1t+ Pi(Vi-1 —Yr-2) + Ha(Vi_-2 —Yt-3) + O3(Wt_-3 —Vr_-a) + Epp 

7https://bit.ly/ 

absretail 
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where €; is a white noise series. What sort of ARIMA 

model is this (i.e., what are p, d, and q)? 

c. By examining the ACF and PACF of the differenced data, 

explain why this model is appropriate. 

d. The last five values of the series are given below: 

Year 15ST 9365 £937 W388 1939 

Millions of sheep 1648 1665 1627 1791 1797 

The estimated parameters are $; = 0.42, dy = —0.20, 

and @3 = —0.30. Without using the forecast function, 

calculate forecasts for the next three years (1940-1942). 

e. Now fit the model in R and obtain the forecasts using 

forecast. How are they different from yours? Why? 

17. The annual bituminous coal production in the United 

States from 1920 to 1968 is in data set bicoal. 

a. Produce a time plot of the data. 

b. You decide to fit the following model to the series: 

Ve = C+ Pr Ye-1 + P2Yt-2 + 31-3 + Payr_a + Et 

where y; is the coal production in year ft and ¢; is a white 

noise series. What sort of ARIMA model is this (i.e., what 

are p, d, and q)? 

c. Explain why this model was chosen using the ACF and 

PACE: 

d. The last five values of the series are given below. 

Year 1964 1965 1966 1967 1968 

IMilltonmsio tonsa OAD O42 Oo LO 

The estimated parameters are c = 162.00, d, = 0.83, 

2 = —0.34, p3 = 0.55, and d4 = —0.38. Without using the 

forecast function, calculate forecasts for the next three 

years (1969-1971). 

OES) 
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e. Now fit the model in R and obtain the forecasts from the 

same model. How are they different from yours? Why? 

18. Before doing this exercise, you will need to install the 

rdatamarket package in R using 

install.packages('"rdatamarket") 

a. Select a time series from Datamarket®. Then copy its short 

URL and import the data using 

xX <- ts(rdatamarket: :dmseries(“shorturl")[,1], 

start=??, frequency=?7) 

(Replace ?? with the appropriate values.) 

b. Plot graphs of the data, and try to identify an appropriate 

ARIMA model. 

c. Do residual diagnostic checking of your ARIMA model. 

Are the residuals white noise? 

d. Use your chosen ARIMA model to forecast the next four 

years. 

e. Now try to identify an appropriate ETS model. 

f. Do residual diagnostic checking of your ETS model. Are 

the residuals white noise? 

g. Use your chosen ETS model to forecast the next four 

years. 

h. Which of the two models do you prefer? 

8.12 Further reading 

* The classic text which popularized ARIMA modelling was 

Box and Jenkins (1970). The most recent edition is Box, 

Jenkins, et al. (2015), and it is still an excellent reference for 

all things ARIMA. 

¢ Brockwell and Davis (2016) provides a good introduction to 

the mathematical background to the models. 

¢ Pena, Tiao, and Tsay (2001) describes some alternative auto- 

matic algorithms to the one used by auto.arima(). 

Shttps://bit.ly/ 

datamarketfree 



Chapter 9 

Dynamic regression models 

The time series models in the previous two chapters allow for 

the inclusion of information from past observations of a series, 

but not for the inclusion of other information that may also 

be relevant. For example, the effects of holidays, competitor 

activity, changes in the law, the wider economy, or other exter- 

nal variables, may explain some of the historical variation and 

may lead to more accurate forecasts. On the other hand, the 

regression models in Chapter 5 allow for the inclusion of a lot 

of relevant information from predictor variables, but do not 

allow for the subtle time series dynamics that can be handled 

with ARIMA models. In this chapter, we consider how to ex- 

tend ARIMA models in order to allow other information to be 

included in the models. 

In Chapter 5 we considered regression models of the form 

Y; = Bo + B1X1,2 + °** + Bexk et + Et, 

where y; is a linear function of the k predictor variables 

(X1,4---,Xp1), and €; is usually assumed to be an uncorrelated 

error term (i.e., it is white noise). We considered tests such as 

the Breusch-Godfrey test for assessing whether the resulting 

residuals were significantly correlated. 

In this chapter, we will allow the errors from a regression to 

contain autocorrelation. To emphasise this change in perspec- 

tive, we will replace €; with 7; in the equation. The error series 

7, is assumed to follow an ARIMA model. For example, if 4; 



278 FORECASTING: PRINCIPLES AND PRACTICE 

follows an ARIMA(1,1,1) model, we can write 

Vt = Bot Pixie +++ + Berne t+ Yt 

(1—,B)(1—B)y, =(1+ 0, B)e,, 

where €; is a white noise series. 

Notice that the model has two error terms here — the error 

from the regression model, which we denote by 7;, and the 

error from the ARIMA model, which we denote by ¢;. Only the 

ARIMA model errors are assumed to be white noise. 

9.1 Estimation 

When we estimate the parameters from the model, we need to 

minimise the sum of squared €; values. If we minimise the sum 

of squared 4; values instead (which is what would happen if we 

estimated the regression model ignoring the autocorrelations in 

the errors), then several problems arise. 

1. The estimated coefficients Bo,..., 6, are no longer the best 

estimates, as some information has been ignored in the 

calculation; 

2. Any statistical tests associated with the model (e.g., t-tests on 

the coefficients) will be incorrect. 

3. The AlCc values of the fitted models are no longer a good 

guide as to which is the best model for forecasting. 

4. In most cases, the p-values associated with the coefficients 

will be too small, and so some predictor variables will ap- 

pear to be important when they are not. This is known as 

“spurious regression”. 

Minimising the sum of squared €; values avoids these problems. 

Alternatively, maximum likelihood estimation can be used; this 

will give very similar estimates of the coefficients. 

An important consideration when estimating a regression with 

ARMA errors is that all of the variables in the model must first 

be stationary. Thus, we first have to check that y, and all of the 

predictors (x) +,...,X,;,) appear to be stationary. If we estimate 

the model when any of these are non-stationary, the estimated 

coefficients will not be consistent estimates (and therefore may 
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not be meaningful). One exception to this is the case where non- 

stationary variables are co-integrated. If there exists a linear 

combination of the non-stationary y; and the predictors that is 

stationary, then the estimated coefficients will be consistent.! ' Forecasting with 
: cointegrated models is 

We therefore first difference the non-stationary variables in discussed by Harris and 

the model. It is often desirable to maintain the form of the Sollis (2003). 

relationship between y; and the predictors, and consequently 

it is common to difference all of the variables if any of them 

need differencing. The resulting model is then called a “model 

in differences”, as distinct from a “model in levels”, which 

is what is obtained when the original data are used without 

differencing. 

If all of the variables in the model are stationary, then we only 

need to consider ARMA errors for the residuals. It is easy to 

see that a regression model with ARIMA errors is equivalent 

to a regression model in differences with ARMA errors. For 

example, if the above regression model with ARIMA(1,1,1) 

errors is differenced we obtain the model 

} J ye W 

Vt = BiXyeteo t+ Bex, t Np 

(1 —p,B)n; = (1 ap O, Bye, 

} } uy, . . 

where 9; = Yp—Yt-1) X} 3 = Xt,i — Xe-1,1 aNd 4, = Ne — 4r-1, which is a 
regression model in differences with ARMA errors. 

9.2 Regression with ARIMA errors in R 

The R function Arima() will fit a regression model with ARIMA 

errors if the argument xreg is used. The order argument spec- 

ifies the order of the ARIMA error model. If differencing is 

specified, then the differencing is applied to all variables in the 

regression model before the model is estimated. For example, 

the R command 

fit <- Arima(y, xreg=x, order=c(1,1,0)) 

will fit the model y; = 6, x; +4;, where 4; = 1 4;_, + €; is an AR(1) 

error. This is equivalent to the model 

Vt = Bot Pixt+ Mt 
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where 4; is an ARIMA(1,1,0) error. Notice that the constant 

term disappears due to the differencing. To include a constant 

in the differenced model, specify include. drift=TRUE. 

The auto.arima() function will also handle regression terms 

via the xreg argument. The user must specify the predictor 

variables to include, but auto.arima() will select the best 

ARIMA model for the errors. 

The AICc is calculated for the final model, and this value can 

be used to determine the best predictors. That is, the procedure 

should be repeated for all subsets of predictors to be considered, 

and the model with the lowest AICc value selected. 

Example: US Personal Consumption and Income 

Figure 9.1 shows the quarterly changes in personal consump- 

tion expenditure and personal disposable income from 1970 

to 2016 Q3. We would like to forecast changes in expenditure 

based on changes in income. A change in income does not neces- 

sarily translate to an instant change in consumption (e.g., after 

the loss of a job, it may take a few months for expenses to be 

reduced to allow for the new circumstances). However, we will 

ignore this complexity in this example and try to measure the 

instantaneous effect of the average change of income on the 

average change of consumption expenditure. 

autoplot(uschange[,1:2], facets=TRUE) + 

xlab("Year") + ylab("") + 

ggtitle("“Quarterly changes in US consumption 

and personal income") 

Quarterly changes in US consumption and personal income Figure 9.1: Percentage 

ie changes in quarterly 

personal consumption 

expenditure and 

personal disposable 

income for the USA, 
op 1970 to 2016 Q3. 

Ls) 

uojdwnsuog 

0 Co ine 

F 

awodu| 
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(fit <- auto.arima(uschange[,"Consumption"], 

xreg=uschange[, "Income" ]) ) 

#> Series: uschange[, "Consumption" ] 

#> Regression with ARIMA(1,0,2) errors 

#> 

#> Coefficients: 

#> arl mal ma2 intercept xreg 

#> 0.692 -0.576 0.198 0.599 0.203 

> Sno Ow.  Ontsd) sOnOAG 0.088 6,046 

#> 

#> sigma*2 estimated as 0.322: log likelihood=-156.9 

#> AIC=325.9 AICc=326.4 BIC=345.3 

The data are clearly already stationary (as we are considering 

percentage changes rather than raw expenditure and income), 

so there is no need for any differencing. The fitted model is 

Vt = 0.60 ate 0.20x; ap ty 

Ht = 0.69741 te Cris 0.5841 oP 0.20€;_9, 

¢, ~ NID(0, 0.322). 

We can recover estimates of both the 7; and ¢; series using the 

residuals() function. 

cbhind("Regression Errors" = residuals(fit, type="regression" Mo 
"ARIMA errors" = residuals(fit, type="innovation")) %>% 

autoplot(facets=TRUE) 

$1019 uolssaiBay 
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A Figure 9.2: Regression 

errors (4;) and ARIMA 

O- errors (€;) from the 

= fitted model. 

-2- 

Ssu0u8 WNINY 

' ' ' 
1970 1980 1990 2000 2010 

Time 

It is the ARIMA errors that should resemble a white noise 

series. 
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checkresiduals (fit) 

Residuals from Regression with ARIMA(1,0,2) errors Figure 9.3: The resid- 

uals (i.e., the ARIMA 

errors) are not signifi- 

cantly different from 

white noise. 

1 ! ' ' 
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Lag ~ residuals 

#> 

#> Ljung-Box test 

#> 

#> data: Residuals from Regression with ARIMA(1,0,2) errors 

#> Q* = 5.9, df = 3, p-value = 0.1 

#> Model df: 5. Total lags used: 8 

9.3 Forecasting 

To forecast using a regression model with ARIMA errors, 

we need to forecast the regression part of the model and the 

ARIMA part of the model, and combine the results. As with 

ordinary regression models, in order to obtain forecasts we first 

need to forecast the predictors. When the predictors are known 

into the future (e.g., calendar-related variables such as time, 

day-of-week, etc.), this is straightforward. But when the pre- 

dictors are themselves unknown, we must either model them 

separately, or use assumed future values for each predictor. 

Example: US Personal Consumption and Income 

We will calculate forecasts for the next eight quarters assuming 

that the future percentage changes in personal disposable 

income will be equal to the mean percentage change from the 

last forty years. 
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fcast <- forecast(fit, xreg=rep(mean(uschange[,2]),8)) 

autoplot(fcast) + xlab("Year") + 

ylab("Percentage change") 

Forecasts from Regression with ARIMA(1,0,2) errors Figure 9.4: Forecasts 

obtained from regress- 

ing the percentage 

change in consumption 
o . 

2 expenditure on the 
oO — s 

iS) a level percentage change in 

@ 0 ‘180 disposable income, 
5 95 with an ARIMA(1,0,2) 

5 error model. 
oS | 

“oie 

1970 1980 1990 2000 2010 2020 
Year 

The prediction intervals for this model are narrower than those 

for the model developed in Section 8.5 because we are now able 

to explain some of the variation in the data using the income 

predictor. 

It is important to realise that the prediction intervals from 

regression models (with or without ARIMA errors) do not take 

into account the uncertainty in the forecasts of the predictors. 

So they should be interpreted as being conditional on the 

assumed (or estimated) future values of the predictor variables. 

Example: Forecasting electricity demand 

Daily electricity demand can be modelled as a function of 

temperature. As can be observed on an electricity bill, more 

electricity is used on cold days due to heating and hot days due 

to air conditioning. The higher demand on cold and hot days 

is reflected in the u-shape of Figure 9.5, where daily demand is 

plotted versus daily maximum temperature. 

The data are stored as elecdaily including total daily demand, 

an indicator variable for workdays (a workday is represented 

with 1, and a non-workday is represented with 0), and daily 

maximum temperatures. Because there is weekly seasonality, 

the frequency has been set to 7. Figure 9.6 shows the time series 

of both daily demand and daily maximum temperatures. The 

plots highlight the need for both a non-linear and a dynamic 

model. 
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Figure 9.5: Daily 

electricity demand 

versus maximum daily 

temperature for the 

state of Victoria in 

Australia for 2014. 

Figure 9.6: Daily 

electricity demand 

and maximum daily 

temperature for the 

state of Victoria in 

Australia for 2014. 



9. DYNAMIC REGRESSION MODELS’) 285 

In this example, we fit a quadratic regression model with 

ARMA errors using the auto.arima() function. 

xreg <- cbind(MaxTemp = elecdaily[, “Temperature"], 

MaxTempSq = elecdaily[, "“Temperature"]*2, 

Workday = elecdaily[, "WorkDay"]) 

fit <- auto.arima(elecdaily[, "Demand"], xreg = xreg) 

checkresiduals (fit) 

Residuals from Regression with ARIMA(2,1,2)(2,0,0)[7] errors 
40- 

Figure 9.7: Residu- 

als diagnostics for a 

dynamic regression 

model for daily elec- 
tricity demand with 

workday and quadratic 

temperature effects. 

40- 

count 20 - 

2s . a 
” ae i] |! 200 See elt | , um" ' y 

14 2) -20 0 20 40 

Lag residuals 

#> 

#> Ljung-Box test 

#> 

#> data: Residuals from Regression with 

#> ARIMA(2,1,2)(2,0,0)[7] errors 

#> Q* = 28, df = 4, p-value = 1le-05 

#> 

#> Model df: 10. Total lags used: 14 

The model has some significant autocorrelation in the residuals, 

which means the prediction intervals may not provide accurate 

coverage. Also, the histogram of the residuals shows one posi- 

tive outlier, which will also affect the coverage of the prediction 

intervals. 

Using the estimated model we forecast 14 days ahead start- 

ing from Thursday 1 January 2015 (a non-work-day being a 

public holiday for New Years Day). In this case, we could ob- 

tain weather forecasts from the weather bureau for the next 

14 days. But for the sake of illustration, we will use scenario 

based forecasting (as introduced in Section 5.6) where we set 

the temperature for the next 14 days to a constant 26 degrees. 
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fcast <- forecast(fit, 

xreg = cbind(rep(26,14), rep(26*2,14), 

(Ona ORO levis elyyuln len OO alenlenl9)b))) 

autoplot(fcast) + ylab("Electicity demand (GW)”) 

Forecasts from Regression with ARIMA(2,1,2)(2,0,0)[7] errors 

350 - 

300 - 

level 

250 - (BE 80 

95 

Electicity demand (GW) 200 - 

Time 

The point forecasts look reasonable for the first two weeks of 

2015. The slow down in electricity demand at the end of 2014 

(due to many people taking summer vacations) has caused the 

forecasts for the next two weeks to show similarly low demand 

values. 

ct age’ assumption han Avtermnistic 

9.4 Stgchastic and deterministic trends dl 
Ne lows nite aga in ‘ 

There afe two different ways of modelling a linear trend. A 

deterministic trend is obtained using the regression model 

Y= Bot Bitt+np, 

where 74; isan ARMA process. A stochastic trend is obtained 

using the model 

Yt = Bot Pitt ne, 

where 7; is an ARIMA process with d = 1. In the latter case, 

we can difference both sides so that y; = B; + y;, where 1; is an 

ARMA process. In other words, 

Ve =Yit Bit m. 

This is very similar to a random walk with drift (introduced in 

Section 8.1), but here the error term is an ARMA process rather 

than simply white noise. 

Figure 9.8: Forecasts 

from the dynamic 

regression model 

for daily electricity 

demand. All future 

temperatures have 

been set to 26 degrees, 

and the working day 

dummy variable has 

been set to known 

future values. 
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Although these models appear quite similar (they only differ in 

the number of differences that need to be applied to 7;), their 

forecasting characteristics are quite different. 

Example: International visitors to Australia 

autoplot(austa) + xlab("Year") + 

ylab("millions of peopte") + 

ggtitle("Total annual international visitors to Australia") 

Total annual international visitors to Australia Figure 9.9: Annual 

international visitors to 

ae Australia, 1980-2015. 

millions of people 

1980 1990 2000 2010 

Year 

Figure 9.9 shows the total number of international visitors 

to Australia each year from 1980 to 2015. We will fit both a 

deterministic and a stochastic trend model to these data. 

The deterministic trend model is obtained as follows: 

trend <- seq along(austa) 

(fitl <- auto.arima(austa, d=0, xreg=trend) ) 

#> Series: austa 

#> Regression with ARIMA(2,0,0) errors 

#> 

#> Coefficients: 

#> arl arZ2 intercept xreg 

#> LAL LS sO OO 0.416 0.171 

#> s.e. 0,160 0.158 0.190 0.009 

#> 

#> sigma*2 estimated as 0.0298: log likelihood=13.6 

#> AIC=-17.2 AICc=-15.2 BIC=-9,28 

This model can be written as 

y, = 0.424 0.178 +7; 

tt = iD 4 aa — 0.3817+~2 ar Et 

€, ~ NID(0, 0.0298). 



288 FORECASTING: PRINCIPLES AND PRACTICE 

The estimated growth in visitor numbers is 0.17 million people 

per year. 

Alternatively, the stochastic trend model can be estimated. 

(fit2 <- auto.arima(austa, d=1)) 

#> Series: austa 

#> ARIMA(O0,1,1) with drift 

#> 

#> Coefficients: 

#> mal drift 

#> 0,301 0,173 

#> s.@. 0.165 0.039 

#> 

#> sigma*2 estimated as 0.0338: log likelihood=10.62 

#> AIC=-15.24 AICc=-14.46 BIC=-10.57 

This model can be written as y; — y;_) = 0.17 + 4;, or equivalently 

He =e + 0.308;_1 + €; 

€, ~ NID(0, 0.0338). 

In this case, the estimated growth in visitor numbers is also 

0.17 million people per year. Although the growth estimates are 

similar, the prediction intervals are not, as Figure 9.10 shows. 

In particular, stochastic trends have much wider prediction 

intervals because the errors.are non-stationary. 

fcl <- forecast(fitl, 

xreg = data.frame(trend = tength(austa) + 1:10)) 

fc2 <- forecast(fit2, h=10) 

autoplot(austa) + 

autolayer(fc2, series="Stochastic trend") + 

autolayer(fcl, series="Deterministic trend") + 

ggtitle("Forecasts from trend models") + 

Xlab("Year") + ylab("Visitors to Australia (millions)") + 

guides (colour=guide_legend(title="Forecast")) 

There is an implicit assumption with deterministic trends that 

the slope of the trend is not going to change over time. On the 

other hand, stochastic trends can change, and the estimated 

growth is only assumed to be the average growth over the 

historical period, not necessarily the rate of growth that will be 

observed into the future. Consequently, it is safer to forecast 

with stochastic trends, especially for longer forecast horizons, as 
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Forecasts from trend models Figure 9.10: Forecasts 

10.0- of annual international 

visitors to Australia 

he using a deterministic 
e Ke“ trend model and a 

Q 75- e stochastic trend model. 

E 
s Forecast 
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ee Suis >< Stochastic trend 
je) 

2 
2 
@ 
S 

1980 1990 2000 2010 2020 
Year 

the prediction intervals allow for greater uncertainty in future 

growth. 

9.5 Dynamic harmonic regression 

When there are long seasonal periods, a dynamic regression 

with Fourier terms is often better than other models we have 

considered in this book. 

For example, daily data can have annual seasonality of length 

365, weekly data has seasonal period of approximately 52, 

while half-hourly data can have several seasonal periods, the 

shortest of which is the daily pattern of period 48. 

Seasonal versions of ARIMA and ETS models are designed for 

shorter periods such as 12 for monthly data or 4 for quarterly 

data. The ets ion restricts seasonality to imum 

period of 24 to allow hourly data but not data with a larger sea- 

sonal frequency. The problem is that there are m—1 parameters 

to be estimated for the initial seasonal states where m is the 

seasonal period. So for large m, the estimation becomes almost 

impossible. 

The Arima() and auto.arima() functions will allow a seasonal 

period up to m = 350, but in practice will usually run out of 

memory whenever the seasonal period is more than about 200. 

In any case, seasonal differencing of very high order does not 

make a lot of sense — for daily data it involves comparing what 
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happened today with what happened exactly a year ago and 

there is no constraint that the seasonal pattern is smooth. 

So for such time series, we prefer a harmonic regression ap- 

proach where the seasonal pattern is modelled using Fourier 

terms with short-term time series dynamics handled by an 

ARMA error. 

The advantages of this approach are: 

¢ it allows any length seasonality; 

* for data with more than one seasonal period, Fourier terms of 

different frequencies can be included; 

* the seasonal pattern is smooth for small values of K (but 

more wiggly seasonality can be handled by increasing K); 

* the short-term dynamics are easily handled with a simple 

ARMA error. 

The only real disadvantage (compared to a seasonal ARIMA 

model) is that the seasonality is-assumed to be fixed — the 

seasonal pattern is not allowed to change over time. But in 

practice, seasonality is usually remarkably constant so this is 

not a big disadvantage except for very long time series. 

Example: Australian eating out expenditure 

In this example we demonstrate combining Fourier terms for 

capturing seasonality with ARIMA errors capturing other 

dynamics in the data. For simplicity, we will use an example 

with monthly data. The same modelling approach using weekly 

data is discussed in Section 12.1. 

We use auscafe, the total monthly expenditure on cafes, restau- 

rants and takeaway food services in Australia ($billion), starting 

in 2004 up to November 2016 and we forecast 24 months ahead. 

We vary the number of Fourier terms from 1 to 6 (which is 

equivalent to including seasonal dummies). Figure 9.11 shows 

the seasonal pattern projected forward as K increases. Notice 

that as K increases the Fourier terms capture and project a more 

“wiggly” seasonal pattern and simpler ARIMA models are re- 

quired to capture other dynamics. The AlCc value is minimized 

for K = 5, with a significant jump going from K = 4to K = 5, 

hence the forecasts generated from this model would be the 

ones used. 



cafeQ4 <- window(auscafe, start=2004) 

plots <- list() 

for (i in seq(6)) { 
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fit <- auto.arima(cafe04, xreg = fourier(cafe04, K = i), 

seasonal = FALSE, lambda = 0) 

plots[[i]] <- autoplot(forecast(fit, 

xreg=fourier(cafe04, K=i, h=24))) + 

AICC=",round(fit[["aicc"]],2))) + xlab(paste("K=",i," 

ylab("") + ylim(1.5,4.7) 

} 
gridExtra::grid.arrange( 

plots[[1]],plots[(2]],plots[[3]], 
plots[[4]],plots[[5]],plots[[6]], nrow=3) 

Forecasts from Regression with ARIMA(3,1,4) errors 

o ' 

nm 

2005 2010 2015 2020 

K=1 AICC= -560.97 

Forecasts from Regression with ARIMA(2,1,0) errors 

2005 2010 2015 2020 
K=3 AICC= -693.31 

Forecasts from Regression with ARIMA(0,1,1) errors 

2005 2010 2015 2020 

K=5 AICC= -827.77 

Forecasts from Regression with ARIMA(3,1,2) errors 

Nn ' 

2005 2010 2015 2020 
K=2 AICC=-617.16 

Forecasts from Regression with ARIMA(5,1,0) errors 

Av level 

2005 2010 2015 2020 
K=4 AICC= -790.74 

Forecasts from Regression with ARIMA(0,1,1) errors 

2005 2010 2015 2020 
K=6 AICC= -827.3 

Figure 9.11: Using 

Fourier terms and 

ARIMA errors for 

forecasting monthly 

expenditure on eating 

out in Australia. 
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9.6 Lagged predictors 

Sometimes, the impact of a predictor which is included in 

a regression model will not be simple and immediate. For 

example, an advertising campaign may impact sales for some 

time beyond the end of the campaign, and sales in one month 

will depend on the advertising expenditure in each of the past 

few months. Similarly, a change in a company’s safety policy 

may reduce accidents immediately, but have a diminishing 

effect over time as employees take less care when they become 

familiar with the new working conditions. 

In these situations, we need to allow for lagged effects of the 

predictor. Suppose that we have only one predictor in our 

model. Then a model which allows for lagged effects can be 

written as ; 

Vt = Bot Vor: + ViXt-1 + °° + VeXtn + Ye 

where 7; is an ARIMA process. The value of k can be selected 

using the AlCc, along with the values of p and q for the ARIMA 

Chron: 

Example: TV advertising and insurance quotations 

A US insurance company advertises on national television in 

an attempt to increase the number of insurance quotations 

provided (and consequently the number of new policies). Fig- 

ure 9.12 shows the number of quotations and the expenditure 

on television advertising for the company each month from 

January 2002 to April 2005. 

autoplot(insurance, facets=TRUE) + 

xlab("Year") + ylab("") + 

ggtitle("Insurance advertising and quotations") 

We will consider including advertising expenditure for up 

to four months; that is, the model may include advertising 

expenditure in the current month, and the three months before 

that. When comparing models, it is important that they all use 

the same training set. In the following code, we exclude the first 

three months in order to make fair comparisons. 
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Insurance advertising and quotations Figure 9.12: Numbers 

18 - of insurance quotations 

provided per month 

and the expenditure on 

advertising per month. 
sajono 

Uanpe‘AL 

2002 2003 2004 2005 
Year 

# Lagged predictors, Test 0, 1, 2 or 3 lags. 

Advert <- cbhind( 

AdLagO = insurance[,"TV.advert"], 

AdLagl = stats::lag(insurance[,"TV.advert"],-1), 

AdLag2 = stats::lag(insurance[,"TV.advert"],-2), 

AdLag3 = stats::lag(insurance[,"TV.advert"],-3)) %>% 

head (NROW( insurance) ) 

# Restrict data so models use same fitting period 

fitl <- auto.arima(insurance[4:40,1], xreg=Advert[4:40,1], 

stationary=TRUE) 

fit2 <- auto.arima(insurance[4:40,1], xreg=Advert[4:40,1:2], 

stationary=TRUE) 

fit3 <- auto.arima(insurance[4:40,1], xreg=Advert[4:40,1:3], 

stationary=TRUE) 

fit4 <- auto.arima(insurance[4:40,1], xreg=Advert[4:40,1:4], 

stationary=TRUE) 

Next we choose the optimal lag length for advertising based on 

the AICc. 

Chi eh Eiaiceall hit. iiedbec ell, nitstearce le ttath aree=)}) 

#> [1] 68.50 60.02 62.83 68.02 

The best model (with the smallest AICc value) has two lagged 

predictors; that is, it includes advertising only in the current 

month and the previous month. So we now re-estimate that 

model, but using all the available data. 
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(fit <- auto.arima(insurance[,1], xreg=Advert[,1:2], 

stationary=fRUE) ) 

#> Series: insurance[, 1] 

#> Regression with ARIMA(3,0,0) errors 

#> 

#> Coefficients: 

#> arl ar2 ar3 intercept AdLag0 AdLagl 

#> UGA? S095 Ze Orso 9 2.039 ihe Peevey (OF5 TNS YZ 

He S.@, J0n1/0. VO2255) (0,159 0.993 0.067 .0,059 

#> 

#> sigma®2 estimated as 0.217: log likelihood=-23.89 

#> AIC=61.78  AICc=65.28  BIC=73.6 

The chosen model has AR(3) errors. The model can be written 

as 

Vt = 2.04 sia 1.26x; Sip 0.16x;_] = Nb» 

where y; is the number of quotations provided in month f, x; is 

the advertising expenditure in month f, 

Hp = 1.41 ;-1 — 0.937;_2 + 0.367;_3 + €4, 

and €; is white noise. 

We can calculate forecasts using this model if we assume future 

values for the advertising variable. If we set the future monthly 

advertising to 8 units, we get the forecasts in Figure 9.13. 

fc8 <- forecast(fit, h=20, 

xreg=cbind(AdLagO = rep(8,20), 

AdLagl = c(Advert[40,1], rep(8,19)))) 

autoplot(fc8) + ylab("Quotes") + 

ggtitle("Forecast quotes with future advertising set to 8") 

Forecast quotes with future advertising set to 8 

level 

_ _ 80 

- 95 Quotes 
Nn ' 

2002 2003 2004 2005 2006 2007 
Time 

Figure 9.13: Forecasts 

of monthly insurance 

quotes, assuming that 

the future advertising 

expenditure is 8 units 

in each future month. 
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1. Consider monthly sales and advertising data for an automo- 
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Exercises 

tive parts company (data set advert). 

a. 

a 

Plot the data using autoplot. Why is it useful to set 

facets=TRUE? 

. Fit a standard regression model y; = a+ bx; + y; where y; 

denotes sales and x; denotes advertising using the tslm() 

function. 

Show that the residuals have significant autocorrelation. 

. What difference does it make you use the Arima function 

instead: 

Arima(advert[,"sales"], xreg=advert[,"advert"], 

order=c(0,0,0) ) 

. Refit the model using auto.arima(). How much differ- 

ence does the error model make to the estimated parame- 

ters? What ARIMA model for the errors is selected? 

Check the residuals of the fitted model. 

. Assuming the advertising budget for the next six months 

is exactly 10 units per month, produce and plot sales 

forecasts with prediction intervals for the next six months. 

2. This exercise uses data set huron giving the level of Lake 

Huron from 1875-1972. 

a. 

b. 

Fit a piecewise linear trend model to the Lake Huron data 

with a knot at 1920 and an ARMA error structure. 

Forecast the level for the next 30 years. 

3. This exercise concerns motel: the total monthly takings from 

accommodation and the total room nights occupied at hotels, 

motels, and guest houses in Victoria, Australia, between 

January 1980 and June 1995. Total monthly takings are in 

thousands of Australian dollars; total room nights occupied 

are in thousands. 

as Use the data to calculate the average cost of a night’s 

accommodation in Victoria each month. 

. Estimate the monthly CPI. 

. Produce time series plots of both variables and explain 

why logarithms of both variables need to be taken before 

fitting any models. 

295 
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d. Fit an appropriate regression model with ARIMA errors. 

Explain your reasoning in arriving at the final model. 

e. Forecast the average price per room for the next twelve 

months using your fitted model. (Hint: You will need to 

produce forecasts of the CPI figures first.) 

4. We fitted a harmonic regression model to part of the gaso- 

line series in Exercise 6 in Section 5.10. We will now revisit 

this model, and extend it to include more data and ARMA 

errors. 

a. Using tslm(), fit a harmonic regression with a piecewise 

linear time trend to the full gasoline series. Select the 

position of the knots in the trend and the appropriate 

number of Fourier terms to include by minimizing the 

AICc or CV value. : 

b. Now refit the model using auto.arima() to allow for 

correlated errors, keeping the same predictor variables as 

you used with tstm(). 

c. Check the residuals of the final model using the check- 

residuals() function. Do they look sufficiently like white 

noise to continue? If not, try modifying your model, or 

removing the first few years of data. 

d. Once you have a model with white noise residuals, pro- 

duce forecasts for the next year. 

5. Electricity consumption is often modelled as a function of 

temperature. Temperature is measured by daily heating de- 

grees and cooling degrees. Heating degrees is 18°C minus the 

average daily temperature when the daily average is below 

18°C; otherwise it is zero. This provides a measure of our 

need to heat ourselves as temperature falls. Cooling degrees 

measures our need to cool ourselves as the temperature rises. 

It is defined as the average daily temperature minus 18°C 

when the daily average is above 18°C; otherwise it is zero. 

Let y,; denote the monthly total of kilowatt-hours of electric- 

ity used, let x; , denote the monthly total of heating degrees, 

and let x7; denote the monthly total of cooling degrees. 

An analyst fits the following model to a set of such data: 

* ae * * 

= by x1 + b 2X5 5 + 4p 
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where 

een 
28 Bae eee 
( )\( Me iti! ayes 

and y; = log(Y;), x), = V%1,1 and x3, = x2 

a. 

b. 

What sort of ARIMA model is identified for n;? 

The estimated coefficients are 

Parameter Estimate  s.e. Z P-value 

by 0.0077 0.0015 4.98 0.000 

b> 050203) 020023, 9223) 0.000 

0; O33 0M 0l0720 Se Sl0m 02000 

b12 -0.5373 0.0856 -6.27 0.000 
P24 -0.4667 0.0862 -5.41 0.000 

Explain what the estimates of b; and b> tell us about electric- 

ity consumption. 

G Write the equation in a form more suitable for forecasting. 

d. Describe how this model could be used to forecast elec- 

tricity demand for the next 12 months. 

. Explain why the 7; term should be modelled with an 

ARIMA model rather than modelling the data using a 

standard regression package. In your discussion, comment 

on the properties of the estimates, the validity of the 

standard regression results, and the importance of the 1; 

model in producing forecasts. 

. For the retail time series considered in earlier chapters: 

a. Develop an appropriate dynamic regression model with 

Fourier terms for the seasonality. Use the AIC to select the 

number of Fourier terms to include in the model. (You will 

probably need to use the same Box-Cox transformation 

you identified previously.) 

. Check the residuals of the fitted model. Does the residual 

series look like white noise? 

. Compare the forecasts with those you obtained earlier 

using alternative models. 

DOT. 
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9.8 Further reading 

¢ A detailed discussion of dynamic regression models is pro- 

vided in Pankratz (1991). 

* A generalization of dynamic regression models, known as 

“transfer function models”, is discussed in Box, Jenkins, et al. 

(2015). 



Chapter 10 

Forecasting hierarchical or 

grouped time series 

Warning: this is a more advanced chapter and assumes a knowledge 

of some basic matrix algebra. 

Time series can often be naturally disaggregated by various 

attributes of interest. For example, the total number of bicycles 

sold by a cycling manufacturer can be disaggregated by product 

type such as road bikes, mountain bikes, children’s bikes and 

hybrids. Each of these can be disaggregated into finer categories. 

For example hybrid bikes can be divided into city, commuting, 

comfort, and trekking bikes; and so on. These categories are 

nested within the larger group categories, and so the collection 

of time series follow a hierarchical aggregation structure. There- 

fore we refer to these as “hierarchical time series”, the topic of 

Section 10.1. 

Hierarchical time series often arise due to geographical divi- 

sions. For example, the total bicycle sales can be disaggregated 

by country, then within each country by state, within each state 

by region, and so on down to the outlet level. 

Our bicycle manufacturer may disaggregate sales by both 

product type and by geographical location. Then we have a 

more complicated aggregation structure where the product 

hierarchy and the geographical hierarchy can both be used 

together. We usually refer to these as “grouped time series”, and 

discuss them in Section 10.2. 
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It is common to produce disaggregated forecasts based on 

disaggregated time series, and we usually require the forecasts 

to add up in the same way as the data. For example, forecasts 

of regional sales should add up to give forecasts of state sales, 

which should in turn add up to give a forecast for the national 

sales. 

In this chapter we discuss forecasting large collections of time 

series that must add up in some way. The challenge is that we 

require forecasts that are coherent across the aggregation struc- 

ture. That is, we require forecasts to add up in a manner that 

is consistent with the aggregation structure of the collection 

of time series. In Sections 10.3-10.7 we discuss several meth- 

ods for producing coherent forecasts for both hierarchical and 

grouped time series. . 

10.1 Hierarchical time series 

Figure 10.1 shows a K = 2-level hierarchical structure. At the 

top of the hierarchy (which we call level 0) is the “Total”, the 

most aggregate level of the data. The tth observation of the 

Total series is denoted by y, for t = 1,...,T. The Total is disag- 

gregated into two series at level 1, which in turn are divided 

into three and two series respectively at the bottom-level of 

the hierarchy. Below the top level, we use y,; to denote the tth 

observation of the series corresponding to node j. For example, 

ya, denotes the tth observation of the series corresponding to 

node A at level 1, y4g; denotes the tth observation of the series 

corresponding to node AB at level 2, and so on. 

(Total 

666®® 

Figure 10.1: A two 

level hierarchical tree 

diagram. 
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In this small example, the total number of series in the hier- 

archy is nm = 1+ 2+5 = 8, while the number of series at the 

bottom-level is m = 5. Note that n > m in all hierarchies. 

For any time t, the observations at the bottom-level of the 

hierarchy will sum to the observations of the series above. For 

example, 

Vt = Yaa + Vast + Vac.t + YBa t + YBB,t (10.1) 

and 

Yat =VAAtt+VaBttVYact and ygr+=VYeartYapet- (10.2) 

Substituting (10.2) into (10.1), we also get y; = ya +Ypyz. These 

equations can be thought of as aggregation constraints or 

summing equalities, and can be more efficiently represented 

using matrix notation. We construct an n x m matrix S (referred 

to as the “summing matrix”) which dictates the way in which 

the bottom-level series are aggregated. 

Por the hierarchical structure in Figure 10.1, we can write 

Vt bgee ls Sa ll 

YAt pi lew tig Ms A 

ra | ahimey) more aies Pees 
ee | Ce or on 0) 2 
Vane | 0: tenon OO 
Vier \ta|Om0n tenon 
vear| (0 0 0 1 0|+7EB 
VBB,t Oe te 

or in more compact notation 

vy, = Sb;, (10.3) 

where y; is an n-dimensional vector of all the observations in 

the hierarchy at time f, S is the summing matrix, and B; is an 

m-dimensional vector of all the observations in the bottom- 

level of the hierarchy at time t. Note that the first row in the 

summing matrix S represents Equation (10.1) above, the second 

and third rows represent (10.2). The rows below these comprise 

an m-dimensional identity matrix I, so that each bottom-level 

observation on the right hand side of the equation is equal to 

itself on the left hand side. 

301 



302 FORECASTING: PRINCIPLES AND PRACTICE 

Example: Australian tourism hierarchy 

Australia is divided into eight geographical areas (some called 

states and others called territories) with each one having its 

own government and some economic and administrative auton- 

omy. Each of these can be further subdivided into smaller areas 

of interest, referred to as zones. Business planners and tourism 

authorities are interested in forecasts for the whole of Australia, 

for the states and the territories, and also for the zones. In this 

example we concentrate on quarterly domestic tourism demand, 

measured as the number of visitor nights Australians spend 

away from home. To simplify our analysis, we combine the two 

territories and Tasmania into an “Other” state. So we have six 

states: New South Wales (NSW), Queensland (QLD), South Aus- 

tralia (SAU), Victoria (VIC), Western Australia (WA) and Other 

(OTH). For each of these we consider visitor nights within the 

following zones. 

State Zones 

NSW 

QLD 

SAU 

VIC 

WAU 

OTH 

Metro (NSWMetro), North Coast (NSWNthCo), South 

Coast (NSWSthCo), South Inner (NSWSthIn), North 

Inner (NSWNthIn) 

Metro (QLDMetro), Central (QLDCntrl), North Coast 

(QLDNthCo) 

Metro (SAUMetro), Coastal (SAUCoast), Inner (SAUIn- 

ner) 

Metro (VICMetro), West Coast (VICWstCo), East 

Coast (VICEstCo), Inner (VICInner) 

Metro (WAUMetro), Coastal (WAUCoast), Inner 

(WAUInner) 

Metro (OTHMetro), Non-Metro (OTHNoMet) 

We consider five zones for NSW, four zones for VIC, and three 

zones each for QLD, SAU and WAU. Note that Metro zones 

contain the capital cities and surrounding areas. For further 

details on these geographical areas, please refer to Appendix C 

in Wickramasuriya, Athanasopoulos, and Hyndman (2018). 

To create a hierarchical time series, we use the hts() function 

as shown in the code below. The function requires two inputs: 

the bottom-level time series and information about the hierar- 

chical structure. visnights is a time series matrix containing 



10. FORECASTING HIERARCHICAL OR GROUPED TIME SERIES 303 

the bottom-level series. There are several ways to input the 

structure of the hierarchy. In this case we are using the char- 

acters argument. The first three characters of each column 

name of visnights capture the categories at the first level of 

the hierarchy (States). The following five characters capture the 

bottom-level categories (Zones). 

library (hts) 

tourism.hts <- hts(visnights, characters = c(3, 5)) 

tourism.hts %>% aggts(levels=0:1) %>% 

autoplot(facet=TRUE) + 

xlab("Year") + ylab("millions") + ggtitle("Visitor nights") 

Visitor nights 
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The top plot in Figure 10.2 shows the total number of visitor 

nights for the whole of Australia, while the plots below show 

the data disaggregated by state. These reveal diverse and rich 

dynamics at the aggregate national level, and the first level of 

disaggregation for each state. The aggts() function extracts 

time series from an hts object for any level of aggregation. 

Figure 10.2: Australian 

domestic visitor nights 
over the period 1998 

Q1 to 2016 Q4 disag- 

gregated by State. 
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The plots in Figure 10.3 show the bottom-level time series, 

namely the visitor nights for each zone. These help us visualise 

the diverse individual dynamics within each zone, and assist 

in identifying unique and important time series. Notice, for 

example, the coastal WAU zone which shows significant growth 

over the last few years. 

Library (tidyverse) 

cols <- sample(scales::hue_pal(h=c(15,375), 

c=100, 1=65,h.start=0,direction = 1)(NCOL(visnights) )) 

as_tibble(visnights) %>% 

gather(Zone) %>% 

mutate(Date = rep(time(visnights), NCOL(visnights)), 

State = str_sub(Zone,1,3)) %>% 

ggplot(aes({x=Date, y=value, group=Zone, color=Zone)) + 

geom_line() + 

facet_grid(State~., scales="free y") + _ 

xlab("Year") + ylab("millions") + p 

ggtitle("Visitor nights by Zone") + 

scale_color_manual(values = cols) 

psd cite Reva Figure 10.3: Australian 

NA \, domestic visitor nights 
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To produce this figure, we are using various functions from the 

tidyverse collection of packages!. The details are beyond the ‘https: //ww. 

scope of this book, but there are many good online resources PMO Y Ver AG 0607 

available to learn how to use these packages. 

10.2 Grouped time series 

Grouped time series involve more general aggregation struc- 

tures than hierarchical time series. With grouped time series, 

the structure does not naturally disaggregate in a unique hier- 

archical manner, and often the disaggregating factors are both 

nested and crossed. For example, we could further disaggre- 

gate all geographical levels of the Australian tourism data by 

purpose of travel (such as holidays, business, etc.). So we could 

consider visitors nights split by purpose of travel for the whole 

of Australia, and for each state, and for each zone. Then we de- 

scribe the structure as involving the purpose of travel “crossed” 

with the geographical hierarchy. 

Figure 10.4 shows a K = 2-level grouped structure. At the 

top of the grouped structure is the Total, the most aggregate 

level of the data, again represented by y,;. The Total can be 

disaggregated by attributes (A, B) forming series ya ; and yp ;, or 

by attributes (X, Y) forming series yx, and yy. At the bottom 

level, the data are disaggregated by both attributes. 

305 

“otal otal Figure 10.4: Alternative 

representations of a two 

© 6 © 

G6O®e® 66068 
This example shows that there are alternative aggregation paths 

for grouped structures. For any time ft, as with the hierarchical 

structure, 

Vt = YAX,t + VAy,t + YBX,t + YBY,t- 

However, for the first level of the grouped structure, 

Yat =VaxttVay,t  — YB,t = YBX,t + YBY,t (10.4) 

but also 

VX,t = VAX,t + YBX,t Vy,t = Vay,t + VBY,t- (10.5) 

level grouped structure. 
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These equalities can again be represented by the n x m summing 

matrix S. The total number of series is n = 9 with m = 4 series at 

the bottom-level. For the grouped structure in Figure 10.4 we 

write 
Vt Pipes al 

VAt i ie 

VB, t On (Olea 
WX 1 1-0 136 YAX,t 

he Pale ani 
Aree i 0 0 0 YBX,t 

ee Oo 1 on 0 YBY,t 

YBX,t NO. 1 20 

YBY,t Oye Oman! 

or 

y, = Sb, : 

where the second and third rows of S represent (10.4) and the 

fourth and fifth rows represent (10.5). 

Grouped time series can sometimes be thought of as hierar- 

chical time series that do not impose a unique hierarchical 

structure, in the sense that the order by which the series can be 

grouped is not unique. 

Example: Australian prison population ‘The top row of Figure 

10.5 shows the total number of prisoners in Australia over 

the period 2005 Q1 to 2016 Q4. This represents the top-level 

series in the grouping structure. The rest of the panels show 

the prison population disaggregated by (i) state? (ii) legal 

status, whether prisoners have already been sentenced or are in 

remand waiting for a sentence, and (iii) gender. In this example, 

the three factors are crossed, but none are nested within the 

others. 

To create a grouped time series, we use the gts() function. Sim- 

ilar to the hts() function, inputs to the gts() function are the 

bottom-level time series and information about the grouping 

structure. prison is a time series matrix containing the bottom- 

level time series. The information about the grouping structure 

can be passed in using the characters input. (An alternative is 

to be more explicit about the labelling of the series and use the 

groups input.) 

* Australia comprises 
eight geographical 

areas six states and two 

territories: Australian 

Capital Territory, 

New South Wales, 

Northern Territory, 

Queensland, South 

Australia, Tasmania, 

Victoria, Western 

Australia. In this 

example we consider all 

eight areas. 
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prison.gts <- gts(prison/le3, characters = c(3,1,9), 

gnames = c("State", "Gender", "Legal", 

"State*Gender", "State*Legal", 

"State*Gender*Legal") )} 

One way to plot the main groups is as follows. 

prison.gts %>% aggts(level=0:3) %>% autoplot() 

But with a little more work, we can construct Figure 10.5 using 

the following code. 

pl <- prison.gts %>% aggts(level=0) %>% 

autoplot() + ggtitle("Australian prison population") + 

xlab("Year") + ylab("Total number of prisoners ('000)") 

groups <- aggts(prison.gts, level=1:3) 

cols <- sample(scales: :hue_pal(h=c(15,375), 

c=100, 1=65,h.start=0,direction = 1)(NCOL(groups) )) 

p2 <- as_tibble(groups) %>% 

gather(Series) %>% 

mutate(Date = rep(time(groups), NCOL(groups)), 

Group = str_extract(Series, "([A-Za-z ]*)")) %>% 

ggplot(aes(x=Date, y=value, group=Series, color=Series)) + 

geom_line() + 

xlab("Year") + ylab("Number of prisoners ('000)") + 

Figure 10.5: Total Aus- 
tralian quarterly adult 

prison population, 

disaggregated by state, 

by legal status and by 

gender. 
Australian prison population 
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2006 2008 2010 2012 2014 2016 

Year 

Series 

— Gender/F 

Gender Legal State 

/ —— Gender/M ee 
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scale_color_manual(values = cols) + 

facet_grid(.~Group, scales="free y") + 

scale_x_continuous(breaks=seq(2006,2016,by=2)) + 

theme(axis.text.x = element_text(angle = 90, hjust = 1)) 

gridExtra::grid.arrange(pl, p2, ncol=1) 

Plots of other group combinations can be obtained similarly. 

Figure 10.6 shows the Australian prison population disaggre- 

gated by all possible combinations of two attributes at a time. 

The top plot shows the prison population disaggregated by 

state and legal status, the middle panel shows the disaggre- 

gation by state and gender and the bottom panel shows the 

disaggregation by legal status and gender. 

Australian adult prison population by state and legal status 
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Figure 10.6: Australian 

Figure 10.7 shows the Australian adult population disaggre- EIDE ST ES pute 
; disaggregated b i 

gated by all three attributes: state, legal status and gender. = aes: eee 

These form the bottom-level series of the grouped structure for 

the Australian prison population. 
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Australian prison population 
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Figure 10.7: Bottom- 

level time series for the 

10.3. The bottom-up approach Australian adult prison 
population, grouped by 

: : : tate, legal stat d 
A simple method for generating coherent forecasts is the Sa a aa ae 

gender. 
bottom-up approach. This approach involves first generating 

forecasts for each series at the bottom-level, and then summing 

these to produce forecasts for all the series in the structure. 

For example, for the hierarchy of Figure 10.1, we first generate 

h-step-ahead forecasts for each of the bottom-level series: 

Dar YABW VACn YBAh and Pppp- 

(We have simplified the previously used notation of Pr.p)7 for 

brevity.) Summing these, we get h-step-ahead coherent forecasts 

for the rest of the series: 

Dh = Vaan t Yash + Yacht YBA,n + YBBW» 

Fah =VYAAh+ VaBn t+ VAC 

and Yp,h = YBA,h + YBBh- 

(In this chapter, we will use the “tilde” notation to indicate 

coherent forecasts.) As in Equation (10.3), we can employ the 

summing matrix here and write 

Ayo rety ae ial 
os || [ib wdlin The Ol) 
fred) (Os ee neem | 
UAE alte O00 0 ae: 
Pte Opn lam RO MEO) lec 
need hot ak soe |e 
Spel ol Ok eto ate OAs 
‘pycetaeel Ok Oe te Oia 
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Using more compact notation, the bottom-up approach can be 

represented as 

where y; is an n-dimensional vector of coherent h-step-ahead 

forecasts, and b,, is an m-dimensional vector of h-step-ahead 

forecasts for each of the bottom-level series. 

An advantage of this approach is that we are forecasting at the 

bottom-level of a structure, and therefore no information is lost 

due to aggregation. On the other hand, bottom-level data can be 

quite noisy and more challenging to model and forecast. 

The hts package for R 

Forecasts can be produced using the forecast() function 

applied to objects created by hts() or gts(). The hts package? 

has three in-built options to produce forecasts: ETS models, 

ARIMA models or random walks; these are controlled by the 

fmethod argument. It also use several methods for producing 

coherent forecasts, controlled by the method argument. 

For example, suppose we wanted bottom-up forecasts using 

ARIMA models applied to the prison data. Then we would use 

forecast(prison.gts, method="bu", fmethod="arima') 

which will apply the auto.arima() function to every bottom- 

level series in our collection of time series. Similarly, ETS 

models would be used if fmethod="ets" was used. 

10.4 Top-down approaches 

Top-down approaches only work with strictly hierarchical 

aggregation structures, and not with grouped structures. They 

involve first generating forecasts for the Total series y,, and then 

disaggregating these down the hierarchy. 

We let pj,...,Pm be a set of disaggregation proportions which 

dictate how the forecasts of the Total series are to be distributed 

to obtain forecasts for each series at the bottom-level of the 

structure. Por example, for the hierarchy of Figure 10.1 using 

proportions pj,...,p5 we get, 

>https://cran. 

r-project.org/ 

package=hts 

Daat=PiVr Vast =P Yacr=P3Vr Yaar =Pav: and Pepe = psd. 
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Using matrix notation we can stack the set of proportions in a 

m-dimensional vector p = (pj,...,Pm)’ and write 

b, = pyr. 

Once the bottom-level h-step-ahead forecasts have been gener- 

ated, these are aggregated to generate coherent forecasts for the 

rest of the series. In general, for a specified set of proportions, 

top-down approaches can be represented as 

Vn = Spy. 

The two most common top-down approaches specify disag- 

gregation proportions based on the historical proportions of 

the data. These performed well in the study of Gross and Sohl 

(1990). 

Average historical proportions 

for j = 1,...,m. Each proportion p; reflects the average of the 

historical proportions of the bottom-level series y; ; over the 

period t =1,...,T relative to the total aggregate y;. 

This approach is implemented in the forecast() function by 

setting method="tdgsa", where tdgsa stands for “top-down 

Gross-Sohl method A”. 

Proportions of the historical averages 

for j = 1,...,m. Each proportion p; captures the average histor- 

ical value of the bottom-level series y;,, relative to the average 

value of the total aggregate y,. 

This approach is implemented in the forecast() function by 

setting method="tdgsf", where tdgsa stands for “top-down 

Gross-Soh! method F”. 

A convenient attribute of such top-down approaches is their 

simplicity. One only needs to model and generate forecasts 

511 
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for the most aggregated top-level series. In general, these 

approaches seem to produce quite reliable forecasts for the 

aggregate levels and they are very useful with low count data. 

On the other hand, one disadvantage is the loss of information 

due to aggregation. Using such top-down approaches, we are 

unable to capture and take advantage of individual series 

characteristics such as time dynamics, special events, etc. 

Forecast proportions 

Because historical proportions used for disaggregation do 

not take account of how those proportions may change over 

time, top-down approaches based on historical proportions 

tend to produce less accurate forecasts at lower levels of the 

hierarchy than bottom-up approaches. To address this issue, 

proportions based on forecasts rather than historical data can be 

used (Athanasopoulos, Ahmed, and Hyndman 2009). 

Consider a one level hierarchy. We first generate h-step-ahead 

forecasts for all of the series. We don’t use these forecasts 

directly, and they are not coherent (they don’t add up correctly). 

Let’s call these “initial” forecasts. We calculate the proportion 

of each h-step-ahead initial forecast at the bottom level, to 

the aggregate of all the h-step-ahead initial forecasts at this 

level. We refer to these as the forecast proportions, and we use 

them to disaggregate the top-level h-step-ahead initial forecast 

in order to generate coherent forecasts for the whole of the 

hierarchy. 

For a K-level hierarchy, this process is repeated for each node, 

going from the top to the very bottom-level. Applying this 

process leads to the following general rule for obtaining the 

forecast proportions: 

a ih 
Vie | | é(6+1) 

=0 pn 

WEE | — ld, 11; on is the h-step-ahead initial forecast of 

the series that corresponds to the node which is @ levels above 

j, and Sy is the sum of the h-step-ahead initial forecasts below 

the node that is € levels above node j and are directly connected 
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to that node. These forecast proportions disaggregate the h- 

step-ahead initial forecast of the Total series to get h-step-ahead 

coherent forecasts of the bottom-level series. 

We will use the hierarchy of Figure 10.1 to explain this notation 

and to demonstrate how this general rule is reached. Assume 

we have generated initial forecasts for each series in the hierar- 

chy. Recall that for the top-level “Total” series, 9), = 7, for any 

top-down approach. Here are some examples using the above 

notation: 

(1) 
ING =f = Vn = Phi 

HC es Ce een hy NO aan 
Daan = VAaBh = YACh = YAM 
7A (2) ee (2) (2) Ae) AZ) ae 
VAAb SY ABR = uae h — YBA,h — YBBh ~ YR = Yo 
(11) A (a) (iL) x m A 

© SAA h = SABA = SAC h = VAAN t+ YABh t+ VAC hi 
(2) ae 4(2) A(1) a(1) 

: Vas Sa ee ee 

Moving down the farthest left branch of the hierarchy, coherent 

forecasts are given by 

AA h 

and 
Z m Alli) 
Al. Vaah || YAAh 

VAA,h = YAh ae 5 h 
(1) 6h) 62) 
AA,h AA,h? SO AAA 

Consequently, 
. (1) 

_{ VAAh || Yaar 
P| a) || ee" | 

AA,h? SO AA,h 

The other proportions can be obtained similarly. 

One disadvantage of all top-down approaches, including this 

one, is that it does not produce unbiased coherent forecasts 

(Hyndman, Ahmed, et al. 2011). 

This approach is implemented in the forecast () function 

by setting method="tdfp", where tdfp stands for “top-down 

forecast proportions”. 

313 
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10.5 Middle-out approach 

The middle-out approach combines bottom-up and top-down 

approaches. First, a “middle level” is chosen and forecasts are 

generated for all the-series at this level. For the series above 

the middle level, coherent forecasts are generated using the 

bottom-up approach by aggregating the “middle-level” fore- 

casts upwards. For the series below the “middle level”, coherent 

forecasts are generated using a top-down approach by disaggre- 

gating the “middle level” forecasts downwards. 

This approach is implemented in the forecast() function by 

setting method="mo" and by specifying the appropriate middle 

level via the level argument. For the top-down disaggregation 

below the middle level, the top-down forecast proportions 

method is used. 

10.6 Mapping matrices 

All of the methods considered so far can be expressed using a 

common notation. 

Suppose we forecast all series independently, ignoring the 

aggregation constraints. We call these the base forecasts and 

denote them by y;, where h is the forecast horizon. They are 

stacked in the same order as the data y,. 

Then all forecasting approaches for either hierarchical or 

grouped structures can be represented as 

0, = SPV, (10.6) 

where P is a matrix that maps the base forecasts into the 

bottom-level, and the summing matrix S sums these up using 

the aggregation structure to produce a set of coherent forecasts 

Vn- 

The P matrix is defined according to the approach imple- 

mented. For example if the bottom-up approach is used to 
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forecast the hierarchy of Figure 10.1, then 

COE Os Dire O a 0 euO' 0) 

OLR Oy sO Ort = Ot.0.0 

P= 100 Oe Ons ke a 0 

OFF Os Oe Oe Oe 0 Sala) 

OP 30R OR 0F 0.20% 0201 

Notice that P contains two partitions. The first three columns 

zero out the base forecasts of the series above the bottom-level, 

while the m-dimensional identity matrix picks only the base 

forecasts of the bottom-level. These are then summed by the S$ 

matrix. 

If any of the top-down approaches were used then 

Diy 008 0210.0. 0 
De BOmt0) 02 0010. 0.0 

Pp. 600) "0 0.0) 0 0/2 
pr 0" 00s 0 0. OF 0 
a Og Ope 10a Ce 

The first column includes the set of proportions that distribute 

the base forecasts of the top-level to the bottom-level. These are 

then summed up the hierarchy by the S matrix. The rest of the 

columns zero out the base forecasts below the highest level of 

aggregation. 

For a middle out approach, the P matrix will be a combination 

of the above two. Using a set of proportions, the base forecasts 

of some pre-chosen level will be disaggregated to the bottom- 

level, all other base forecasts will be zeroed out, and the bottom- 

level forecasts will then summed up the hierarchy via the 

summing matrix. 

Forecast reconciliation 

We can rewrite Equation (10.6) as 

In = Rw, 

where R = SP is a “reconciliation matrix”. That is, it takes the 

incoherent base forecasts p,, and reconciles them to produce 

coherent forecasts y. 
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In the methods discussed so far, no real reconciliation has been 

done because the methods have been based on forecasts from 

a single level of the aggregation structure, which have either 

been aggregated or disaggregated to obtain forecasts at all other 

levels. However, in general, we could use other P matrices, and 

then R will be combining and reconciling all the base forecasts 

in order to produce coherent forecasts. 

In fact, we can find the optimal P matrix to give the most 

accurate reconciled forecasts. 

10.7. The optimal reconciliation approach 

Optimal forecast reconciliation will occur if we can find the 

P matrix which minimises the forecast error of the set of co- 

herent forecasts. We present here a simplified summary of 

the approach. More details are provided in Wickramasuriya, 

Athanasopoulos, and Hyndman (2018). 

Suppose we generate coherent forecasts using Equation (10.6), 

repeated here for convenience: 

Vn = SP9p. 

First we want to make sure we have unbiased forecasts. If the 

base forecasts y;, are unbiased, then the coherent forecasts 9, 

will be unbiased provided SPS = S (Hyndman, Ahmed, et al. 

2011). This provides a constraint on the matrix P. Interestingly, 

no top-down method satisfies this constraint, so all top-down 

methods are biased. 

Next we need to find the error in our forecasts. Wickramasuriya, 

Athanasopoulos, and Hyndman (2018) show that the variance- 

covariance matrix of the h-step-ahead coherent forecast errors is 

given by 

V, = Var[yr+n —9n] =SPW),P'S’ 

where W,, = Var[(yr+n —Yn)] is the variance-covariance matrix of 

the corresponding base forecast errors. 

The objective is to find a matrix P that minimises the error vari- 

ances of the coherent forecasts. These error variances are on the 

diagonal of the matrix V;,, and so the sum of all the error vari- 

ances is given by the trace of the matrix V;. Wickramasuriya, 
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Athanasopoulos, and Hyndman (2018) show that the matrix P 

which minimises the trace of V;, such that SPS = S, is given by 

P=(S'We'S)'S'W, 

Therefore, the optimal reconciled forecasts are given by 

Vr = S(S-W SS Weg). (10.7) 

We refer to this as the “MinT” (or Minimum Trace) estimator. 

To use this in practice, we need to estimate Wj, the forecast 

error variance of the h-step-ahead base forecasts. This can be 

difficult, and so we provide three simplifying approximations 

which have been shown to work well in both simulations and in 

practice. 

1. Set W,, =k;,I for all h, where k;, > 0.4 This is the most simpli- 

fying assumption to make, and means that P is independent 

of the data, providing substantial computational savings. 

The disadvantage, however, is that this specification does not 

account for the differences in scale between the levels of the 

structure, or for relationships between series. This approach 

is implemented in the forecast() function by setting method 

= "comb" and weights = "ols". 

The weights here are referred to as OLS (ordinary least 

squares) because setting W;, = k,I in (10.7) gives the least 

squares estimator we introduced in Section 5.7 with X = $ 

and y=y. 

2a SEU W p= k,diag(W;) for all h, where k;, > 0, 

7 

W, = is ye e; ‘ieee oF (RAG? 

‘= 

and e; is an n-dimensional vector of residuals of the models 

that generated the base forecasts stacked in the same order as 

the data. The approach is implemented by setting method = 

"comb" and weights = "wls". 

This specification scales the base forecasts using the variance 

of the residuals and it is therefore referred to as the WLS 

(weighted least squares) estimator using variance scaling. 

3. Set W, =k,A for all h, where kp > 0, A =diag(S1), and 1 isa 

unit vector of dimension n. This specification assumes that 

* Note that ky, is a pro- 
portionality constant. 

It does not need to be 

estimated or specified 

here as it gets cancelled 

out in (10.7). 
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the bottom-level base forecast errors each have variance k;, 

and are uncorrelated between nodes. Hence each element 

of the diagonal A matrix contains the number of forecast 

error variances contributing to each node. This estimator 

only depends on the structure of the aggregations, and not 

on the actual data. It is therefore referred to as structural 

scaling. Applying the structural scaling specification is 

particularly useful in cases where residuals are not available, 

and so variance scaling cannot be applied; for example, in 

cases where the base forecasts are generated by judgmental 

forecasting (Chapter 4). This approach is implemented by 

setting method="comb" and weights = “nseries", 

4. Set W,, = k,W, for all h, where k;, > 0. Here we only assume 

that the error covariance matrices are proportional to each 

other, and we directly estimate the full one-step covariance 

matrix W,. The most obvious and simple way would be to 

use the sample covariance. This is implemented by setting 

method = "comb",weights = "mint", and covariance = 

“sam”. 

However, for cases where the number of bottom-level series 

m is large compared to the length of the series T, this is 

not a good estimator. Instead we use a shrinkage estimator 

which shrinks the sample covariance to a diagonal matrix. 

This is implemented by setting method = “comb",weights = 

"mint", and covariance = “shr". 

In summary, unlike any other existing approach, the optimal 

reconciliation forecasts are generated using all the information 

available within a hierarchical or a grouped structure. This is 

very important, as particular aggregation levels or groupings 

may reveal features of the data that are of interest to the user 

and are important to be modelled. These features may be 

completely hidden or not easily identifiable at other levels. 

For example, consider the Australian tourism data introduced 

in Section 10.1, where the hierarchical structure followed the 

geographical division of a country into states and zones. Some 

coastal areas will be largely summer destinations, while some 

mountain regions may be winter destinations. These differences 

will be smoothed at the country level due to aggregation. 
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Example: Forecasting Australian prison population 

We compute the forecasts for the Australian prison population, 

described in Section 10.2. Using the default arguments for the 

forecast() function, we compute coherent forecasts by the 

optimal reconciliation approach with the WLS estimator using 

variance scaling. 

prisonfc <- forecast(prison.gts) 

To obtain forecasts for each level of aggregation, we can use 

the aggts() function. For example, to calculate forecasts for 

the overall total prison population, and for the one-factor 

groupings (State, Gender and Legal Status), we use: 2 

fcsts <- aggts(prisonfc, levels=0:3) 

A simple plot is obtained using 

groups <- aggts(prison.gts, levels=0:3) 

autoplot(fcsts) + autolayer(groups) 

A nicer plot is available using the following code. The results 

are shown in Figure 10.8. The vertical line marks the start of the 

forecast period. 

prisonfc <- ts(rbind(groups, fcsts), 

start=start(groups), frequency=4) 

pl <- autoplot(prisonfc[,"Total"]) + 

ggtitle("Australian prison population") + 

xLlab("Year") + ylab("Total number of prisoners ('000)") + 

geom_vline(xintercept=2017) 

cols <- sample(scales::hue_pal(h=c(15,375), 

c=100,1=65,h.start=0,direction = 1)(NCOL(groups) ) ) 

p2 <- as_tibble(prisonfc[,-1]) %>% 

gather(Series) %>% 

mutate(Date = rep(time(prisonfc), NCOL(prisonfc)-1), 

Group = str_extract(Series, "([A-Za-z ]*)")) %>% 

ggplot(aes(x=Date, y=value, group=Series, color=Series)) + 

geom_line() + 

xlab("Year") + ylab("Number of prisoners ('000)") + 

scale_color_manual(values = cols) + 

facet_grid(. ~ Group, scales="free y") + 

scale_x_continuous(breaks=seq(2006,2018,by=2)) + 

theme(axis.text.x = element_text(angle=90, hjust=1)) + 

geom_vline(xintercept=2017) 

gridExtra::grid.arrange(pl, p2, ncol=1) 

on) 
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Australian prison population 
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Similar code was used to produce Figure 10.9. The left panel 

plots the coherent forecasts for interactions between states and 

gender. The right panel shows forecasts for the bottom-level 

series. 

The accuracy() command is useful for evaluating the forecast 

accuracy across hierarchical or grouped structures. The follow- 

ing table summarises the accuracy of the bottom-up and the 

optimal reconciliation approaches, forecasting 2015 Q1 to 2016 

Q4 as a test period. 

The results show that the optimal reconciliation approach 

generates more accurate forecasts especially for the top level. 

In general, we find that as the optimal reconciliation approach 

uses information from all levels in the structure, it generates 

more accurate coherent forecasts than the other traditional 

alternatives which use limited information. 

Series 

— Gender/F 

— Gender/M 

—— Legal/Remanded 

— Legal/Sentenced 

— State/ACT 

—— State/NSW 

— State/NT 

— State/QLD 

— State/SA 

— State/TAS 

— State/VIC 

— State/WA 

Figure 10.8: Coherent 

forecasts for the total 

Australian adult prison 

population and for the 

population grouped by 

state, by legal status 
and by gender. 
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Figure 10.9: Coherent 

forecasts for the 

Australian adult prison 

population grouped 

by all interactions of 

attributes. 

Table 10.1: Accuracy 

of Australian prison 

population forecasts 

for different groups of 
series. 
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10.8 Exercises 

I. Write out the S matrices for the Australian tourism hierar- 

chy and the Australian prison grouped structure. Use the 

smatrix command to verify your answers. - 

. Generate 8-step-ahead bottom-up forecasts using ARIMA 

models for the visnights Australian domestic tourism data. 

Plot the coherent forecasts by level and comment on their 

nature. Are you satisfied with these forecasts? 

. Model the aggregate series for Australian domestic tourism 

data visnights using an ARIMA model. Comment on the 

model. Generate and plot 8-step-ahead forecasts from the 

ARIMA model and compare these with the bottom-up fore- 

casts generated in question 2 for the aggregate level. 

. Generate 8-step-ahead optimally reconciled*coherent fore- 

casts using ARIMA base forecasts for the visnights Aus- 

tralian domestic tourism data. Plot the coherent forecasts by 

level and comment on their nature. How and why are these 

different to the bottom-up forecasts generated in question 2 

above. 

. Using the last two years of the visnights Australian domes- 

tic tourism data as a test set, generate bottom-up, top-down 

and optimally reconciled forecasts for this period and com- 

pare their accuracy. 

10.9 Further reading 

There are no other textbooks which cover hierarchical forecast- 

ing in any depth, so interested readers will need to tackle the 

original research papers for further information. 

Gross and Sohl (1990) provide a good introduction to the 

top-down approaches. 

The reconciliation methods were developed in a series of 

papers, which are best read in the following order: Hynd- 

man, Ahmed, et al. (2011), Athanasopoulos, Ahmed, and 

Hyndman (2009), Hyndman, Lee, and Wang (2016), Wickra- 

masuriya, Athanasopoulos, and Hyndman (2018). 

Athanasopoulos, Hyndman, et al. (2017) extends the reconcil- 

iation approach to deal with temporal hierarchies. 



Chapter 11 

Advanced forecasting methods 

In this chapter, we briefly discuss four more advanced fore- 

casting methods that build on the models discussed in earlier 

chapters. 

11.1 Complex seasonality 

So far, we have considered relatively simple seasonal patterns 

such as quarterly and monthly data. However, higher frequency 

time series often exhibit more complicated seasonal patterns. 

For example, daily data may have a weekly pattern as well 

as an annual pattern. Hourly data usually has three types of 

seasonality: a daily pattern, a weekly pattern, and an annual 

pattern. Even weekly data can be challenging to forecast as 

it typically has an annual pattern with seasonal period of 

365.25/7 ~ 52.179 on average. 

Such multiple seasonal patterns are becoming more common 

with high frequency data recording. Further examples where 

multiple seasonal patterns can occur include call volume in call 

centres, daily hospital admissions, requests for cash at ATMs, 

electricity and water usage, and access to computer web sites. 

Most of the methods we have considered so far are unable to 

deal with these seasonal complexities. Even the ts class in 

R can only handle one type of seasonality, which is usually 

assumed to take integer values. 

To deal with such series, we will use the msts class which han- 

dles multiple seasonality time series. This allows you to specify 
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all of the frequencies that might be relevant. It is also flexible 

enough to handle non-integer frequencies. 

Despite this flexibility, we don’t necessarily want to include 

all of these frequencies — just the ones that are likely to be 

present in the data. For example, if we have only 180 days of 

data, we may ignore the annual seasonality. If the data are 

measurements of a natural phenomenon (e.g., temperature), we 

can probably safely ignore any weekly seasonality. 

The top panel of Figure 11.1 shows the number of retail bank- 

ing call arrivals per 5-minute interval between 7:00am and 

9:05pm each weekday over a 33 week period. The bottom panel 

shows the first three weeks of the same time series. There is 

a strong daily seasonal pattern with frequency 169 (there are 

169 5-minute intervals per day), and a weak weekly seasonal 

pattern with frequency 169 x 5 = 845. (Call volumes on Mondays 

tend to be higher than the rest of the week.) If a longer series 

of data were available, we may also have observed an annual 

seasonal pattern. 

pl <- autoplot(calls) + 

ylab("Call volume") + xlab("Weeks") + 

scale_x_continuous(breaks=seq(1,33,by=2) ) 

p2 <- autoplot(window(calls, end=4)) + 

ylab("Call volume") + xlab("Weeks") + 

scale_x_continuous(minor breaks = seq(1,4,by=0.2)) 

gridExtra::grid.arrange(p1,p2) 
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Figure 11.1: Five- 

minute call volume 

handled on weekdays 

between 7am and 

9:05pm in a large North 

American commercial 

bank. Top panel shows 

data from 3 March 

2003 to 23 May 2003. 

Bottom panel shows 

only the first three 

weeks. 
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STL with multiple seasonal periods 

The mstl() function is a variation on stl() designed to deal 

with multiple seasonality. It will return multiple seasonal 

components, as well as a trend and remainder component. 

calls %>% mstl() %>% 

autoplot() + xlab("Week") 

Beg 

pualy 

69; /euosees 

Srpgleuoseas 

JOPUIEWOY 

Week 

There are two seasonal patterns shown, one for the time of 

day (the third panel), and one for the time of week (the fourth 

panel). To properly interpret this graph, it is important to 

notice the vertical scales. In this case, the trend and the weekly 

seasonality have relatively narrow ranges compared to the other 

components, because there is very little trend seen in the data, 

and the weekly seasonality is weak. 

The decomposition can also be used in forecasting, with each 

of the seasonal components forecast using a seasonal naive 

method, and the seasonally adjusted data forecasting using ETS 

(or some other user-specified method). The stlf() function will 

do this automatically. 

Figure 11.2: Multiple 

STL for the call volume 

data. 
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calls %>% stlf() %>% 

autoplot() + xlab("Week") 

Forecasts from STL + ETS(M,N,N) Figure 11.3: Multiple 

STL for the call volume 

data. 

level 

80 

95 

100 - 

Week 

Dynamic harmonic regression with multiple seasonal periods 

With multiple seasonalities, we can use Fourier terms as we did 

in earlier chapters (see Sections 5.4 and 9.5). Because there are 

multiple seasonalities, we need to add Fourier terms for each 

seasonal period. In this case, the seasonal periods are 169 and 

845, so the Fourier terms are of the form 

27kt 27tkt , | Qads 27tkt 
n| ——], cos{|——J], sin|——J], and _ cos : 

169 169 845 845 

for k = 1,2,.... The fourier() function can generate these for 

you. 

We will fit a dynamic harmonic regression model with an 

ARMA error structure. The total number of Fourier terms 

for each seasonal period have been chosen to minimize the 

AlCc. We will use a log transformation (Lambda=0) to ensure the 

forecasts and prediction intervals remain positive. 

fit <- auto.arima(calls, seasonal=FALSE, lambda=0, 

xreg=fourier(calls, K=c(10,10))) 

fit %>% 

forecast(xreg=fourier(calls, K=c(10,10), h=2*169)) %>% 

autoplot(include=5*169) + 

ylab("Call volume") + xlab("Weeks") 

This is a very large mcdel, containing 43 parameters: 7 ARMA 

coefficients, 20 Fourier coefficients for frequency 169, and 16 
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Forecasts from Regression with ARIMA(3,1,4) errors 
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200 - 
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Weeks 

Fourier coefficients for frequency 845. We don’t use all the 

Fourier terms for frequency 845 because there is some overlap 

with the terms of frequency 169 (since 845 = 5 x 169). 

TBATS models 

An alternative approach developed by De Livera, Hyndman, 

and Snyder (2011) uses a combination of Fourier terms with 

an exponential smoothing state space model and a Box-Cox 

transformation, in a completely automated manner. As with 

any automated modelling framework, there may be cases where 

it gives poor results, but it can be a useful approach in some 

circumstances. 

A TBATS model differs from dynamic harmonic regression in 

that the seasonality is allowed to change slowly over time in 

a TBATS model, while harmonic regression terms force the 

seasonal patterns to repeat periodically without changing. One 

drawback of TBATS models, however, is that they can be very 

slow to estimate, especially with long time series. Hence, we 

will consider a subset of the calls data to save time. 

calls %>% 

subset (start=length(calls)-2000) %>% 

thats() -> fit2 

fc2 <- forecast(fit2, h=2*169) 

autoplot(fc2, include=5*169) + 

ylab("Catl volume") + xlab("Weeks") 

Figure 11.4: Fore- 

casts from a dynamic 

harmonic regression 

applied to the call 

volume data. 
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Forecasts from TBATS(0.007, {0,0}, 0.955, {<169,6>, <845,3>}) 
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Call volume 200 - 

32.8 33.2 33.6 34.0 
Weeks 

Here the prediction intervals appear to be much too wide — 

something that seems to happen quite often with TBATS models 

unfortunately. 

Complex seasonality with covariates 

TBATS models do not allow for covariates, although they can be 

included in dynamic harmonic regression models. One common 

application of such models is electricity demand modelling. 

Figure 11.6 shows half-hourly electricity demand in Victoria, 

Australia, during 2014, along with temperatures for the same 

period for Melbourne (the largest city in Victoria). 

autoplot (elecdemand[,c('"Demand","Temperature")], 

facet=TRUE) + 

scale_x_continuous(minor breaks=NULL, 

breaks=2014+ 

cumsum(c(0,31,28,31,30,31,30,31,31, 30,31, 30) )/365, 

labels=month.abb) + 

xlab("Time") + ylab("") 

Plotting electricity demand against temperature (Figure 11.7) 

shows that there is a nonlinear relationship between the two, 

with demand increasing for low temperatures (due to heating) 

and increasing for high temperatures (due to cooling). 

elecdemand %>% 

as.data.frame() %>% 

ggplot(aes(x=Temperature, y=Demand)) + geom_point() + 

xlab("Temperature (degrees Celsius)") + 

ylab("Demand (GW)") 

Figure 11.5: Forecasts 

from a TBATS model 
applied to the call 

volume data. 



11. ADVANCED FORECASTING METHODS 329 

Figure 11.6: Half- 

hourly electricity 
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demand for Victoria, 

plotted against tem- 
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We will fit a regression model with a piecewise linear function 

of temperature (containing a knot at 18 degrees), and harmonic 

regression terms to allow for the daily seasonal pattern. 

cooling <- pmax(elecdemand[,"Temperature'"],° 18) 

fit <- auto.arima(elecdemand[,"Demand"], 

xreg = cbhind(fourier(elecdemand, c(10,10,0)), 

heating=elecdemand[,'"Temperature"], 

cooling=cooling) ) 

Forecasting with such models is difficult because we require 

future values of the predictor variables. Future values of the 

Fourier terms are easy to compute, but future temperatures are, 

of course, unknown. If we are only interested in forecasting 

up to a week ahead, we could use temperature forecasts obtain 
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from a meteorological model. Alternatively, we could use sce- 

nario forecasting (Section 4.5) and plug in possible temperature 

patterns. In the following example, we have used a repeat of 

the last two days of temperatures to generate future possible 

demand values. 

temps <- subset(elecdemand[," Temperature], 

start=NROW(elecdemand) -2*48+1) 

fc <- forecast(fit, 

xreg=cbhind(fourier(temps, c(10,10,0)), 

heating=temps, cooling=pmax(temps,18) ) ) 

autoplot(fc, include=14*48) 

Forecasts from Regression with ARIMA(5,1,4) errors Figure 11.8: Forecasts 

a from a dynamic har- 
monic regression model 

applied to half-hourly 

5= ~ electricity demand 
data. 
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elecdemand[, "Demana"] 

2015 2015 2015 2015 2015 
Time 

Although the short-term forecasts look reasonable, this is a 

very crude model for a complicated process. The residuals 

demonstrate that there is a lot of information that has not been 

captured with this model. 

checkresiduals (fc) 

#> 

#> Ljung-Box test 

#> data: Residuals from Regression with ARIMA(5,1,4) errors 

#> Q* = 740000, df = 3500, p-value <2e-16 

#> Model df: 49. Total lags used: 3504 

More sophisticated versions of this model which provide much 

better forecasts are described in Hyndman and Fan (2010) and 

Fan and Hyndman (2012). 
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Residuals from Regression with ARIMA(5,1,4) errors Figure 11.9: Residual 

diagnostics for the 
dynamic harmonic 

regression model. 
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11.2 Vector autoregressions 

One limitation of the models that we have considered so far is 

that they impose a unidirectional relationship — the forecast 

variable is influenced by the predictor variables, but not vice 

versa. However, there are many cases where the reverse should 

also be allowed for — where all variables affect each other. In 

Section 9.2, the changes in personal consumption expenditure 

(C,;) were forecast based on the changes in personal disposable 

income (J;). However, in this case a bi-directional relationship 

may be more suitable: an increase in I; will lead to an increase 

in C; and vice versa. 

An example of such a situation occurred in Australia during the 

Global Financial Crisis of 2008-2009. The Australian govern- 

ment issued stimulus packages that included cash payments 

in December 2008, just in time for Christmas spending. As 

a result, retailers reported strong sales and the economy was 

stimulated. Consequently, incomes increased. 

Such feedback relationships are allowed for in the vector au- 

toregressive (VAR) framework. In this framework, all variables 

are treated symmetrically. They are all modelled as if they all 

influence each other equally. In more formal terminology, all 

variables are now treated as “endogenous”. To signify this, 

we now change the notation and write all variables as ys: y, + 

denotes the tth observation of variable y;, y2,, denotes the tth 

observation of variable y2, and so on. 
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A VAR model is a generalisation of the univariate autoregressive 

model for forecasting a vector of time series.' It comprises one 

equation per variable in the system. The right hand side of each 

equation includes a constant and lags of all of the variables in 

the system. To keep it simple, we will consider a two variable 

VAR with one lag. We write a 2-dimensional VAR(1) as 

V1¢ = C1 + P11,191,t-1 + P12;1Y2,t-1 + 1, 

Y2,¢ = C2 + P21,1V1,t-1 + P22,192,t-1 + €2,t, 

where e;; and e); are white noise processes that may be con- 

temporaneously correlated. The coefficient $j; ¢ captures the 

influence of the th lag of variable y; on itself, while the coeffi- 

cient #;;,¢ captures the influence of the ¢th lag of variable y; on 

Vie 

If the series are stationary, we forecast them by fitting a VAR 

to the data directly (known as a “VAR in levels”). If the series 

are non-stationary, we take differences of the data in order 

to make them stationary, then fit a VAR model (known as a 

“VAR in differences”). In both cases, the models are estimated 

equation by equation using the principle of least squares. For 

each equation, the parameters are estimated by minimising the 

sum of squared e;; values. 

The other possibility, which is beyond the scope of this book 

and therefore we do not explore here, is that the series may be 

non-stationary but cointegrated, which means that there exists 

a linear combination of them that is stationary. In this case, a 

VAR specification that includes an error correction mechanism 

(usually referred to as a vector error correction model) should 

be included, and alternative estimation methods to least squares 

estimation should be used.* 

Forecasts are generated from a VAR in a recursive manner. 

The VAR generates forecasts for each variable included in the 

system. To illustrate the process, assume that we have fitted 

the 2-dimensional VAR(1) described in Equations (11.1)-(11.2), 

for all observations up to time T. Then the one-step-ahead 

forecasts are generated by 

Vi741jT = ¢1 + $11,141,7 + $12,192,T 

Y2,7+1T = C2 + 21,191,T + P22,192,T- 

' A more flexible 

generalisation would 

be a Vector ARMA 

process. However, the 

relative simplicity 

of VARs has led to 

their dominance in 

forecasting. Interested 
readers may refer 

to Athanasopoulos, 

Poskitt, and Vahid 

(2012). 

* Interested read- 

ers should refer to 

Hamilton (1994) and 

Lutkepohl (2007). 
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This is the same form as (11.1)—(11.2), except that the errors 

have been set to zero and parameters have been replaced with 

their estimates. For h = 2, the forecasts are given by 

V17+27 = C1 + 11,191,741 + 12,192,741 

Y2,7+2|T = €2 + 21,191,741 + 922,192,741: 

Again, this is the same form as (11.1)—(11.2), except that the 

errors have been set to zero, the parameters have been replaced 

with their estimates, and the unknown values of y, and y) have 

been replaced with their forecasts. The process can be iterated 

in this manner for all future time periods. 

There are two decisions one has to make when using a VAR to 

forecast, namely how many variables (denoted by K) and how 

many lags (denoted by p) should be included in the system. 

The number of coefficients to be estimated in a VAR is equal 

to K + pK (or 1 + pK per equation). For example, fora VAR 

with K = 5 variables and p = 3 lags, there are 16 coefficients 

per equation, giving a total of 80 coefficients to be estimated. 

The more coefficients that need to be estimated, the larger the 

estimation error entering the forecast. 

In practice, it is usual to keep K small and include only vari- 

ables that are correlated with each other, and therefore useful in 

forecasting each other. Information criteria are commonly used 

to select the number of lags to be included. 

VAR models are implemented in the vars package® in R. It con-  *https://cran. 
r-project.org/ tains a function VARselect() for selecting the number of lags p 
package=vars 

using four different information criteria: AIC, HQ, SC and FPE. 

We have met the AIC before, and SC is simply another name for 

the BIC (SC stands for Schwarz Criterion, after Gideon Schwarz 

who proposed it). HQ is the Hannan-Quinn criterion, and FPE 

is the “Final Prediction Error” criterion.+ Care should be taken 4 For a detailed compar- 
ison of these criteria, 

see Chapter 4.3 of 
Instead, for VAR models, we prefer to use the BIC. Liitkepohl (2005). 

when using the AIC as it tends to choose large numbers of lags. 

A criticism that VARs face is that they are atheoretical; that 

is, they are not built on some economic theory that imposes 

a theoretical structure on the equations. Every variable is 

assumed to influence every other variable in the system, which 

makes a direct interpretation of the estimated coefficients very 

difficult. Despite this, VARs are useful in several contexts: 
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1. forecasting a collection of related variables where no explicit 

interpretation is required; 

2. testing whether one variable is useful in forecasting another 

(the basis of Granger causality tests); 

3. impulse response analysis, where the response of one vari- 

able to a sudden but temporary change in another variable is 

analysed; 

4. forecast error variance decomposition, where the proportion 

of the forecast variance of each variable is attributed to the 

effects of the other variables. 

Example: A VAR model for forecasting US consumption 

library(vars) 

VARselect(uschange[,1:2], lag.max=8, 

type="const")[["selection"]] 

#> AIC(n) HQ(n) SC(n) FPE(n) 

#> 5 1 1 5 

The R output shows the lag length selected by each of the 

information criteria available in the vars package. There is a 

large discrepancy between the VAR(5) selected by the AIC and 

the VAR(1) selected by the BIC. This is not unusual. As a result 

we first fit a VAR(1), as selected by the BIC. 

varl <- VAR(uschange[,1:2], p=1, type="const") 

serial.test(varl, lags.pt=10, type="PT.asymptotic") 

var2 <- VAR(uschange[,1:2], p=2, type="const") 

serial.test(var2, lags.pt=10, type="PT.asymptotic") 

In similar fashion to the univariate ARIMA methodology, we 

test that the residuals are uncorrelated using a Portmanteau 

test?. Both a VAR(1) and a VAR(2) have some residual serial > The tests for serial 

correlation, and therefore we fit a VAR(3). correlation in the “vars” 
package are multivari- 

var3 <- VAR(uschange[,1:2], p=3, type="const") ate generalisations of 

serial.test(var3, lags.pt=10, type="PT.asymptotic") the tests presented in 
#> Section 3.3. 

#> Portmanteau Test (asymptotic) 

#> data: Residuals of VAR object var3 

#> Chi-squared = 34, df = 28, p-value = 0.2 
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The residuals for this model pass the test for serial correlation. 

The forecasts generated by the VAR(3) are plotted in Figure 

i OS 

forecast(var3) %S>% 

autoplot() + xlab("“Year") 

Consumption 
VAR(3) 

Income 
VAR(3) 

' ‘ ' ' ' ' 
1970 1980 1990 2000 2010 2020 

Year 

11.3. Neural network models 

Artificial neural networks are forecasting methods that are 

based on simple mathematical models of the brain. They allow 

complex nonlinear relationships between the response variable 

and its predictors. 

Neural network architecture 

A neural network can be thought of as a network of “neurons” 

which are organised in layers. The predictors (or inputs) form 

the bottom layer, and the forecasts (or outputs) form the top 

layer. There may also be intermediate layers containing “hidden 

neurons”. 

The very simplest networks contain no hidden layers and are 

equivalent to linear regressions. Figure 11.11 shows the neural 

network version of a linear regression with four predictors. The 

Figure 11.10: Forecasts 

for US consumption 

and income generated 

from a VAR(3). 



336 FORECASTING: PRINCIPLES AND PRACTICE 

coefficients attached to these predictors are called “weights”. 

The forecasts are obtained by a linear combination of the inputs. 

The weights are selected in the neural network framework using 

a “learning algorithm” that minimises a “cost function” such as 

the MSE. Of course, in this simple example, we can use linear 

regression which is a much more efficient method of training 

the model. 

Input Output Figure 11.11: A sim- 
ple neural network 

equivalent to a linear 

Input #1 ee 
regression. 

Input #2 
Output ; 

Input #3 3 

Input #4 ie 

Once we add an intermediate layer with hidden neurons, the 

layer layer 

neural network becomes non-linear. A simple example is shown 

in Figure 11.12. 

Input Hidden Output Figure 11.12: A neural 
network with four 

layer layer layer inputs and one hidden 

layer with three hidden 
Input #1 a neurons. 

Input #2 4 

Input #3 oO 

Input #4 @o 

This is known as a multilayer feed-forward network, where each 

ay Output 

layer of nodes receives inputs from the previous layers. The 

outputs of the nodes in one layer are inputs to the next layer. 

The inputs to each node are combined using a weighted linear 

combination. The result is then modified by a nonlinear func- 

tion before being output. For example, the inputs into hidden 
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neuron j in Figure 11.12 are combined linearly to give 

4 

Zj = bj + ae 

t= 

In the hidden layer, this is then modified using a nonlinear 

function such as a sigmoid, 

1 

a eee: 
to give the input for the next layer. This tends to reduce the 

effect of extreme input values, thus making the network some- 

what robust to outliers. 

The parameters b,b,b3 and w,),...,w43 are “learned” from 

the data. The values of the weights are often restricted to pre- 

vent them from becoming too large. The parameter that re- 

stricts the weights is known as the “decay parameter”, and is 

often set to be equal to 0.1. 

The weights take random values to begin with, and these are 

then updated using the observed data. Consequently, there 

is an element of randomness in the predictions produced by 

a neural network. Therefore, the network is usually trained 

several times using different random starting points, and the 

results are averaged. 

The number of hidden layers, and the number of nodes in each 

hidden layer, must be specified in advance. We will consider 

how these can be chosen using cross-validation later in this 

chapter. 

Neural network autoregression 

With time series data, lagged values of the time series can be 

used as inputs to a neural network, just as we used lagged 

values in a linear autoregression model (Chapter 8). We call this 

a neural network autoregression or NNAR model. 

In this book, we only consider feed-forward networks with one 

hidden layer, and we use the notation NNAR(p,k) to indicate 

there are p lagged inputs and k nodes in the hidden layer. For 

example, a NNAR(9,5) model is a neural network with the 

last nine observations (y;_1,Y;_2,---, Y¢_9) used as inputs for 

forecasting the output y;, and with five neurons in the hidden 
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layer. A NNAR(p,0) model is equivalent to an ARIMA(p, 0,0) 

model, but without the restrictions on the parameters to ensure 

stationarity. 

With seasonal data, it is useful to also add the last ob- 

served values from the same season as inputs. For 

example, an NNAR(3,1,2),;7 model has inputs y;_1, Y;-2, 

Vr-3 and y;_;2, and two neurons in the hidden layer. . 

More generally, an NNAR(p, P,k),, model has inputs 

(Yt-1) Vt-2-+ + Vt-ps Vt-mv Yt-2m» Yt-Pm) and k neurons in the 

hidden layer. ANNAR(p, P, 0),,, model is equivalent to an 

ARIMA(p,0,0)(P,0,0),, model but without the restrictions on 

the parameters that ensure stationarity. 

The nnetar() function fits an NNAR(p, P,k),, model. If the val- 

ues of p and P are not specified, they are selected automatically. 

For non-seasonal time series, the default is the optimal number 

of lags (according to the AIC) for a linear AR(p) model. For 

seasonal time series, the default values are P = 1 and p is chosen 

from the optimal linear model fitted to the seasonally adjusted 

data. If k is not specified, it is set to k = (p+ P+ 1)/2 (rounded to 

the nearest integer). 

When it comes to forecasting, the network is applied iteratively. 

For forecasting one step ahead, we simply use the available 

historical inputs. For forecasting two steps ahead, we use the 

one-step forecast as an input, along with the historical data. 

This process proceeds until we have computed all the required 

forecasts. 

Example: sunspots 

The surface of the sun contains magnetic regions that appear 

as dark spots. These affect the propagation of radio waves, 

and so telecommunication companies like to predict sunspot 

activity in order to plan for any future difficulties. Sunspots 

follow a cycle of length between 9 and 14 years. In Figure 11.13, 

forecasts from an NNAR(10,6) are shown for the next 30 years. 

We have set a Box-Cox transformation with Lambda=0 to ensure 

the forecasts stay positive. 

fit <- nnetar(sunspotarea, lambda=0) 

autoplot(forecast(fit,h=30) ) 
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Forecasts from NNAR(10,6) 

3000 - 

2000 - 

; Mi 
0- 

sunspotarea 

1900 1950 2000 2050 
Time 

Here, the last 10 observations are used as predictors, and there 

are 6 neurons in the hidden layer. The cyclicity in the data 

has been modelled well. We can also see the asymmetry of the 

cycles has been captured by the model, where the increasing 

part of the cycle is steeper than the decreasing part of the cycle. 

This is one difference between a NNAR model and a linear 

AR model — while linear AR models can model cyclicity, the 

modelled cycles are always symmetric. 

Prediction intervals 

Unlike most of the methods considered in this book, neural 

networks are not based on a well-defined stochastic model, and 

so it is not straightforward to derive prediction intervals for the 

resultant forecasts. However, we can still compute prediction 

intervals using simulation where future sample paths are 

generated using bootstrapped residuals (as described in Section 

5). 

The neural network fitted to the sunspot data can be written as 

Vt =F (Yr-1) + €t 

where y;_1 = (¥-1,Vt-2»---» Yt-10) 1S a vector containing lagged 

values of the series, and f is a neural network with 6 hidden 

nodes in a single layer. The error series {€;} is assumed to be 

homoscedastic (and possibly also normally distributed). 

We can simulate future sample paths of this model iteratively, 

by randomly generating a value for ¢;, either from a normal 

Figure 11.13: Forecasts 

from a neural network 

with ten lagged inputs 

and one hidden layer 

containing six neurons. 
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distribution, or by resampling from the historical values. So if 

€7,, is a random draw from the distribution of errors at time 

T +1, then 

Vrs = tyr) ar ET 41 

is one possible draw from the forecast distribution for yr,,. 

Setting yr,, = (Vri Yr.» ¥r-6)’, we can then repeat the 

process to get 

IT42 = fr) i ET 42° 

In this way, we can iteratively simulate a future sample path. By 

repeatedly simulating sample paths, we build up knowledge of 

the distribution for all future values based on the fitted neural 

network. 

Here is a simulation of 9 possible future sample paths for the 

sunspot data. Each sample path covers the next 30 years after 

the observed data. 

Sim <- ts(matrix(0, nrow=30L, ncol=9L), 

start=end(sunspotarea) [1L]+1L) 

for(i in seq(9)) 

sim[,i] <- simulate(fit, nsim=30L) 

autoplot(sunspotarea) + autolayer(sim) 

5000 - } 

400 series 4000 - 

— Series 1 

~~ Series 2 

3000 - —~ Series 3 

—— Series 4 

— Series 5 

sunspotarea 2000 - —— Series 6 

Series 7 

— Series 8 

1000 - —— Series 9 

+900 1950 2000 2050 
Time 

If we do this a few hundred or thousand times, we can get a 

very good picture of the forecast distributions. This is how the 

forecast() function produces prediction intervals for NNAR 

models: 

Figure 11.14: Future 

sample paths for the 

annual sunspot data. 
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fcast <- forecast(fit, PI=TRUE, h=30) 

autoplot(fcast) 

Forecasts from NNAR(10,6) Figure 11.15: Fore- 

ite casts with prediction 
intervals for the an- 

nual sunspot data. 

Prediction intervals are 

computed using sim- 

ae | ulated future sample 
a level paths. 
3 i) 80 

= 95 
a 

1000 - 

O- 

1900 1950 2000 2050 
Time 

Because it is a little slow, PI=FALSE is the default, so predic- 

tion intervals are not computed unless requested. The npaths 

argument in forecast() controls how many simulations are 

done (default 1000). By default, the errors are drawn from a 

normal distribution. The bootstrap argument allows the errors 

to be “bootstrapped” (i.e., randomly drawn from the historical 

errors). 

11.4 Bootstrapping and bagging 

Bootstrapping time series 

In the preceding section, and in Section 3.5, we bootstrap the 

residuals of a time series in order to simulate future values of a 

series using a model. 

More generally, we can generate new time series that are similar 

to our observed series, using another type of bootstrap. 

First, the time series is Box-Cox-transformed, and then decom- 

posed into trend, seasonal and remainder components using 

STL. Then we obtain shuffled versions of the remainder com- 

ponent to get bootstrapped remainder series. Because there 

may be autocorrelation present in an STL remainder series, we 

cannot simply use the re-draw procedure that was described 
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in Section 3.5. Instead, we use a “blocked bootstrap”, where 

contiguous sections of the time series are selected at random 

and joined together. These bootstrapped remainder series are 

added to the trend and seasonal components, and the Box-Cox 

transformation is reversed to give variations on the original 

time series. 

Some examples are shown in Figure 11.16 for the monthly 

expenditure on retail debit cards in Iceland, from January 2000 

to August 2013. 

bootseries <- bld.mbb.bootstrap(debitcards, 10) %>%. 

as.data.frame() %>% ts(start=2000, frequency=12) 

autoplot(debitcards) + 

autolayer(bootseries, colour=TRUE) + 

autolayer(debitcards, colour=FALSE) + 

ylab("Bootstrapped series") + guides(colouK="none") 

Figure 11.16: Ten 

bootstrapped versions 

of monthly expenditure 

2 big te on retail debit cards in 
| i Iceland. 

oS | | /\ |) \\V ® anil 
& N WY | 
om 20 i 3 ; ? | hi 
Or. F N hf 1 \ \/ J 

& 4 IN| on V Y | 4 
s A iy Al a I U 
a Aa! Mt 
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a 

VAA| fm 
,, Wy) J 
Z\idt oY 

f *Y 

2000 2005 201 0 

Time 

This type of bootstrapping can be useful in two ways. First it 

helps us to get a better measure of forecast uncertainty, and 

second it provides a way of improving our point forecasts using 

“bagging”. 

Prediction intervals from bootstrapped series 

Almost all prediction intervals from time series models are too 

narrow. This is a well-known phenomenon and arises because 

they do not account for all sources of uncertainty. Hyndman, 

Koehler, Snyder, et al. (2002) measured the size of the problem 

by computing the actual coverage percentage of the prediction 
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intervals on test data, and found that for ETS models, nominal 

95% intervals may only provide coverage between 71% and 

87%. The difference is due to missing sources of uncertainty. 

There are at least four sources of uncertainty in forecasting 

using time series models: 

. The random error term; 

. The parameter estimates; 

. The choice of model for the historical data; 

fm OW to = . The continuation of the historical data generating process 

into the future. 

When we produce prediction intervals for time series models, 

we generally only take into account the first of these sources of 

uncertainty. Even if we ignore the model uncertainty and the 

uncertainty due to changing data generating processes (sources 

3 and 4), and we just try to allow for parameter uncertainty as 

well as the random error term (sources 1 and 2), there are no 

algebraic solutions apart from some simple special cases. 

We can use bootstrapped time series to go some way towards 

overcoming this problem. We demonstrate the idea using the 

debitcards data. First, we simulate many time series that are 

similar to the original data, using the block-bootstrap described 

above. 

nsim <- 1000L 

Sim <- bld.mbb.bootstrap(debitcards, nsim) 

For each of these series, we fit an ETS model and simulate one 

sample path from that model. A different ETS model may be 

selected in each case, although it will most likely select the 

same model because the series are very similar. However, the 

estimated parameters will be different. Therefore the simulated 

sample paths will allow for model uncertainty and parameter 

uncertainty, as well as the uncertainty associated with the 

random error term. This is a time-consuming process as there 

are a large number of time series to model. 

i) ee Stay 

future <- matrix(@, nrow=nsim, ncol=h) 

for(i in seq(nsim) ) 

future[i,] <- simulate(ets(sim[[i]]), nsim=h) 
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Finally, we take the means and quantiles of these simulated 

sample paths to form point forecasts and prediction intervals. 

start <- tsp(debitcards) [2]+1/12 

simfc <- structure(list( 

mean = ts(colMeans(future), start=start, frequency=12), 

lower = ts(apply(future, 2, quantile, prob=0.025), 

start=start, frequency=12), 

upper = ts(apply(future, 2, quantile, prob=0.975), 

start=start, frequency=12), 

level=95), 

class="forecast") 

These prediction intervals will be larger than those obtained 

from an ETS model applied directly to the original data. 

etsfc <- forecast(ets(debitcards), h=h, level=95) 

autoplot(debitcards) + 

ggtitle("Monthly retail debit card usage in Iceland") + 

xlab("Year") + ylab("“million ISK") + 

autolayer(simfc, series="Simulated") + 

autolayer(etsfc, series="ETS") 

Monthly retail debit card usage in Iceland 

40 - 

series 

N ETS 

million ISK 

2000 2005 2010 2015 
Year 

Bagged ETS forecasts 

Another use for these bootstrapped time series is to improve 

forecast accuracy. If we produce forecasts from each of the 

additional time series, and average the resulting forecasts, 

we get better forecasts than if we simply forecast the original 

time series directly. This is called “bagging” which stands for 

“bootstrap aggregating”. 

> Simulated 

Figure 11.17: Forecasts 

of Iceland debit card 
usage using an ETS 

model with regular 
prediction intervals 

along with prediction 
intervals computed 

using simulations that 

allow for model and 

parameter uncertainty. 
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We could simply average the simulated future sample paths 

computed earlier. However, if our interest is only in improving 

point forecast accuracy, and not in also obtaining improved 

prediction intervals, then it is quicker to average the point 

forecasts from each series. The speed improvement comes about 

because we do not need to produce so many simulated series. 

We will use ets() to forecast each of these series. Figure 11.18 

shows ten forecasts obtained in this way. 

Sim <- bld.mbb.bootstrap(debitcards, 10) %>% 

as.data.frame() %>% 

ts(frequency=12, start=2000) 

fc <- purrr::map(as.list(sim), 

function(x) {forecast(ets(x))[["mean"]]}) %>% 

as.data.frame() %>% 

ts(frequency=12, start=start) 

autoplot(debitcards) + 

autolayer(sim, colour=TRUE) + 

autolayer(fc, colour=TRUE) + 

autolayer(debitcards, colour=FALSE) + 

ylab("Bootstrapped series") + 

guides (colour="none") 
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30 - 
Figure 11.18: Forecasts 

of the ten bootstrapped 

series obtained using 

ETS models. 

| 1 4 i] mt es 
{ x ia 1 y' 4 7 
fo oad } | Hi Ce Wid \ 

20- AL AE SE 

Bootstrapped series 

2000 2005 2040 2015 
Time 

The average of these forecasts gives the bagged forecasts of 

the original data. The whole procedure can be handled with 

the baggedETS() function. By default, 100 bootstrapped series 

are used, and the length of the blocks used for obtaining boot- 

strapped residuals is set to 24 for monthly data. The resulting 

forecasts are shown in Figure 11.19. 
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etsfc <- debitcards %>% ets() %>% forecast(h=36) 

baggedfc <- debitcards %>% baggedETS() %>% forecast (h=36) 

autoplot(debitcards) + 

autolayer(baggedfc, series="BaggedETS", PI=FALSE) + 

autolayer(etsfc, series="ETS", PI=FALSE) + 

guides (colour=guide_tegend(title="Forecasts")) 

Forecasts 

20 - YY. BaggedETS 

Pf ETS 
debitcards 

1 ' ' 
2000 2005 2010 2015 

Time 

In this case, it makes very little difference. Bergmeir, Hyndman, 

and Benitez (2016) show that, on average, bagging gives better 

forecasts than just applying ets() directly. Of course, it is 

slower because a lot more computation is required. 

11.5 Exercises 

1. Use the tbats() function to model your retail time series. 

a. Check the residuals and produce forecasts. 

b. Does this completely automated approach work for these 

data? 

c. Have you saved any degrees of freedom by using Fourier 

terms rather than seasonal differencing? 

2. Consider the weekly data on US finished motor gasoline 

products supplied (millions of barrels per day) (series gaso- 

line): 

a. Fit a TBATS model to these data. 

b. Check the residuals and produce forecasts. 

Figure 11.19: Com- 

paring bagged ETS 

forecasts (the average of 
100 bootstrapped fore- 

cast) and ETS applied 
directly to the data. 



11. ADVANCED FORECASTING METHODS 

c. Could you model these data using any of the other meth- 

ods we have considered in this book? 

3. Experiment with using nnetar() on your retail data and 

other data we have considered in previous chapters. 

11.6 Further reading 

¢ De Livera, Hyndman, and Snyder (2011) introduced the 

TBATS model and discuss the problem of complex seasonal- 

ity in general. 

¢ Pfaff (2008) provides a book-length overview of VAR mod- 

elling and other multivariate time series models. 

¢ Neural networks for individual time series have not tended 

to produce good forecasts. Crone, Hibon, and Nikolopou- 

los (2011) discuss this issue in the context of a forecasting 

competition. 

* Bootstrapping for time series is discussed in Lahiri (2013). 

¢ Bagging for time series forecasting is relatively new. 

Bergmeir, Hyndman, and Benitez (2016) is one of the few 

papers which addresses this topic. 
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Chapter 12 

Some practical forecasting issues 

In this final chapter, we address many practical issues that arise 

in forecasting, and discuss some possible solutions. Several of 

these sections are adapted from Hyndsight blog posts!. 

12.1 Weekly, daily and sub-daily data 

Weekly, daily and sub-daily data can be challenging for forecast- 

ing, although for different reasons. 

Weekly data 

Weekly data is difficult to work with because the seasonal 

period (the number of weeks in a year) is both large and non- 

integer. The average number of weeks in a year is 52.18. Most 

of the methods we have considered require the seasonal period 

to be an integer. Even if we approximate it by 52, most of the 

methods will not handle such a large seasonal period efficiently. 

The simplest approach is to use an STL decomposition along 

with a non-seasonal method applied to the seasonally adjusted 

data (as discussed in Chapter 6). Here is an example using 

weekly data on US finished motor gasoline products supplied 

(in millioins of barrels per day) from February 1991 to May 

2005. 

gasoline %>% stlf() %>% autoplot() 

"https: // 

robjhyndman.com/ 

hyndsight/ 
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Forecasts from STL + ETS(A,N,N) Figure 12.1: Forecasts 

10- for weekly US gasoline 
production using an 

STL decomposition 

with an ETS model for 

the seasonally adjusted 

level data. 
80 

95 

' 1 ' 1 
1990 2000 2010 2020 

Time 

An alternative approach is to use a dynamic harmonic re- 

gression model, as discussed in Section 9.5. In the following 

example, the number of Fourier terms was selected by minimiz- 

ing the AICc. The order of the ARIMA model is also selected 

by minimizing the AICc, although that is done within the 

auto.arima() function. 

bestfit <- list(aicc=Inf) 

for(K in seq(25)) { 

fit <- auto.arima(gasoline, xreg=fourier(gasoline, K=K), 

seasonal=FALSE) 

arate | Peace | lee besitrac li mamee. |) et 

bestfit <- fit 

bestK <- K 

} 
} 
fc <- forecast(bestfit, 

xreg=fourier(gasoline, K=bestK, h=104) ) 

autoplot(fc) 

The fitted model has 13 pairs of Fourier terms and can be 

written as 

ys = e+) |ajsin( Sg) * Pics sa ta) |* 
= 

where 7; is an ARIMA(0,1,2) process. Because n; is non- 

stationary, the model is actually estimated on the differences 

of the variables on both sides of this equation. There are 26 

parameters to capture the seasonality which is rather a lot, but 

apparently required according to the AICc selection. The total 
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Forecasts from Regression with ARIMA(0,1,2) errors 

level 

gasoline 95 

1990 2000 2010 2020 
Time 

number of degrees of freedom is 29 (the other three coming 

from the 2 MA parameters and the drift parameter). 

A third approach is the TBATS model introduced in Section 

11.1. This was the subject of Exercise 2 in Section 11.5. In this 

example, the forecasts are almost identical to the previous two 

methods. 

The STL approach or TBATS model is preferable when the sea- 

sonality changes over time. The dynamic harmonic regression 

approach is preferable if there are covariates that are useful 

predictors as these can be added as additional regressors. 

Daily and sub-daily data 

Daily and sub-daily data are challenging for a different reason 

— they often involve multiple seasonal patterns, and so we need 

to use a method that handles such complex seasonality. 

Of course, if the time series is relatively short so that only 

one type of seasonality is present, then it will be possible to 

use one of the single-seasonal methods we have discussed in 

previous chapters (e.g., ETS or a seasonal ARIMA model). But 

when the time series is long enough so that some of the longer 

seasonal periods become apparent, it will be necessary to use 

STL, dynamic harmonic regression or TBATS, as discussed in 

section 11-1. 

However, note that even these models only allow for regular 

seasonality. Capturing seasonality associated with moving 

Figure 12.2: Forecasts 

for weekly US gasoline 

production using a 

dynamic harmonic 

regression model. 
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events such as Easter, Id, or the Chinese New Year is more 

difficult. Even with monthly data, this can be tricky as the 

festivals can fall in either March or April (for Easter), in January 

or February (for the Chinese New Year), or at any time of the 

year (for Id). 

The best way to deal with moving holiday effects is to use 

dummy variables. However, neither STL, ETS nor TBATS mod- 

els allow for covariates. Amongst the models discussed in this 

book (and implemented in the forecast package for R), the 

only choice is a dynamic regression model, where the predic- 

tors include any dummy holiday effects (and possibly also the 

seasonality using Fourier terms). 

12.2 Time series of counts 

All of the methods discussed in this book assume that the data 

have a continuous sample space. But very often data comes in 

the form of counts. For example, we may wish to forecast the 

number of customers who enter a store each day. We could have 

0, 1, 2,..., customers, but we cannot have 3.45693 customers. 

In practice, this rarely matters provided our counts are suffi- 

ciently large. If the minimum number of customers is at least 

100, then the difference between a continuous sample space 

[100, co) and the discrete sample space {100,101,102,...} has 

no perceivable effect on our forecasts. However, if our data 

contains small counts (0,1, 2,...), then we need to use forecast- 

ing methods that are more appropriate for a sample space of 

non-negative integers. 

Such models are beyond the scope of this book. However, there 

is one simple method which gets used in this context, that we 

would like to mention. It is “Croston’s method”, named after its 

British inventor, John Croston, and first described in Croston 

(1972). Actually, this method does not properly deal with the 

count nature of the data either, but it is used so often, that it is 

worth knowing about it. 

With Croston’s method, we construct two new series from our 

original time series by noting which time periods contain zero 

values, and which periods contain non-zero values. Let q; be 



12. SOME PRACTICAL FORECASTING ISSUES 

the ith non-zero quantity, and let a; be the time between q;_| 

and q;. Croston’s method involves separate simple exponential 

smoothing forecasts on the two new series a and q. Because the 

method is usually applied to time series of demand for items, q 

is often called the “demand” and a the “inter-arrival time”. 

If di41; and 4;,1|; are the one-step forecasts of the (i + 1)th 

demand and inter-arrival time respectively, based on data up to 

demand /, then Croston’s method gives 

Gi+tli = (1 — a) Gij_1 + qj, 

Gisii = (1 -— @)ajy_y + a}. 

The smoothing parameter a takes values between 0 and 1 and is 

assumed to be the same for both equations. Let j be the time for 

the last observed positive observation. Then the h-step ahead 

forecast for the demand at time T + h, is given by the ratio 

DrsniT = 9j+1\j/4j+1);- 

There are no algebraic results allowing us to compute predic- 

tion intervals for this method, because the method does not 

correspond to any statistical model (Shenstone and Hyndman 

2005). 

The croston() function produces forecasts using Croston’s 

method. It simply uses a = 0.1 by default, and @p is set to 

be equal to the first observation in each of the series. This is 

consistent with the way Croston envisaged the method being 

used. 

Example: lubricant sales 

Several years ago, we assisted an oil company with forecasts of 

monthly lubricant sales. One of the time series is shown in the 

table below. The data contain small counts, with many months 

registering no sales at all, and only small numbers of items sold 

in other months. 

Year Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 

eed) Z 0 1 Orit 0) 0 0 0 2 0 

a= 6 3 0 0 OP Oe 0 7. 0 0 0 0 

3h oe) 0 0 3 1 0” 0 il 0 if 0 0 
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There are 11 non-zero demand values in the series, denoted 

by q. The corresponding arrival series a are also shown in the 

following table. 

i V2 54 OO ieee Wet 

Ce me REP EEN  MeSN yikes tell spe a) ee 

Qe 2 2 Oh ee 

Applying Croston’s method gives the demand forecast 2.750 

and the arrival forecast 2.793. So the forecast of the original 

series is Pr,pi7 = 2.750/2.793 = 0.985. In practice, R does these 

calculations for you: 

productC %>% croston() %>% autoplot() 

Forecasts from Croston's method *, 

3 
Time 

An implementation of Croston’s method with more facilities (in- 

cluding parameter estimation) is available in the tsintermittent 

package? for R. *https://cran. 
r-project. 

Forecasting models that deal more directly with the count org/package= 

nature of the data are described in Christou and Fokianos tsintermittent 

(2015). 

12.3. Ensuring forecasts stay within limits 

It is common to want forecasts to be positive, or to require them 

to be within some specified range [a,b]. Both of these situations 

are relatively easy to handle using transformations. 
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Positive forecasts 

To impose a positivity constraint, simply work on the log scale, 

by specifying the Box-Cox parameter A = 0. For example, 

consider the real price of a dozen eggs (1900-1993; in cents): 

eggs %>% 

ets(model="AAN", damped=FALSE, lambda=0) %>% 

forecast(h=50, biasadj=TRUE) %>% 

autoplot() 

Forecasts from ETS(A,A,N) Figure 12.3: Forecasts 
for the price of a dozen 

eggs, constrained to be 

positive using a Box- 
300 - 

Cox’transformation. 

level 

ees 80 

95 

100 - 

1900 4950 2000 2050 
Time 

Because we set biasadj=TRUE, the forecasts are the means of the 

forecast distributions. 

Forecasts constrained to an interval 

To see how to handle data constrained to an interval, imagine 

that the egg prices were constrained to lie within a = 50 and 

b = 400. Then we can transform the data using a scaled logit 

transform which maps (a,b) to the whole real line: 

1 ( x-a 
= log | ——}, 

y 6 b-x 

where x is on the original scale and y is the transformed data. 

To reverse the transformation, we will use 

(b—a)e¥ 

1+e? 

This is not a built-in transformation, so we will need to do more 

work. 



356 FORECASTING: PRINCIPLES AND PRACTICE 

# Bounds 

a <- 50 

b <- 400 

# Transform data and fit model 

fit <- log((eggs-a)/(b-eggs)) %s>% 

ets(model="AAN", damped=FALSE) 

fc <- forecast(fit, h=50) 

# Back-transform forecasts 

fc[["“mean"]] <- (b-a)*exp(fc[["mean"]]) / 

(1+exp(fc[["mean"]])) + a 

fc[["lower"]] <- (b-a)*exp(fc[["lower"]]) / 

(1+exp(fc[["lower"]])) + a 

fc[["upper"]] <- (b-a)*exp(fc[["upper"]]) / 
(1+exp(fc[{["upper"]])) + a 

fel 1"x"]]) <= eggs 

# Plot result on original scale 

autopLlot(fc) 

Forecasts from ETS(A,A,N) Figure 12.4: Forecasts 

for the price of a dozen 

eggs, constrained to be 

lie between 50 and 400. 

level 

* 200 - 
80 

95 

\ ' \ ' 
1900 1950 2000 2050 

Time 

No bias-adjustment has been used here, so the forecasts are the 

medians of the future distributions. The prediction intervals 

from these transformations have the same coverage probability 

as on the transformed scale, because quantiles are preserved 

under monotonically increasing transformations. 

The prediction intervals lie above 50 due to the transformation. 

As a result of this artificial (and unrealistic) constraint, the 

forecast distributions have become extremely skewed. 
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12.4 Forecast combinations 

An easy way to improve forecast accuracy is to use several 

different methods on the same time series, and to average 

the resulting forecasts. Nearly 50 years ago, John Bates and 

Clive Granger wrote a famous paper (Bates and Granger 1969), 

showing that combining forecasts often leads to better forecast 

accuracy. Twenty years later, Clemen (1989) wrote 

The results have been virtually unanimous: combining multiple 

forecasts leads to increased forecast accuracy. ... In many cases 

one can make dramatic performance improvements by simply 

averaging the forecasts. 

While there has been considerable research on using weighted 

averages, or some other more complicated combination ap- 

proach, using a simple average has proven hard to beat. 

Here is an example using monthly expenditure on eating out in 

Australia, from April 1982 to September 2017. We use forecasts 

from the following models: ETS, ARIMA, STL-ETS, NNAR, and 

TBATS; and we compare the results using the last 5 years (60 

months) of observations. 

train <- window(auscafe, end=c(2012,9) ) 

h <- length(auscafe) - lLength(train) 

ETS <- forecast(ets(train), h=h) 

ARIMA <- forecast(auto.arima(train, lambda=0, biasadj=TRUE), 

h=h) 

STL <- stlf(train, lLambda=0, h=h, biasadj=TRUE) 

NNAR <- forecast(nnetar(train), h=h) 

TBATS <- forecast(tbats(train, biasadj=TRUE), h=h) 

Combination <- (ETS[["mean"]] + ARIMA[["mean"]] + 

STL[["'mean"]] + NNAR[["“mean"]] + TBATS[["mean"]])/5 

autoplot(auscafe) + 

autolayer(ETS, series="ETS", PI=FALSE) + 

autolayer(ARIMA, series="ARIMA", PI=FALSE) + 

autolayer(STL, series="STL", PI=FALSE) + 

autolayer(NNAR, series="NNAR", PI=FALSE) + 

autolayer(TBATS, series="TBATS", PI=FALSE) + 

autolayer(Combination, series="Combination") + 

Xlab("Year") + ylab("$ billion”) + 

ggtitle("Australian monthly expenditure on eating out") 
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Australian monthly expenditure on eating out Figure 12.5: Point 

forecasts from various 

methods applied to 

Australian monthly 

expenditure on eating 
series arti. 

3 = pd ARIMA 

~~ Combination 

pf ETS 

>> NNAR 

7 STL 

yt TBATS 

$ billion 

, : 
1990 2000 2010 

Year 

c(ETS = accuracy(ETS, auscafe)["“Test set","RMSE"], 

ARIMA = accuracy(ARIMA, auscafe)["Test set","RMSE"], 

STL-ETS = accuracy(STL, auscafe)["Test set","RMSE"], 

NNAR = accuracy(NNAR, auscafe)["Test set","RMSE"], 

TBATS = accuracy(TBATS, auscafe)["Test set","RMSE"], 

Combination = 

accuracy(Combination, auscafe)['"Test set","RMSE"]) 

#> ETS ARIMA STL-ETS NNAR 

#> 0.13700 0,12146 0.21446 0.31768 

#> TBATS Combination 

#> 0.09406 0.07165 

TBATS does particularly well with this series, but the combi- 

nation approach is even better. For other data, TBATS may be 

quite poor, while the combination approach is almost always 

close to, or better than, the best component method. 

12.5 Prediction intervals for aggregates 

A common problem is to forecast the aggregate of several time 

periods of data, using a model fitted to the disaggregated data. 

For example, we may have monthly data but wish to forecast 

the total for the next year. Or we may have weekly data, and 

want to forecast the total for the next four weeks. 

If the point forecasts are means, then adding them up will give 

a good estimate of the total. But prediction intervals are more 

tricky due to the correlations between forecast errors. 
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A general solution is to use simulations. Here is an example us- 

ing ETS models applied to Australian monthly gas production 

data, assuming we wish to forecast the aggregate gas demand in 

the next six months. 

# First fit a model to the data 

fit <- ets(gas/1000) 

# Forecast six months ahead 

fc <- forecast(fit, h=6) 

# Simulate 10000 future sample paths 

nsim <- 10000 

h <- 6 

sim <- numeric(nsim) 

for(i in seq _len(nsim) ) 

sim[i] <- sum(simulate(fit, future=TRUE, nsim=h) ) 

meanagg <- mean(sim) 

The mean of the simulations is very close to the sum of the 

individual forecasts: 

sum(fc[["mean"]][1:6]) 

#> [1] 281.8 

meanagg 

ALIS 28 1.7 

Prediction intervals are also easy to obtain: 

#80% interval: 

quantile(sim, prob=c(0.1, 0.9)) 

#> 10% 90% 

#> 263 301 

#95% interval: 

quantile(sim, prob=c(0.025, 0.975) ) 

He 205% 97 5% 

$> 2545) 3104 

12.6 Backcasting 

Sometimes it is useful to “backcast” a time series — that is, fore- 

cast in reverse time. Although there are no in-built R functions 

to do this, it is very easy to implement. The following functions 

reverse a ts object and a forecast object. 
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# Function to reverse time 

reverse ts <- function(y) 

{ 
ts(rev(y), start=tsp(y)[1L], frequency=frequency(y)) — 

} 
# Function to reverse a forecast 

reverse forecast <- function(object) 

{ 
h <- length(object[["mean"]]) 

f <- frequency(object[[“mean"]]) 

object[["x"]] <- reverse _ts(object[["x"]]) 

object[["mean"]] <- ts(rev(object[["“mean"]]), 

end=tsp(object[{["x"]])[1L]-1/f, frequency=f) 

object[["“lower"]] <- object[[“lower"]][h:1L, ] 

object[[“upper"]] <- object[["upper"]][h:1L, ] 

return(object) 

Then we can apply these functions to backcast any time series. 

Here is an example applied to quarterly retail trade in the Euro 

area. The data are from 1996-2011. We backcast to predict the 

years 1994-1995, 

# Backcast example 

euretail %s>%s 

reverse ts() %>% 

auto.arima() %>%s 

forecast() %>% 

reverse _forecast() -> bc 

autoplot(bc) + 

ggtitle(paste("Backcasts from",bc[[“method"]])) 

Backcasts from ARIMA(1,1,2)(0,1,1)[4] Risure 126s Berkcact 

for quarterly retail 

trade in the Euro 

area using an ARIMA 

model. 

Time 
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12.7. Very long and very short time series 

Forecasting very short time series 

We often get asked how few data points can be used to fit a time 

series model. As with almost all sample size questions, there is 

no easy answer. It depends on the number of model parameters 

to be estimated and the amount of randomness in the data. The 

sample size required increases with the number of parameters 

to be estimated, and the amount of noise in the data. 

Some textbooks provide rules-of-thumb giving minimum sam- 

ple sizes for various time series models. These are misleading 

and unsubstantiated in theory or practice. Further, they ignore 

the underlying variability of the data and often overlook the 

number of parameters to be estimated as well. There is, for 

example, no justification whatever for the magic number of 

30 often given as a minimum for ARIMA modelling. The only 

theoretical limit is that we need more observations than there 

are parameters in our forecasting model. However, in practice, 

we usually need substantially more observations than that. 

Ideally, we would test if our chosen model performs well out-of- 

sample compared to some simpler approaches. However, with 

short series, there is not enough data to allow some observations 

to be withheld for testing purposes, and even time series cross 

validation can be difficult to apply. The AICc is particularly 

useful here, because it is a proxy for the one-step forecast out- 

of-sample MSE. Choosing the model with the minimum AICc 

value allows both the number of parameters and the amount of 

noise to be taken into account. 

What tends to happen with short series is that the AIC suggests 

very simple models because anything with more than one or 

two parameters will produce poor forecasts due to the estima- 

tion error. We applied the auto.arima() function to all the 

series from the M-competition with fewer than 20 observations. 

There were a total of 144 series, of which 54 had models with 

zero parameters (white noise and random walks), 73 had mod- 

els with one parameter, 15 had models with two parameters and 

2 series had models with three parameters. Interested readers 

can carry out the same exercise using the following code. 
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Library (Mcomp) 

Library (purrr) 

n <- map_int(M1, function(x) {length(x[["x"]])}) 

Ml[n < 20] %>% 

map_int(function(u) { 

CH ee ee 

auto.arima() %>% 

coefficients() %>% 

Length() 

}) %>% 

table() 

Forecasting very long time series 

Most time series models do not work well for very long time se- 

ries. The problem is that real data do not come from the models 

we use. When the number of observations is not large (say up 

to about 200) the models often work well as an approximation 

to whatever process generated the data. But eventually we will 

have enough data that the difference between the true process 

and the model starts to become more obvious. An additional 

problem is that the optimization of the parameters becomes 

more time consuming because of the number of observations 

involved. 

What to do about these issues depends on the purpose of the 

model. A more flexible and complicated model could be used, 

but this still assumes that the model structure will work over 

the whole period of the data. A better approach is usually 

to allow the model itself to change over time. ETS models 

are designed to handle this situation by allowing the trend 

and seasonal terms to evolve over time. ARIMA models with 

differencing have a similar property. But dynamic regression 

models do not allow any evolution of model components. 

If we are only interested in forecasting the next few observa- 

tions, one simple approach is to throw away the earliest observa- 

tions and only fit a model to the most recent observations. Then 

an inflexible model can work well because there is not enough 

time for the relationships to change substantially. 

For example, we fitted a dynamic harmonic regression model 

to 26 years of weekly gasoline production in Section 12.1. It is, 

perhaps, unrealistic to assume that the seasonal pattern remains 
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the same over nearly three decades. So we could simply fit a 

model to the most recent years instead. 

12.8 Forecasting on training and test sets 

Typically, we compute one-step forecasts on the training data 

(the “fitted values”) and multi-step forecasts on the test data. 

However, occasionally we may wish to compute multi-step 

forecasts on the training data, or one-step forecasts on the test 

data. 

Multi-step forecasts on training data 

We normally define fitted values to be one-step forecasts on 

the training set (see Section 3.3), but a similar idea can be used 

for multi-step forecasts. We will illustrate the method using 

an ARIMA(2,1,1)(0,1,2);2 model for the Australian eating-out 

expenditure. The last five years are used for a test set, and the 

forecasts are plotted in Figure 12.7. 

training <- subset(auscafe, end=lLength(auscafe) -61) 

test <- subset(auscafe, start=length(auscafe) -60) 

cafe.train <- Arima(training, order=c(2,1,1), 

seasonal=c(0,1,2), lambda=0) 

cafe.train %>% 

forecast(h=60) %>% 

autoplot() + autolayer(test) 

Forecasts from ARIMA(2,1,1)(0,1,2)[12] 
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Figure 12.7: Forecasts 

from an ARIMA model 

cafe training data. 
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The fitted() function has an h argument to allow for h-step 

“fitted values” on the training set. Figure 12.8 is a plot of 12- 

step (one year) forecasts on the training set. Because the model 

involves both seasonal (lag 12) and first (lag 1) differencing, 

it is not possible to compute these forecasts for the first few 

observations. 

autoplot(training, series="Training data”) + 

autolayer(fitted(cafe.train, h=12), 

series="12-step fitted values") 

Figure 12.8: Twelve- 

A step fitted values from 

i an ARIMA model fitted 

| to the Australian cafe 

training data. 

os series 
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One-step forecasts on test data 

It is common practice to fit a model using training data, and 

then to evaluate its performance on a test data set. The way 

this is usually done means the comparisons on the test data use 

different forecast horizons. In the above example, we have used 

the last sixty observations for the test data, and estimated our 

forecasting model on the training data. Then the forecast errors 

will be for 1-step, 2-steps, ..., 60-steps ahead. The forecast 

variance usually increases with the forecast horizon, so if we are 

simply averaging the absolute or squared errors from the test 

set, we are combining results with different variances. 

One solution to this issue is to obtain 1-step errors on the 

test data. That is, we still use the training data to estimate 

any parameters, but when we compute forecasts on the test 

data, we use all of the data preceding each observation (both 

training and test data). So our training data are for times 
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1,2,...,T — 60. We estimate the model on these data, but then 

compute P7_¢0+n\T-61+4 for h = 1,...,T — 1. Because the test 

data are not used to estimate the parameters, this still gives us 

a “fair” forecast. For the ets(), Arima(), tbats() and nnetar() 

functions, these calculations are easily carried out using the 

model argument. 

Using the same ARIMA model used above, we now apply the 

model to the test data. 

cafe.test <- Arima(test, model=cafe.train) 

accuracy(cafe.test) 

#> ME RMSE MAE MPE MAPE 

#> Training set -0.002622 0.04591 0.03413 -0.07301 1.002 

#> MASE ACF1 

#> Training set 0.1899 -0.05704 

Note that Arima() does not re-estimate in this case. Instead, the 

model obtained previously (and stored as cafe. train) is ap- 

plied to the test data. Because the model was not re-estimated, 

the “residuals” obtained here are actually one-step forecast 

errors. Consequently, the results produced from the accuracy () 

command are actually on the test set (despite the output saying 

“Training set”). 

12.9 Dealing with missing values and outliers 

Real data often contains missing values, outlying observations, 

and other messy features. Dealing with them can sometimes be 

troublesome. 

Missing values 

Missing data can arise for many reasons, and it is worth consid- 

ering whether the missingness will induce bias in the forecast- 

ing model. For example, suppose we are studying sales data for 

a store, and missing values occur on public holidays when the 

store is closed. The following day may have increased sales as a 

result. If we fail to allow for this in our forecasting model, we 

will most likely under-estimate sales on the first day after the 

public holiday, but over-estimate sales on the days after that. 

One way to deal with this kind of situation is to use a dynamic 

regression model, with dummy variables indicating if the day is 

a public holiday or the day after a public holiday. No automated 
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method can handle such effects as they depend on the specific 

forecasting context. 

In other situations, the missingness may be essentially random. 

For example, someone may have forgotten to record the sales 

figures, or the data recording device may have malfunctioned. 

If the timing of the missing data is not informative for the 

forecasting problem, then the missing values can be handled 

more easily. 

Some methods allow for missing values without any problems. 

For example, the naive forecasting method continues to work, 

with the most recent non-missing value providing the forecast 

for the future time periods. Similarly, the other benchmark 

methods introduced in Section 3.1 will all produce forecasts 

when there are missing values present in the historical data. 

The R functions for ARIMA models, dynamic regression models 

and NNAR models will also work correctly without causing 

errors. However, other modelling functions do not handle 

missing values including ets(), stlf(), and tbats(). 

When missing values cause errors, there are at least two ways to 

handle the problem. First, we could just take the section of data 

after the last missing value, assuming there is a long enough 

series of observations to produce meaningful forecasts. Alterna- 

tively, we could replace the missing values with estimates. The 

na.interp() function is designed for this purpose. 

The gold data contains daily morning gold prices from 1 Jan- 

uary 1985 to 31 March 1989. This series was provided to us 

as part of a consulting project; it contains 34 missing values 

as well as one apparently incorrect value. Figure 12.9 shows 

estimates of the missing observations in red. 

gold2 <- na.interp(gold) 
autoplot(gold2, series="Interpolated") + 

autolayer(gold, series="Original") + 

scale_color_manual ( 

values=c(Interpolated="red",0riginal="gray")) 
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imi Figure 12.9: Daily 

morning gold prices 
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trading days beginning 
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For non-seasonal data like this, simple linear interpolation is 

used to fill in the missing sections. For seasonal data, an STL 

decomposition is used estimate the seasonally component, and 

the seasonally adjusted series are linear interpolated. More 

sophisticated missing value interpolation is provided in the 

imputeTS package?. *https://cran. 
r-project.org/ 

Outliers package=imputeTS 

Outliers are observations that are very different from the ma- 

jority of the observations in the time series. They may be errors, 

or they may simply be very unusual. (See Section 5.3 for a dis- 

cussion of outliers in a regression context.) All of the methods 

we have considered in this book will not work well if there 

are extreme outliers in the data. In this case, we may wish to 

replace them with missing values, or with an estimate that is 

more consistent with the majority of the data. 

Simply replacing outliers without thinking about why they 

have occurred is a dangerous practice. They may provide useful 

information about the process that produced the data, and 

which should be taken into account when forecasting. 

However, if we are willing to assume that the outliers are gen- 

uinely errors, or that they won't occur in the forecasting period, 

then replacing them can make the forecasting task easier. 
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The tsoutliers() function is designed to identify outliers, and 

to suggest potential replacement values. In the gold data shown 

in Figure 12.9, there is an apparently outlier on day 770: 

tsoutliers (gold) 

#> $index 

#> [1] 770 

#> $replacements 

#> [1] 494.9 

Closer inspection reveals that the neighbouring observations are 

very close to $100 less than the apparent outlier. 

gold[768:772] 

#> [1] 495.00 502.75 593.70 487.05 487,75 

Most likely, this was a transcription error, and the correct value 

should have been $493.70. 

Another useful function is tsclean() which identifies and 

replaces outliers, and also replaces missing values. Obviously 

this should be used with some caution, but it does allow us to 

use forecasting models that are sensitive to outliers, or which do 

not handle missing values. For example, we could use the ets() 

function on the gold series, after applying tsclean(). 

gold %>% 

tsclean() %>% 

ets ( ) %>% 

forecast(h=50) %>°% 

autoplot() 

Forecasts from ETS(A,N,N) 

level 
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Notice that the outlier and missing values have been replaced 

with estimates. 

Figure 12.10: Forecasts 

from an ETS model for 

the gold price data after 

removing an outlier. 
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12.10 Further reading 

So many diverse topics are discussed in this chapter, that it is 

not possible to point to specific references on all of them. The 

last chapter in Ord, Fildes, and Kourentzes (2017) also covers 

“Forecasting in practice” and discusses other issues that might 

be of interest to readers. 
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Appendix: Using R 

This book uses R and is designed to be used with R. R is free, 

available on almost every operating system, and there are 

thousands of add-on packages to do almost anything you could 

ever want to do. We recommend you use R with RStudio. 

Installing R and RStudio 

1. Download and install R.4 

2. Download and install RStudio.° 

3. Run RStudio. On the “Packages” tab, click on “Install pack- 

ages” and install the package fpp2 (make sure “install depen- 

dencies” is checked). 

That’s it! You should now be ready to go. 

R examples in this book 

We provide R code for most examples in shaded boxes like this: 

autoplot(al0) 

hO2 %“>% ets() %>% forecast() %>% summary() 

These examples assume that you have the fpp2 package loaded 

(and that you are using at least v2.3 of the package). So you 

should use the command library(fpp2) before you try any 

examples provided here. (This needs to be done at the start of 

every R session.) Sometimes we also assume that the R code 

that appears earlier in the same section of the book has also 

been run; so it is best to work through the R code in the order 

provided within each section. 

4https://cran. 

r-project.org/ 

>https://bit.ly/ 

rstudiodownload 
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Getting started with R 

If you have never previously used R, please first do the free 

online course “Introduction to R”® from DataCamp. While this 

course does not cover time series or forecasting, it will get you 

used to the basics of the R language. Other DataCamp courses 

for R’ may also be useful. The Coursera R Programming® 

course is also highly recommended. 

You will learn how to use R for forecasting using the exercises in 

this book. 

°https://bit.ly/ 

dcintro2r 

7https://www. 

datacamp.com/ 

courses/tech:r 

Shttps://ww. 

coursera.org/learn/ 

r-programming 
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fpp2 package, 8, 76, 371 
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futures, 23, 339, 359 
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gglagplot(), 39 

ggPacf(), 241 
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ggplot2 package, 8 

ggseasonplot(), 33 

ggsubseriesplot(), 34 
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grouped time series, 305-308 

gts(), 306, 310 

harmonic regression, 129, 289 

head(), 64 
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hierarchical forecasting, 
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Holt-Winters’ method, 198- 

203 

Holt-Winters’ multiplicative 

method, 200 

homoscedasticity, 108, 339 
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inflation adjustments, 50, 52 
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interval forecast, see predic- 

tion intervals 

interventions, 126 
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judgmental adjustments, 
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KPSS test, 230, 231 

lag plots, 39 
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141, 190, 243 

likelihood, 209 

linear-log regression, 143 

Ljung-Box test, 61, 225 

log-linear regression, 143, 145 

log-log regression, 143 
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MAPE, 65 
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missing values, 365, 366 

monthly data, 28 
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moving average smoothing, 
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multiple seasonality, 28, 
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multiplicative decomposition, 
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multiplicative errors, 207, 
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nonlinear regression, 143-148 
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normal distribution, 57, 71, 

MO Sills oes! 

nsdiffs(), 232 

optimal forecast reconcilia- 
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PACE, see partial autocorrela- 

tion 

parameter constraints, 210 
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241, 255 

percentage error, 65 
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piecewise linear regression, 

144 
piecewise linear trend, 126, 
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pipe operator, 70 

point forecasts, 24, 215, 252 
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policy impacts, 88, 90 
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positive forecasts, 355 

power transformations, 53 
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regression forecasts, 142 

regression model assump- 

tions, 107 

regression models, 103-156 

regression splines, 144 

relative errors, see multiplica- 

tive errors 

remainder(), 171, 174, 176 

reseasonalizing, 178 

residual diagnostics, 114-117 

residual plots, 116, 117 

residuals, 57, 58, 64, 114, 116 

residuals(), 212, 215 

RMSE, 64 
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rolling origin, 69 

root mean squared error, 64 

RStudio, 371 

rwf (), 48, 49, 76, 77 

SBIC, see BIC 

SC, see BIC 

scaled errors, 65 

scatterplot matrices, 37 

scatterplots, 35 

scenarios, 95-96, 137 

seas(), 170, 171, 173, 174 

seasadj(), 171, 174, 176 

seasonal(), 171, 174, 176 

seasonal adjustment, 160 

seasonal ARIMA models, 
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seasonal differencing, 227, 

230 

seasonal dummy variables, 
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seasonal naive method, 48, 74, 
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seasonal package, 173, 174 

seasonal plot, 32 

seasonal subseries plot, 34 

seasonality, 31, 177 

SEATS decomposition, 173 
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short time series, 361, 362 

simple exponential smooth- 
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simple linear regression, 

103-106 

simulate(), 213, 340, 359 

slope, 103 

sMAPE, 65 

smoothing splines, 147 

snaive(), 48, 76, 77 

splinef(), 77, 148 

splines, 144, 147 

spurious regression, 119 

standard error, 113 

state equations, 205, 207 

state space models, 205 
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statistical inference, 135 

stepwise regression, 134 
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STL decomposition, 159, 
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stochastic trend, 286 

strength of seasonality, 177, 
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strength of trend, 176 

sub-daily data, 28, 351 

subseries plot, 34 

subset(), 63 

summary(), 76, 212 

summing matrix, 301 

tail(), 64 
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test data, 62, 64, 68, 263, 
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thetaf(), 77 

tidyverse packages, 305 

time plots, 29 

time series components, 157 

time series cross-validation, 

68, 69 

time series data, 17, 27 

time series decomposition, 

157-183 

top-down forecasting, 310- 
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trading days, 126 

training data, 62, 64, 363, 364 

transformations, 50, 52-55, 

225 

transition equations, see state 

equations 

trend, 31, 121, 126, 144, 145, 
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trend-cycle, 157, 161 

trendcycle(), 171, 174, 176 

ts() function, 27 

ts objects,.27,.323 

tsclean(), 368 

tsCV(), 69 

tsintermittent package, 354 
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tsoutliers(), 368 

unit root tests, 230 

urca package, 230 

variable selection, 129 

vars package, 333 

vector autoregression, 331— 
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weekly data, 28, 349-351 

weighted moving averages, 
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white noise, 42, 43, 237, 277 

window(), 39, 63 

X11 decomposition, 170 

yearly data, 28 
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